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DYNAMICALLY POSITIONED SHIP STEERING MAKING 

USE OF BACKSTEPPING METHOD AND ARTIFICIAL NEURAL NETWORKS

Anna Witkowska
Gdańsk University of Technology
Tacjana Niksa Rynkiewicz
Gdańsk University of Technology

ABSTRACT

The article discusses the issue of designing a dynamic ship positioning system making use of the adaptive vectorial 
backstepping method and RBF type artificial neural networks. In the article, the backstepping controller is used to 
determine control laws and neural network weight adaptation laws. The artificial neural network is  applied at each 
time instant to approximate nonlinear functions containing parametric uncertainties. The proposed control system does 
not require precise knowledge of the model of ship dynamics and external disturbances, it also eliminates the problem 
of analytical determination of the regression matrix when designing the control law with the aid of  the adaptive 
backstepping procedure.

Keywords: backstepping, neural networks, RBF, dynamic ship positioning 

INTRODUCTION

Issues related with automatic control of ship motion at sea 
still remain the area of active research, due to new and more 
complicated operational tasks to be undertaken by ships. 
Ship control is usually executed using a multi-layer control 
structure. The highest layer in this structure is the supervisory 
control system, which is responsible for planning the desired 
ship trajectory [10] from the initial point to the set destination 
point, based on the data achieved from navigation devices 
[13]. Here, algorithms are proposed in the literature which 
make use of the game theory [12], or artificial intelligence 
methods, including evolutionary algorithms [19,20] or fuzzy 
neural systems [15].

The next control layers are composed of algorithms 
responsible for ship’s motion along the set trajectory, 
manoeuvring, and keeping the set heading and speed 
parameters, or position and heading parameters. These 
tasks are executed depending on the speed of the moving 
ship. Currently, a large number of watercrafts are equipped 
with dynamic positioning (DP) systems [17]. The list of those 
watercrafts includes drilling platforms, floating cranes, cable 
ships, store ships, fire boats, research and passenger ships, 
underwater work assistance ships used, for instance, for laying 
underwater pipelines, warships, reloading terminals, etc. 
The basic task of the DP systems is maintaining the set ship 
position and heading, or assistance in ship manoeuvring 
at low speed (up to 2 m/s), in the presence of environmental 
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disturbances acting on the ship hull. This task is executed 
by controlling ship’s movements in three degrees of freedom 
(DOF’s): surge, sway, and yaw, with the aid of propellers and 
rudders. An overview of essential research and technological 
development in designing DP controllers is presented in [17]. 

The majority of the presently used DP control methods is 
based on equations describing the mathematical model of 
dynamics and kinematics of the object. When maintaining 
the set position and heading of the DP ship, nonlinear 
damping forces, Coriolis forces, and centripetal forces can be 
neglected due to their small effect on ship dynamics, and the 
nonlinearity can be only taken into account in the kinematic 
model. On the other hand, tracking the set trajectory at low 
ship speed consists in simultaneous control of ship heading 
and its longitudinal and transverse position. Changes of the 
operating point of the system and hydrodynamic phenomena 
are the sources of nonlinearities and varying coefficients in 
equations of ship dynamics and kinematics. Controlling 
nonlinear systems with uncertainties is the area which still 
needs further research. At present, two basic approaches, 
referred to as robust and adaptive control, are applied to 
deal with system uncertainties. Robust control methods, 
such as sliding mode control [21] or H∞ control [8], consist 
in designing a controller with fixed structure which ensures 
proper performance in the entire range of process changes. 
Adaptive control methods, in turn, such as backstepping 
and its modifications: Dynamic Surface Control (DSC) [18], 
and Active Direct Surface Control (ADSC) [14] provide 
opportunities for designing a dynamically changing feedback 
loop. 

The basic idea of designing an adaptive control law consists 
firstly in assessing the value of the unknown parameter and 
determining its estimate. Then, the static part of the controller, 
which contains the estimated parameters, is continuously 
updated to reflect changing conditions of system operation. 

Currently, backstepping is one of basic methods used 
to design nonlinear control systems with uncertainties. It 
belongs to the group of recursive methods based on the theory 
of Lyapunov functions [9]. The structure of both the control 
law with feedback, and the accompanying Lyapunov function 
for systems with unknown parameters is systematised. 

A complex system is firstly divided into lower-dimension 
subsystems. Then, the Lyapunov function and the intermediate 
virtual control inputs are determined for each subsystem. 
Designing is done recursively until the entire system reaches 
the real control input. This way the goal of control can be 
achieved at reduced control effort [22]

The basic limitation in the use of the adaptive backstepping 
method is the need for analytical calculation of the time 
derivative of the “virtual control signal” [9] at each procedure 
step, which leads to a complicated algorithm requiring much 
computational effort. What is more, the level of complicity 
of controller’s structure increases with the increase of 
the system order. To eliminate the need for calculating 
complex derivatives, first- and second-order filters are 
frequently used [24]. The other limitation of the standard 
adaptive backstepping method is the assumption that the 

functions with uncertainties are to be linear with respect 
to unknown parameters and, consequently, are able to be 
presented in the form of the regression model. Determining 
the regression matrix requires laborious analysis. Moreover, 
the complexity of the regression matrix and the number of 
unknown parameters increase in consecutive backstepping 
procedure steps, thus generating the so-called effect of 
overparametrization [9]. 

Some attempts to solve this problem which can be found 
in the literature make use of fuzzy systems or artificial neural 
networks [1, 6]. The latter approach can be applied at each step 
of the backstepping procedure. Neural networks are used for 
assessing nonlinear functions, the form of which depends on 
the values of the estimated parameters. This method makes 
it possible to design the control law in which the analytical 
form of the regression matrix and the assumption of linearity 
with respect to parameters are not required. 

This paper presents a multidimensional nonlinear DP 
controller designed using the adaptive vectorial backstepping 
method and Radial Basic Function (RBF) type artificial neural 
networks in the feedback loop. When designing the control 
law, the presence of parametric uncertainties was assumed in 
the matrices of damping, Coriolis forces, and environmental 
disturbances. The artificial RBF type neural network was used 
at each time instant to approximate nonlinear functions with 
parametric uncertainties. The network weight adaptation 
laws were determined based on the Lyapunov’s theory of 
stability, depending on the operating point of the system. 
This way, the neural network does not require preliminary 
offline weight tuning.

The applied radial network is the structure consisting 
of three layers: input, hidden, and output. The architecture 
of the network is relatively simple. The input signals are given 
to the input layer, while the radial neurons are accumulated 
in the hidden layer. The neurons play a special role, as they 
map radially the space surrounding the set points. The output 
layer usually comprises only one neuron, the role of which 
is to combine the weighted signals coming from the hidden 
layer. This approach makes it possible to map the entire space 
of points. 

Unlike the already existing DP systems, the proposed 
control system does not require detailed knowledge of the 
model of object’s dynamics and external disturbances, 
thus eliminating the problem of analytical calculation of 
derivatives and the regression matrix. 

The use of the theory of Lyapunov functions and RBF 
networks makes that the designed feedback loops ensure the 
convergence of ship position and heading to the set values, 
and the boundedness of signals in the closed control system 
loop [11].

STRUCTURE OF CONTROL SYSTEM 

A structurally simplified general working scheme of the DP 
system is shown in Fig. 1. The set values of ship position and 
heading, composing the ship position vector, are introduced 
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to the system via user’s interface, while the estimated vectors 
of current ship position and speed are calculated based on 
the navigation reference system and the state observer. The 
position error vector, being the difference between the set 
vector and the estimated vector, is passed to the DP controller, 
which then calculates forces and torque required to minimise 
deviations from the set values. 

Fig. 1. Structure of DP control system with backstepping controller 
and RBF type neural network

The resultant vector of forces and torque is passed to the 
allocation control system, where the set values of forces and 
torque are converted to control signals for actuator settings, 
at the same time minimising the energy needed to execute the 
control task. The actuator settings refer to rotational speeds 
of main propellers and azimuth and tunnel thrusters, and 
rudder angles.

Bearing in mind the required precision and safety of 
control executed by a DP system, the number of actuators 
is, as a rule, larger than the number of the controlled degrees 
of freedom of ship motion. This over-actuation is the reason 
why the conversion of forces and torque to control signals 
and their allocation into individual actuators is not always 
unambiguous. In those cases, it can be approximated in 
the square optimisation process with limitations placed on 
maximal amplitude and rate of changes of actuator settings, 
at simultaneous minimisation of economic losses resulting 
from excessive activity of propellers and rudders. 

PROBLEM FORMULATION 

This research aimed at designing a controller which would 
perform basic tasks of dynamic ship positioning: manoeuvres 
of ship position and heading change or ship stabilisation at 
a point, in the case of inaccurate data on the mathematical 
model of the object used for designing the control law. 
This means that the designed control system meets the 
condition of control error convergence to zero after change 

of the operating point of the system and/or environmental 
conditions. 

The DP controller was synthesised using the adaptive 
vectorial backstepping method and artificial RBF type 
neural networks. The artificial neural networks were applied 
to approximate nonlinear functions with uncertainties, 
while the backstepping method was used to determine the 

control laws and the RBD 
network weight adaptation 
mechanism.

MATHEMATICAL 
MODEL OF DP SHIP 

When designing the 
control law based on the 
backstepping method 
and neural networks, the 
mathematical model of a ship 
dynamically positioned in 
the horizontal plane was 
adopted. This model is given 
by the following system of 
differential equations (1)-(2). 

(1)

(2)

where τ = [τx, τy, τz]T is the generalised vector of forces and torque 
acting on the ship, η=[x, y, ψ]T is the vector of ship position 
and heading, and v=[u,v,r]T is the vector of longitudinal, 
lateral and angular ship velocity components. The matrices 
M R3x3, D R3x3, C R3x3, and J(η) R3x3 represent, respectively, 
the matrices of inertia, damping, and Coriolis forces, and 
the state dependent matrix which converts coordinates from 
the system fixed to the ship’s centre of gravity to the Earth 
fixed system. The vector b=[b1, b2, b3]T represents unmodelled 
slowly varying environmental disturbances. 

The ship model takes into account three degrees of freedom 
of ship motion: longitudinal motion (surge), transverse 
motion (sway), and change of ship heading angle. 

The model equations have the following properties [7]:

  , (3)

, , (4)
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, where  ,  (5)

, . (6)

The system (1)-(2) has a cascaded structure. The control 
input given to the system is the vector τ, while the “virtual 
control output” is the vector v, being simultaneously the 
“virtual control input” for the first subsystem (1). The control 
output from the entire system is the ship position and heading 
vector η. 

When designing the control law, it was assumed that the 
model of ship dynamics contains parametric uncertainties 
in matrices D, C, and M, and that the components of the 
vector b are unknown but slowly varying. Moreover, it was 
assumed that all state variables are bounded and measurable 
(or estimable). The set position and heading trajectories 
ηd =[xd, yd, ψd]T and their first- and second-order derivatives 
are smooth and bounded in time. 

STRUCTURE OF RBF TYPE NETWORK

A special variation in the family of artificial neural 
networks (NN) is the group of networks with radial basic 
functions (RBF). The hidden layer in this network consists 
of neurons bearing the name of basic or radial neurons [2]. 
A radial neuron represents a hypersphere in which circular 
division around the central point xi, where i = 1...l [4,16], takes 
place. The vector of radial functions φ(x) = [φ1(x), φ2(x), ... , φl(x)] 
is determined in the space of input signals. It is assumed that 
there exists the vector θTφ(x), which represents the border 
between two classes, and its value indicates belonginess to 
a given class, as θTφ(x) < 0 or θTφ(x) > 0. That means that the 
space division is nonlinearly φ –separable. 

In [4], the authors have proved that each set of patterns 
randomly distributed in the multidimensional space is φ – 
separable with probability equal to 1 if only a sufficiently large 
dimension l of the projection space is assumed. 

It is stressed in the literature that assuming a sufficiently 
large number l of radial neurons in the hidden layer ensures 
correct solution when using three network layers: the input 
layer, the hidden layer in which the vector φ(x) is executed, 
and the output layer consisting of one linear neuron described 
by the weight vector θ. The operation of the network can be 
described by formula (7)

(7)

Selecting the type of norm can be arbitrary. In the proposed 
approach, the Euclidean norm was used together with Green’s 
functions of Gauss type [2,3,16] (8).

(8)

Here, xi is the vector of mean values (centres) and σi
2 is 

the variance. When creating the radial neural network to the 
presented problem, the number K of basic functions had to 
be assumed. The initial values of the centres xi of the radial 
functions were selected using the Fuzzy C-Means (FCM) 
algorithm, which is used and described in the literature [5]. 

A simplified scheme of RBF network structure is shown 
in Fig 2.

 
Fig. 2 . Simplified scheme of RBF network structure 

The approximation task consists in selecting appropriate 
Green’s functions G(x, xi) and weights θi. The nonlinear radial 
function for each hidden neuron has different parameters xi  
and σi. The argument of the radial function is the distance 
of the given sample x from the centre xi.

DP CONTROLLER 

In accordance with the backstepping methodology, for the 
system (1)-(2), new state variables were defined in the form of 
control errors z1(t) R3x1 and z2(t) R3x1, and the vector α R3x1 
of functions stabilising the first subsystem. In the coordinate 
system fixed to the moving ship, the control errors take the 
following form:

(9)

(10)

The vector of stabilising functions will be determined 
when designing the control law. 

Based on the kinematics and dynamics equations (1)-(2) 
and taking into account the model property (5), the control 
error derivatives were determined as: 

(11)

(12)
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Denoting the matrix dependent on state variables by 
X = [η, v, ηd, vd], the function f R3x1 takes the form: 

 (13)

This function contains unknown model parameters. 
To determine the adaptation laws for parameters of 

matrices M, D, C and vector b, the function f is to be presented 
in the form of the regression model, after which the standard 
backstepping procedure can be applied. This approach is 
labour-intensive, requires huge computational effort, and 
leads to an excessively large number of estimated parameters, 
as stated in [23]. Instead, the components of the function 
f = [f1, f2, f3]T can be approximated using three artificial RBF 
type neural networks NNi with the number of neurons l > 1. 
The outputs ^f = [ ^f1, 

^f2, 
^f3 ]T from these networks have the form 

of the following regression model:

(14)

In Equation (14), Xi is the input vector to network NNi, 
Xi=[η(i), v(i), ηd(i) vd(i)]T R4x1, while θi is the determined vector 
of weights between the second and third layer in network NNi, 
θi=[θi1, θi2, ... , θil]T Rlx1. The vector φi represents the set of 
basic function values in network NNi, φi=[φi1, φi2, ... , φil]T Rlx1.

Each RBF network has a predefined number l of radial 
neurons. The selection of their weights is made in the 
process of control system adaptation to changing operating 
conditions. In the proposed system, the number of radial 
neurons was determined experimentally as equal to l = 4.

After complementing with the RBF network equations, 
Equation (6) of control error dynamics takes the form:

(15)

The regression vector, i.e. the vector of RBF network 
weights, is defined as θ[θT

1, θT
2, θT

3]T R3lx1, while the regressin 
matrix φT R3x3l has the form: 

 (16)

The task of the backstepping controller is to determine: 
the indirect control law α which stabilises the first subsystem 
(1), the control law τ which stabilises the entire system, and 
the adaptation law for the weight vector θ with respect to the 
Lyapunov function of the system. 

Applying the certain equivalence principle [9], the vector θ 
in Equation (15) was replaced by the sum of the vectors 
of estimates and estimation errors,  + . 

(17)

The control law was determined with respect to the 
Lyapunov function Va being the sum of squares of control 
errors and the term related with the error of estimation of the 
unknown weight vector θ.

(18)

where: Γ > 0 is the diagonal matrix of controller gains, 
dimΓ = 3l x 3l.

Assuming that the estimated parameters are slowly 
varying, i.e. the equation   is fulfilled, the derivative 
of the Lyapunov function Va (18) takes the form:

(19)

Substituting the error dynamics equations (11) and (17) into 
equation (19) and eliminating the term (t)Sz1(t)=0 (6) gives: 

 
 

 
(20)

The control laws α, τ were selected such that the Lyapunov 
function (20) in the system of new variables was negative 
semidefinite: 

(21)

Here, Kj  R3x3, j = {1,2} is the diagonal and positive definite 
matrix of controller gains. Comparing (20) and (21), the 
following relationships can be determined:

weight adaptation mechanism:

(22)

vector of stabilising functions, α, independent of the 
vector of estimates  :

(23)

vector of controls, τ, dependent of the vector of estimates 
  (RBF network weights) calculated in accordance 

with (19), under the assumption that the network has 
a sufficient number of neurons, 



POLISH MARITIME RESEARCH, No 4/201810

(24)

If rapidly varying disturbances do not occur in the system, 
then the control law (24) together with the adaptation law 
(22) ensure asymptotical convergence of ship position and 
heading to their set values, η(t) ηd(t), when v(t)≈ 0. They 
also ensure the boundedness of changes of signals η(t) and 
v(t), t ∞, at bounded changes of estimated parameter values.

SIMULATION TESTS 

The computer simulations were performed on the control 
system with the structure shown in Fig.1. In these simulations, 
the issues of power overload and state observer control were 
not analysed, assuming that all state variables are bounded 
and measurable (estimable). 

The simulation tests were performed using the 
mathematical model of a store ship with length of L=76.2 m 
and mass of 4591 [t]. The ship motion equation was analysed 
by controlling the ship motion in 3 degrees of freedom with 
the aid of two main propellers with rudders, bow tunnel 
thruster, and rotating azimuth bow thruster. 

The following dimensionless parameters of the model (1)-
(2), determined in the Bis scaling system, were assumed [7]:

 
 

 

During manoeuvring operations, the set ship position 
and heading trajectories  and their derivatives  were 
generated in accordance with the reference model (25) 
to determine smooth and bounded set signals for the DP 
controller. Assuming that = 0.8 and = 0.05 rad/s, the 
value of Gf(s) was calculated from formula (22):

. (25)

The DP controller was defined by the control law (24), 
the neural network with radial basic functions (7), and the 
weight adaptation law (22). In the simulations, the initial 
ship position and heading, and the initial estimated weight 
values were assumed equal to zero. 

The nonlinear function of the backstepping controller was 
approximated using the RBF network, due to its properties 
described in Section 5 and the possibility to present the output 
in the form of regression model (7). 

The proposed system was designed and constructed in 
MatLab environment. Three RBF networks were created. 
For each network, 4 sets of input signals were given, and 
each time one output signal was obtained as a result of 
its operation. The number of basic neurons was chosen 
experimentally. The centres of basic functions were set using 
the FCM algorithm. The RBF network structure underwent 
preliminary verification by using it as an ordinary function 
approximator (13). After selecting its parameters, the network 
was implemented in the control structure with adaptive 
controller, shown in Fig. 1.

The tests with adaptive controller included programmable 
inertial changes od set position and heading values in the 
presence of slowly varying environmental disturbances, 
modelled using the Markov process [7]. 
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Fig. 3. Set (--) and real (-) trajectory (x, y) of DP ship

Fig. 3 shows the set and real trajectory of the ship. At time 
zero, the ship is at point A. Then it begins the manoeuvre 
of position and heading change to the set position B. After 
time t1= 1115.4s, the next change of the set ship position 
and heading takes place (towards point C). The robustness 
of the controller with radial neural network was analysed 
by introducing a disturbance signal after time t2= 836.55s. 
This signal was added to the forces acting on the ship in yaw 
direction. Based on the results of the performed simulations 
and the obtained time-histories, it can be concluded that the 
ship’s position and heading track the set trajectory with good 
accuracy (Fig. 4). 
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The control errors tend asymptotically to zero, without 
over-regulation in three degrees of freedom of ship motion. 
This result has been obtained for the system without a priori 
knowledge of ship model parameters and slowly varying 
environmental disturbances. The normalised control inputs 
are shown in Figure 5. 
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Fig. 5. Control inputs normalised in Bis system

These values become saturated after exceeding 1 and 
compensate the effect of environmental disturbances. As 
shown in Fig. 4, small tracking errors were recorded, but 
they did not exceed acceptable limits. 

The present study did not aim at analysing properties of the 
neural network. Better performance of the DP system can 
be achieved by further tuning the updating gains and/or by 
increasing the number of neurons. The present study only 
demonstrates the possibility of using neural networks for 
approximating the dynamics of a DP ship with the aid of the 
theory of Lyapunov functions when designing the control 
law and when estimating online the RBF network weights. 

In a general case, the backstepping method ensures that 
the values of estimates change in a limited manner and are 
approximately constant in steady-state conditions (Fig. 6).
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Fig. 6. Norm of RBF network weight vector (  i – weight vector for NNi 
network, i=1..3 in Bis system)

The obtained results confirm correct operation of the 
DB system with model and disturbance uncertainties 
at the analysed operating points.

CONCLUSIONS 

The control system with adaptive backstepping controller 
was designed for a DP ship. In this system, the RBF neutral 
network was used to estimate the nonlinear function of 
ship model. The performance of the system was checked 
in simulation tests. The proposed system does not require 
a priori knowledge of parameters of matrices of ship damping, 
Coriolis forces, and/or inertia. It neither requires precise 
modelling of slowly varying environmental disturbances. 
The use of the RBF network significantly simplifies designing 
a backstepping controller, as it does not require analytical 
description of the regression matrix. Determining the 
weight adaptation law makes preliminary network tuning 
unnecessary, as a consequence of which the network can be 
used online. The performed simulation tests have proved that 
the adaptive controller tracks the set position and heading 
trajectory with acceptably small error, at the same time 
ensuring the boundedness of signals in the closed loop of the 
control system. Thus, the results of computer simulations 
illustrate high operating effectiveness of the proposed control 
method making use of RBF neural networks. 
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ABSTRACT

Radars and sensors are essential devices for an Unmanned Surface Vehicle (USV) to detect obstacles. Their precision 
has improved significantly in recent years with relatively accurate capability to locate obstacles. However, small 
detection errors in the estimation and prediction of trajectories of obstacles may cause serious problems in accuracy, 
thereby damaging the judgment of USV and affecting the effectiveness of collision avoidance. In this study, the effect 
of radar errors on the prediction accuracy of obstacle position is studied on the basis of the autoregressive prediction 
model. The cause of radar error is also analyzed. Subsequently, a bidirectional adaptive filtering algorithm based 
on polynomial fitting and particle swarm optimization is proposed to eliminate the observed errors in vertical and 
abscissa coordinates. Then, simulations of obstacle tracking and prediction are carried out, and the results show the 
validity of the algorithm. Finally, the method is used to simulate the collision avoidance of USV, and the results show 
the validity and reliability of the algorithm.

Keywords: Unmanned Surface Vehicle; Position prediction; Error mitigation; Autoregressive model; Particle Swarm Optimization

INTRODUCTION

An Unmanned Surface Vehicle (USV) is a  ship 
that navigates on water in an autonomous manner. Its 
autonomous collision avoidance capability is the basis for 
safe navigation and undertaking maritime tasks [1]. A USV 
uses the Automatic Identification System (AIS) and radars 
to access environmental information [2]. Among them, 
radars are the basic devices for USV to obtain obstacle 
information [3]. The International Maritime Organization 
(IMO) specifies that the maximum ranging error of radar 
should be 1% of the range or 30 m and that the azimuth error 
should be within 1° [4]. However, radars present unstable 
accuracy because of the complexity of sea conditions and 
existence of clutters and exhibit unacceptable detection 
errors [5]. Given that the collision avoidance planning of 

USV is based on the accurate tracking of obstacle targets [6], 
the errors of the latter may significantly affect the result of 
the former [7].

The estimation and prediction of position, velocity, and 
information for maneuvering target are important issues in 
target tracking area and are closely relevant to information 
fusion  [8]. Boats, which may suddenly change their 
acceleration and turning, are principal obstacles that can be 
difficult to avoid for USVs. For an effective target tracking, the 
motion of target should be modeled first and then the state of 
target should be estimated by filtering [9]. However, the filter 
and motion models of target are often mismatched owing to 
the uncertainty and variability of motion modeling, thereby 
degrading the effect of estimation [10]. Therefore, filtering the 
motion data of target by using a simple algorithm, weakening 
the influence of observation error, and accurately estimating 
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the target motion are crucial tasks in maneuvering target 
tracking technology [11].

The Wiener filtering method tracks a target on the basis 
of input signals and noises, and this method has significantly 
contributed to the application and development of filter theory. 
The effect of filtering degrades when the priori information 
deviates from the hypothesis [12]. Widrow and Hoff [13] of the 
Stanford University proposed the least mean squares adaptive 
algorithm based on the Wiener filter and Kalman filter (KF) 
theory and laid the foundation of adaptive filtering theory [14]. 
Compared with the Wiener filtering, this algorithm can adjust 
the parameters of the filter by self-learning without knowing 
the prior information of input signals and noises and can thus 
obtain optimal estimation. However, the effect of adaptive 
filtering is difficult to be controlled [15]. Unlike the traditional 
Wiener filtering and KF algorithms, algorithms based on 
the least squares criterion, such as th recursive least squares 
method [16], and QR decomposition of the minimum method, 
regard the minimum squared error sum as the optimization 
target. However, the principle of the methods determines that 
they can only be applied in the estimation or approximation 
of long-term statistical properties. Singer [17] proposed 
a time-dependent model (the Singer model) that assumes 
noises as colored and considers the targeted acceleration to 
be a uniform time-dependent process, the process is subject 
to a zero-mean uniform distribution. However, the model 
causes large errors for maneuvering target, thereby leading to 
an undesirable result of estimation. The Jerk model algorithm 
that considers the order of the state vector derivative as the 
main reason that affects tracking performance, and the 
Jerk term (acceleration rate) are introduced into a system 
model to achieve an accurate estimate of acceleration [18]. 
However, when the input Jerk term is a step transition, the 
model algorithm produces some definite steady-state errors. 
The model parameters also cannot be adjusted adaptively with 
the change in the target maneuverability, thereby affecting the 
tracking accuracy of the algorithm. The interacting multiple 
model has been developed to a complete interactive multi-
model algorithm on the basis of the generalized pseudo-
Bayesian algorithm. The model has also been combined 
with cubature KF [19] or linear quadratic regulator [20]. 
To obtain an ideal effect, the model needs a wide range of 

maneuvering forms. This requirement means a substantial 
increase in computing.

The advantages and limitations of the above-mentioned 
methods are listed in Table 1.

The autoregressive model is a  convenient prediction 
algorithm that describes variables at later times with the 
linear combination of variables given in advance  [21]. 
The unfiltered information for target obtained by the 
autoregressive model results in great perturbations. To solve 
the problem, a computationally fast algorithm for filtering is 
proposed in this study in consideration of the requirements of 
timeliness in the avoidance of USV. First, the sampling points 
of target are fitted as a polynomial curve by using the least 
squares method to reduce the longitudinal errors. Thereafter, 
an improved Particle Swarm Optimization (PSO) algorithm 
is used to fit the horizontal data of sampling position on the 
basis of the modified curve. A penalty function is introduced 
in the PSO algorithm to limit the fitting range and thus 
keep all the modified points in a reasonable area. After 
the bidirectional fitting, the radar errors can be effectively 
reduced. The proposed algorithm can be used in the collision 
avoidance of USVs.

The paper is organized as follows. In Section 1, the 
autoregressive model is introduced and the problem of the 
significant effect of detection errors on the accuracy of motion 
prediction is analyzed. In Section 2, an error mitigation 
algorithm based on the bidirectional fitting method that uses 
polynomial and Particle Swarm Optimization [22] is proposed. 
In Section 3, simulations of trajectory prediction and obstacle 
avoidance are carried out, and the results are analyzed in detail 
to verify the effectiveness of the algorithm. Finally, conclusion 
is remarked in the last section. 

PROBLEM FORMULATION

We predict the moving position using the autoregressive 
model.

We assume that, at moment t, the position of obstacle is 
p(t), p = (x y)T. After the obstacle enters the detection area 
of radar, the continuous position sequence of this obstacle 
can be obtained.

Tab. 1. Schematic diagram of mass point

Methods Name Advantages Limitations

Wiener filtering method It can be used in continuous  
and discrete models

The effect of filtering degrades when the priori  
information deviates from the hypothesis

Least mean squares (LMS) 
adaptive algorithm

It can adjust the parameters of the filter by self-learning 
without knowing the prior information of input  

signals and noises
The effect of adaptive filtering is difficult  

to be controlled

Recursive least squares 
method

It can converge much faster than  
the LMS algorithm

It can only be applied in the estimation of long-term 
statistical properties

Singer model It is a global statistical model and can be used  
for filtering in various tracking methods

The model causes large errors for high maneuvering target. 
Inaccurate noise statistics can also cause low precision

Jerk model It improves the accuracy by adding the jerk dimension  
to the matrix compared with the single model

The model parameters cannot be adjusted adaptively.  
It takes more time to stabilize than the single model

Interacting multiple 
model It can efficiently adjust the probability of model It requires a large amount of computation
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Given the inertia of moving object, the current position 
of obstacle is assumed related to its former n positions; this 
relationship complies with the n-order autoregressive model 
as follows:

      ,
  (1)

where n is the order of the autoregressive model, e(t)is the 
position prediction error, and αiis the regression coefficient. 
The type of regression coefficient depends on the degree of 
association between two directions of motion target. A scalar 
αi enables synchronous alteration between the x and y velocity. 
A diagonal matrix αi enables independent alteration between 
the x and y velocity. If αi is a two-dimensional matrix, then 
the x and y velocity are partial interactional.

Considering the motion characteristics of objects at sea, we 
assume that the acceleration of obstacle changes slowly. This 
condition can be described using the first-order autoregressive 
model as follows:

a(t) = βia(t – i) + w(t),        (2)

where βi denotes the regression coefficient and w(t) denotes the 
acceleration prediction error. From the relationship between 
acceleration and position, we obtain 

a(t) = p(t) – 2p(t – 1) + p(t – 2),     (3)

where a(t) is the acceleration at time t. From Equations 
(2) and (3), the obstacle position at moment t + 1 can be 
expressed as

p(t + 1) = (2 + βt )p(t) – (2βt + 1) p(t – 1)+

βt p(t–2) + w(t),        (4)

During the obstacle avoidance planning of USV, the 
predictions of target movements in multiple cycles are needed. 
The obstacle position of step k at moment t is obtained using 
the mathematical induction method as follows:

    (5)

where v(t) is the velocity at time t and v(t) = p(t) – p(t–1). To fit 
the first-order autoregressive model of acceleration by using 
the least squares method, we assume

   (6)
where the function min(x) is the minimum of x; N is the 
number of the foregone motion data, which are used to 
predict the dynamic positions of obstacle. When the value 

of N is large, a large amount of historical data are needed 
and the effect of pre-movements on the predicted position 
is significant; this condition is suitable for predicting slow 
moving objects. When the value of N is small, a small amount 
of the historical data are needed and the future positions of 
the obstacle depends mainly on the recent movements of 
the object; this condition is less constrained by the previous 
movement and suitable for predicting fast moving objects.

We can find from Equation (5) that, at time t, the predicted 
difference in positions between two consecutive periods k 
and k + 1 is

  (7)

Equation (7) shows that the difference is closely related to 
the prediction step k and the acceleration. When the value of 
k is large, the difference is significant because of the coefficient 
before a(t). The acceleration of ships at sea often presents 
a slight change. However, the changes may be significantly 
magnified with data errors, thereby leading to a remarkable 
increase in the difference and thus large errors in the multi-
step prediction.

A simulation for analyzing the above-mentioned problem 
is shown in Fig. 1. In the simulation, the obstacle presents 
an error within the standard range of radar error. The 
prediction positions are obtained using Equations (5)–(6). 
The parameters are set as N = 6 and k [1, 2, 3, 4]. In particular, 
no prediction positions are applied at the first six times. 
Thereafter, six foregone observation positions are needed 
for prediction, and the first to fourth future positions are 
forecasted at each moment. The obstacle moves from the left 
corner. Even in the case of small disturbance of the observed 
data, the prediction results do not maintain motion inertia 
but show a great fluctuation. Specifically, when the value of k 
is large, the difference between the predicted position and the 
actual position is significant. The effect is highly pronounced 
when the trajectory changes in a large degree.

We conclude from the theoretical derivation and 
simulation results above that, if the observation error of 
obstacle is ineffectively reduced, then the accuracy of motion 
prediction cannot be guaranteed and thus the collision 
avoidance planning of USV may fail. Therefore, the observed 

Fig. 1. Obstacle trajectory prediction with observation error
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data should be modified to reduce the acceleration change 
caused by radar errors and obtain a smooth trajectory that 
is close to the actual one.

ERROR MITIGATION METHOD BASED  
ON POLYNOMIAL AND PSO

Considering the radar observation error, the obstacle 
observation position is randomly distributed within the 
circle with r_error = 30, as specified by IMO. We select N 
sampling coordinates from the obstacle observation data at 
moment t by a sampling period of Tp(k). The value of Tp(k) 
is given as follows:

  (8)

where Rw is the radius of the radar observation scope and T is 
the observation period of the radar. vk is the relative velocity 
set of various periods between the USV and the kth obstacle. 
In particular, vk= {vk,1, vk, 1, ... vk,n}. The mathematical symbol 

 indicates that the real x is rounded down. Equation 
(8) shows that Tp(k) is a positive integer multiple of T, and 
the value of Tp differs with different obstacles. When the 
radar scanning cycle is short and the relative speed of 
USV and obstacle is relatively small, the radar observation 
errors may misalign the observation positions of obstacles 
in several near scanning cycles T. As a result, the motion 
of obstacles can be difficult to detect and the errors can 
be difficult to distinguish and eliminate. Ultimately, the 
trajectory prediction of obstacles becomes difficult. Thus, the 
prediction period Tp(k) is adopted for reasonably increasing 
the data sampling period and improving the accuracy of 
error elimination.

Given that the polynomial fitting is unidirectional, a local 
coordinate system xʹOyʹ  is established with N sampling points. 
The error mitigation is performed in the local coordinate 
system, and the coordinate conversion is expressed as 

  (9)

where α is the rotation angle between the local coordinate 
system and global coordinate system.

1.  Error mitigation in vertical coordinates with polynomial 
fitting method.

    We fit the sampling points (xʹ, yʹi) with the polynomial as 
follows:

pn(x iʹ ) = a0 + a1 x iʹ + a2 x iʹ
2 + … + ak x iʹ

k (10)

    where pn 0 is the function of the polynomial fitting curve; 
a0, a1, a2, and a1 are the coefficients of the function. The 
least squares method is used in the fitting.

    The value of the polynomial coefficients can be obtained 
by solving the extreme of I in the following equation:

 (11)

    The points on the curve are fitted using the polynomial 
method by changing their ordinate values, and the 
corresponding abscissa values remain unchanged. Thus, 
the sampling error on y axis only is decreased.

2.  Error mitigation in abscissa coordinates with PSO 
    Sampling data are selected on the fitting curve by using 

the sampling period of. The early movement of obstacle 
slightly affects the position prediction. Thus, we set N=4 
and the sampling positions

Pnʹʹ = {pʹʹ(t–3Tp ), pʹʹ(t–2Tp ), pʹʹ(t–Tp ), pʹʹ(t )},

    At moment t, we regard the ordinate values of  
pʹʹ(t–2Tp ) and pʹʹ(t–Tp ) as a  two-dimensional 
particle (xʹt-Tp

, xʹt-2Tp
) and the corresponding y values  

(yʹt-Tp
, yʹt-2Tp

) are obtained using the polynomial fitting 
curve function yʹʹ= pn(xʹt). The distance between 
the calculated point (xʹt-Tp

, yʹʹt-2Tp
) and the observed 

position of pʹ(t–2Tp ) is denoted as dt–1 , and the  
distance between the calculated point (xʹt-2Tp

, yʹʹt-2Tp
)  

and the observed position of pʹ(t–Tp ) is denoted  
as dt–2. 

    The fitness function in the PSO model to solve the optimal 
particle (xʹt-Tp

, yʹʹt-2Tp
) is as follows:

  (12)

    where fit() means the function of optimization goal and  
Δa(t) is the acceleration jerk at time t.

H = {ht–1, ht–2},       (13)

    where 

   (14)

    In Equation (14), i = t – 1, t – 2.
    Moreover, H is a penalty function and reflects the effect 

of dt–1 and dt–2.
From Equations (12)–(14), we can find that the fitness 

function aims to obtain a minimal amount of change in 
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acceleration Δa(t) after the correction of the middle two 
sampling positions. When the fitting point is within the 
range of the observation error, the penalty function is set 
as 0; otherwise, a penalty function that is associated with 
the above-mentioned differences can be added to the 
fitness function. Fig. 2 shows that, after the best particle  
(xʹt-Tp

, xʹt-2Tp
) is obtained, the optimal p(t–2Tp ) and p(t–Tp ) are 

obtained from the polynomial fitting curve function. 

The bidirectioal fitting method shows that, after the 
error mitigation on both axes, all of the modified trajectory 
points are within the radar accuracy error range with a high 
possibility and are within the curve by polynomial fitting. 
As a result, the change in acceleration is decreased and the 
prediction accuracy of obstacle position is high. 

SIMULATION

We perform two simulations for predicting the trajectory of 
obstacle during its slow or fast change in movement by using 
the proposed method. In each simulation, the prediction is 
processed in two continuous periods. A new observed point 
appears in the second period. The calculation parameters 
are set as N=4 and k=5. The symbol meanings are presented 
in Fig. 3(a).

Figs. 3 and 4 show that, regardless of the slow or fast change 
in movement of obstacle, both trajectories predicted on the 
basis of the optimized sampling points maintain motion 
inertia. The results clearly indicate the moving trend of the 
obstacle and show the effectiveness of the method in error 
mitigation.

Fig. 3. Trajectory prediction during slow change in movement of obstacle

Fig. 4. Trajectory prediction during fast change in movement of obstacle

Fig. 2. Error mitigation in x axis with PSO

(a) Period 1 

(a) Period 1 

(b) Period 2 

(b) Period 2 

1) Simulation for minor motion change situation

2) Simulation for major motion change situation
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The prediction is conducted in advance. The errors in 
prediction are magnified, and the inertia reflected in two 
periods presents a certain gap. The reason is that the new 
observed point in the second period provides information 
that is unavailable in the first period. 

3) Simulation of collision avoidance
To test the effect of error mitigation on the avoidance of 

obstacle, we simulate the collision avoidance of a USV with 
the Velocity Obstacle (VO) method under MATLAB [23]. In 
the method, a velocity model between the USV and obstacles 
is established by the spatial relationship of the position and 
velocity. The VO method is a collision avoidance algorithm 
that relies sufficiently on the accuracy of obstacle position 
and velocity. 

In this simulation, the initial position of the USV is (0, 0). 
The initial position of three obstacles are (1500, −500), (2000, 
500), and (6000, −500). The target point is set at (6500, −800). 
The unit is meter. The obstacles change their speeds and 
courses randomly. Fig. 5 illustrates the initial headings of four 
boats. The circles around obstacles indicate the ship domains 
(the radius of the domain is set to 230 in the simulations), 
which are used to represent the area of an obstacle that should 
be avoided.

As shown in Figs. 5 and 6, the observed trajectories of 
obstacles fluctuate throughout the entire process of collision 
avoidance, thereby increasing the difficulties in avoidance.

The short red line at the bottom of Fig. 6 shows that, when 
the USV reaches the abscissa value during the simulation 
owing to inefficient avoidance, the USV enters into the 
domain of the obstacle, which is a dangerous situation.

Table 2 shows that no USV enters into the domains of 
obstacles when the error mitigation method is adopted. 
By contrast, this situation occurs 11 times when the error 
mitigation method is not applied, thereby indicating that 
the avoidance effect is poor.

By comparing the trajectories of the USVs in the two 
simulations, a frequent fluctuation is observed in the direction 
and speed of the USV without using the error mitigation 
method. This finding is due to the unbalanced movement of 
the obstacles and the existence of observation errors, which 
may seriously affect the collision avoidance. As shown in 
Fig. 5, the path of the USV is smooth, because its collision 
avoidance is based on the modified trajectory of obstacle 
after error mitigation.

Table 2 also shows the advantage of the error mitigation 
method in improving collision avoidance efficiency. When 
using the error mitigation method, the USV takes only 59 
cycles to avoid obstacles and reach the goal. On the contrary, 
the USV without using the error mitigation method requires 
85 cycles to complete the same task.

Fig. 7 shows the real-time 3D simulation of collision 
avoidance with the error mitigation method. In the figure, the 
obstacle detected is the real position of the obstacle, the gray 
circle indicates the obstacle domain observed by the radar, 
and the corresponding colored circle is the obstacle domain 
after correction. A large deviation exists between the observed 
and real positions of the obstacle as a result of the existence 
of radar errors. This deviation may affect the efficiency of 
collision avoidance of the USV. After adopting the correction 
algorithm, the domain of the obstacle corresponds to its real 
position, indicating that the observation errors are effectively 
eliminated. This simulation can provide a clear insight into 
the avoidance process of USVs in a real-world environment. 
The finding indicates the accuracy of the proposed method 
in predicting obstacle motion.

The trajectory prediction and obstacle avoidance 
simulations indicate that the bidirectional fitting method 

Fig. 5. Simulation of the collision avoidance for unknown 
dynamic obstacles with error mitigation method

Fig. 7. 3D simulation of the collision avoidance of USV

Fig. 6. Simulation of the collision avoidance for unknown 
dynamic obstacles without error mitigation method

Tab. 2. Correlation data of simulation with and without the error 
mitigation method

With the error 
mitigation method

Without the error 
mitigation method

Times that the USV 
enters the domains  

of obstacles
0 11

Time required  
to obtain the goal 
(Unit: period T)

59 85
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substantially eliminates the observation errors of radar and 
shows the validity and reliability of the proposed method in 
obstacle avoidance planning. 

CONCLUSION

First, we analyze the motion prediction error caused by 
observation accuracy by using the autoregressive prediction 
model. Then, an error mitigation algorithm based on 
polynomial fitting and PSO is proposed to effectively improve 
the prediction precision. The polynomial method is used to 
fit the observed path points for eliminating the longitudinal 
error, and the PSO algorithm is used to correct the fitting 
points for eliminating the horizontal error of the observed 
data. The effectiveness of the bidirectional fitting algorithm 
in error mitigation is verified by trajectory prediction 
simulations. Moreover, a simulation on collision avoidance 
is carried out using the proposed method combined with the 
VO method. The results show the validity and reliability of 
the algorithm in collision avoidance. 
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ADAPTIVE SLIDING MODE CONTROL FOR SHIP  
AUTOPILOT WITH SPEED KEEPING

Zhiquan Liu
Shanghai Maritime University, Shanghai, China

ABSTRACT

The paper addresses an important issue in surface vessel motion control practice that the ship dynamics and sailing 
performance can be affected by speed loss. The vessel speed is significantly decreased by the added resistance generated 
by waves. An adaptive sliding mode course keeping control design is proposed which takes into account uncertain ship 
dynamics caused by forward speed variations, while avoiding performance compromises under changing operating and 
environmental conditions. The sliding mode control provides robust performance for time-varying wave disturbances 
and time-varying changes in ship parameters and actuator dynamics. After combining the unknown but bounded 
system uncertainties, the design of the adaptation law is obtained which is based on the Lyapunov’s direct method. 
Simulations on a ship with two rudders illustrate the effectiveness of the proposed solution.

Keywords: surface vessel; speed loss; adaptive control; course keeping; sliding mode control

INTRODUCTION

When a  ship sails in a  seaway, its maneuvering 
characteristics may be strongly affected by the ocean 
environment (i.e. waves, winds and currents). These 
environmental disturbances usually affect the ability of 
the ship to perform its mission, they may also cause cargo 
damage and produce variations of motion. The marine 
autopilot system is used to ensure sailing safety and to make 
the vessel navigate in the path by manipulating the rudder. 
The first autopilot mechanism was constructed in 1911, and 
the detailed theoretical analysis of proportional integral 
derivative (PID) controller for ship steering was presented by 
Nicholas Minorsky in 1922, when the yaw angle measurement 
was achieved using a gyrocompass [1]. The PID controller with 
fixed parameters can reveal good performance in particular 
operating conditions. However, the vessel dynamics can be 
affected by sailing conditions and external disturbances, i.e. 
loading, trim, forward speed and/or course variations, and 
the change of water depth under keel, which can decrease the 
quality of control of an autopilot with fixed gain. 

Modern steering control systems focus on  stability and 
performance robustness under the condition of uncertainties. 
The adaptive control probably stays as a good method to 
deal with this issue. The literature on ship autopilot control 
using adaptive and robust algorithms is widely surveyed, 
and a lot of studies have been published. In the area of the 
surface vessel path tracking control problem, the adaptive 
and backstepping techniques are combined to deal with 
unknown parameters and bounded time-varying external 
disturbances [2]. Zhang et al. [3] developed an adaptive neural 
network (NN) algorithm to capture system uncertainties 
and bounded wave disturbances under the condition of the 
unknown information on hydrodynamic structure. Shojaei [4] 
proposed a saturated tracking controller with NN and adaptive 
techniques to take into account  unmodeled dynamics and to 
reduce the risk of actuator saturation. The above three methods 
are based on the passive bounded stable theory [5]. Peng et 
al. [6] developed two types of adaptive control methods, 
employing NNs and the DSC algorithm to track formations 
of autonomous surface vehicles. For course keeping of surface 
vessels, Do et al. [7] used the Lipschitz continuous projection 
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algorithm to estimate uncertainties which allowed to achieve 
the purpose of adaptive dynamics. Li et al. [8] adopted T-S 
fuzzy rules to deal with the model uncertainty problem for 
a nonlinear vehicle system. Kahveci and Ioannou [9] combined 
the adaptive law and the linear Quadratic (LQ) controller for 
uncertain ship dynamics with input constraints. The recurrent 
wavelet NN was employed as adaptive backstepping method 
to approximate the ideal backstepping law, and then to achieve 
a robust adaptive marine course changing control system 
[10]. For underwater vehicles, an adaptive robust controller 
was proposed for autonomous underwater vehicles (AUV) 
under changing operating conditions [11]. Do et al. [12] 
combined the backstepping and parameter projection 
methods to design a robust adaptive controller for AUV path 
following. An adaptive fuzzy NN method was introduced for 
trajectory tracking of an unmanned underwater vehicle (UUV) 
subject to stochastic bounded disturbances and parameter 
uncertainties [13].

Ships which advance with certain speed in open sea usually 
encounter large rate of motions due to ocean disturbances. 
Consequently, the total water resistance is increased by the 
added resistance, which may result in speed reduction and 
energy loss [14]. There is a survey that the magnitude of the 
added resistance is approximately equal to 10%–30% of the 
resistance in still water [15]. This added resistance worsens 
fuel efficiency and energy conservation, which are important 
issues from the commercial standpoint driven by business 
requirements in the marine industry [16]. In the area of ship 
motion control, the related work about the relationship between 
rolling and added resistance have been done by Liu and Jin [17]. 
They provided a practical PID method to design an optimal 
added resistance fin stabilizer controller. Yawing motion also 
increases the  added resistance in waves, like the yawing motion 
caused by steering in still water [18]. Akinsal [19] developed 
a kind of fuel saving steering control method to minimize 
propulsion losses. Grimble and Katebi [20] extended the LQG 
controller to minimize the energy loss caused by the added 
resistance induced by steering in ship course keeping control. 
Milon and Pachter [21] considered speed reduction in the 
collision avoidance control system. Kim et al. [22] studied  ship’s 
speed variations under different rudder controllers. The results 
recorded by them show that the ship speed in regular waves 
may be improved by decreasing the rudder rotation speed. Liu 
et al. [23] considered the resistance increase both in waves and 
in still water, and addressed a rudder roll stabilization (RRS) 
controller with  speed reduction minimization. The control 
system designs presented in all above works act only under 
the condition of the ship moving with certain speed and ship 
dynamics unaffected by speed changes. However in practice, 
model parameter changes of the ship sailing in open seas are 
observed due to changes in ship speed. The forward speed 
is time varying because of the speed loss, which may lead to 
changes in vessel dynamics and control parameters. This paper 
aims to develop an adaptive ship autopilot controller with 
forward speed maintenance, which will consider unknown 
stochastic wave disturbances and parameter uncertainties 
caused by ship speed reduction.

The remaining part of the paper is organized as follows. 
Section 2 introduces the mathematical model, while the 
control algorithms are presented in Section 3. Simulation 
results are discussed in Section 4 and conclusions are drawn 
in Section 5.

Notations. Let • be a scalar, a vector, or a matrix. ||•|| denotes 
the Euclidean norm when it is a vector or a matrix. |•| denotes 
the absolute value when it is a scalar.

PROBLEM FORMULATION

MATHEMATICAL MODEL OF SHIP

The model of ship sway-yaw dynamics has been introduced 
by Perez [25]. The main parameters of the ship are listed in 
Table 1.

m(  + ur) + mxG  = Yhyd + Yc     (1)

mxG(  + ur) + Izz  = Nhyd + Nc     (2)

where m is the ship mass, Izz is the inertia of the ship along 
the z-axis, and xG is the coordinate of the center of gravity 
with respect to the body fixed frame. Surge and sway velocity 
components are denoted by u and v, respectively. ψand r are 
the yaw angle and the yaw rate, while Y and N are the sway 
force and the yaw moment, respectively. Subscript hyd sand 
c refer to the hydrodynamic term and to the control force 
produced by the actuator, respectively.

The hydrodynamic model equations are given as follows:

Yhyd = Y   + Y   + Y|u|v|u|v + Yurur

+ Yv|v|v|v| + Yv|r|v|r| + Yr|v|r|v|    (3)

Nhyd = N   + N   + N|u|v|u|v 

+ N|u|r|u|r + Nr|r|r|r| + Nr|v|r|v|    (4)

The rudder is the actuator used for heading control. The 
corresponding control forces are written as:

Tab. 1. Main parameters of the ship

Length (m) 52.50

Breadth (m) 8.80

Draft fore (m) 2.32

Draft aft (m) 2.26

Displacement volume (m3) 355.88

Keel to transverse metacenter (m) 4.83

Keel to buoyancy (m) 3.34

Rudder area (m2) 1.50
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   (5)

Nc = LrLCG          (6)

where ρ is the water density, Lr and AR are the lift force and the 
area of the rudder, respectively. CL(•) denotes the lift coefficient 
which varies with the rudder angle δ. LCG is the distance 
from the center of gravity to the rudder stock.

Assumption 1. The position and rate measurements of the 
sway and yaw motions of the ship are available for feedback.

Assumption 2. The ship parameters and added masses: 
m, Iz, Y , Y , N , N  are known. The nonlinear damping 
coefficients: Y|u|v  , Yur  , Yv|v| , Yv|r|  , Yr|v|  , N|u|v  , N|u|r  , Nr|r|  , 
Nr|v| are also known, but the ship dynamics (damping 
matrix in the ship state-space model) depend on the ship  
forward speed.

Assumption 3. The ship control system based on the state-
space model starts with the initial value of all parameters 
equal to zero.

Assumption 4. The surge dynamics is much slower 
than that in other motions, consequently the variable u is 
assumed equal to the ship moving speed U and satisfies: 
0 < umin ≤ |u(t)| ≤ umax and | (t)| ≤  max.

Assumption 5. The ship forward speed U(t) = U0 + ΔU 
is time varying, where U0 is the nominal (design) speed 
and ΔU is the time-varying speed loss which is unknown  
but bounded.

Remark 1. Several software packages and identification 
methods can be used to calculate or estimate ship parameters 
and added masses. For nonlinear damping terms, Perez [24] 
has modified the data of the selected vessel to match the load 
condition and main particulars. The main purpose in this 
paper is to study the effect of actual speed on ship dynamics 
and performance. Therefore, Assumption 3 is justified.

Remark 2. Assumption 5 means that the ship forward 
speed is nonzero and does not change  sign.

Remark 3. In this paper, the calculation method presented 
by Liu at al. [23] is used to calculate the actual forward speed  
U and the speed loss ΔU. 

The ship response to the control action is modelled using 
the linear model and assuming that Yc = Yδδ and Nc = Nδδ. 
Then the model is expressed as:

(m – Y )  + (mxG– Y )  = 

Y|u|vUv + YurUr – mUr + Yδδ   (7)

(mxG – N )  + (Izz– N )  = 

N|u|vUv + NurUr – mxGUr + Nδδ   (8)

Let us define the state-space model describing the ship 
linear heading control system. The unified model can be 
written using equations (7) and (8) as

M  = D(U)v + H(U)δ      (9)

where the system states can be defined as v = [v, r, ψ]T, and 
the other matrices can be further represented as

   (10)

   (11)

   (12)

It should be mentioned that the parameters in the damping 
matrix D(U) and in the control force matrix H(U) vary with 
the forward speed. Consequently, the dynamics of the ship 
and the actuator will be affected by the speed loss. This 
problem should be considered in the control system design 
addressed in the next section.

MATHEMATICAL MODEL OF WAVES

In this study, the long-crest wave spectrum model 
recommended by ITTC is utilized to simulate the waveforms 
of random waves. The desired spectrum model is given as:

   (13)

where H1/3 is the significant wave height, T is the wave period, 
and ωi is the frequency of the i th regular wave component.

To simulate random waves in the time domain, 60 regular 
waves were selected to form the irregular wave. The amplitude  
ζi of each regular wave component and the amplitude ζ of the 
resultant wave used to generate external forces and moments 
are given  by the following expressions:

   (14)

   (15)

where εi is the random phase angle of the i th regular wave.
Assumption 6. The disturbance signals of sway and yaw 

motions satisfy |dv(t)| ≤ dv max and |dr(t)| ≤ dr max , where dv max 
and dr max are unknown positive constants.

ADDED RESISTANCE

The added resistance is independent of the calm water 
resistance. In this study, the added resistance produced by 
ship motions both in waves and in still water are considered.
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The method to calculate the added resistance in oblique 
waves is the extension of the radiated energy method proposed 
by Loukakis and Sclavounos [25]. In Fig. 1, the ship is moving 
forward along a fixed direction. The waves are coming with 
propagation speed c at the encounter angle β. The horizontal 
force RT can be resolved into two components: the added 
resistance Rx and the drift force Ry.

According to the radiated energy theory, the work of 
the added resistance is assumed to equate the energy of 
waves radiated away per wave period. With the strip theory 
approximations, the work of the horizontal force can be 
equated to the energy radiated away per encounter period. 
Consequently, the work passed to the fluid is given as follows:

P = (–RT)(–c –U cos β)Te   (16)

where Te is the encounter period.
Since the actuator is the rudder and only horizontal 

motions are included in this study, then the energy radiated by 
the horizontal motions are given  by the following equations:

  (17)

  (18)

  (19)

where ωe is the encounter frequency, L is the ship length, b is 
the motion damping coefficient, and the numerical subscripts 
represent their corresponding DOFs. URY is the transverse 
relative speed. Finally, the added resistance and the drift 
force in oblique waves can be written as:

(–RT)(–c –U cos β)Te = P4 + 2P24 + P26 (20)

|Rx| = | RT cos β|       (21)

|Ry| = | RT sin β|       (22)

where P4 , P24 and P26 are the energy amounts radiated by roll 
motion, yaw-roll motion, and sway-yaw motion, respectively, 
during one encounter period. The roll motion is not included 
when calculating the added resistance.

When the ship sails in calm water, the yaw angle caused 
by steering will produce pressure difference between its port 
and starboard sides. This kind of pressure difference creates 
extra resistance, referred to as the added resistance in calm 
water, discussed by Faltinsen [18].

The surge model in the body fixed frame is given as:

M(  – vr) = X  – RT(u) + (1 – τ)T(u, n) + 

Xvvv2 + Xvrvr + Xrrr2 + Xδδδ2    (23)

where X , Xvv,… are used to express longitudinal 
hydrodynamic forces acting on the hull and on the rudder.  
RT(u) is the ship calm resistance, τ is the thrust deduction 
coefficient, and T(u, n) is the propeller revolutions per 
second.

The main cause of resistance increase is represented by 
Mvr and Xvrvr, while RT(u) and T(u, n) are independent of 
the turning motion. The values of Xvv and Xrr are equal to 
zero when the surface vessel is symmetrical. The term Xδδδ2  
is the extra drag due to rudder angle and can be neglected 
because of its small value.

Finally, the added resistance caused by yaw motion can be 
simplified to the form:

Ryaw = (M + Xvr )vr      (24)

where M is the ship mass. This resistance is decided by sway 
rate and yaw rate.

CONTROL SYSTEM

The total speed loss in the heading control system is 
determined by the sway rate v and the yaw rate r. In the 
meanwhile, the heading error must be limited, therefore 
the three variables v, r, and ψ should be simultaneously 
constrained. The proposed autopilot system is shown in Fig. 2. 
Here, ψd is the desired heading angle and d is the external 
disturbance. The other desired values are set equal to zero. 
The saturation block is adopted to constrain the rudder angle 
amplitude.

The sliding mode control (SMC) used here can 
accommodate system parameter uncertainties and reject 
unknown bounded disturbances, as well as quantify the 
modeling and performance trade-off. Liu et al. [23] adopted 
the SMC method to design an RRS control system with 
forward speed minimization which assumed U as a constant 
design speed in the ship model. However, the actual forward 
speed varies in the time domain due to speed losses, which 
can cause uncertainties in the dynamics of ship and actuator, 

Fig. 1. Definition of added resistance and drift force

Fig. 2. The autopilot control system
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and, consequently, decrease the robustness of the SMC. To 
improve the performance of the controller when the speed 
is time varying, an adaptive sliding mode control (ASMC) 
method has been selected. The following sections present the 
design process of the two controllers.

SLIDING MODE CONTROL DESIGN 

In this section, the eigenvalue decomposition method is 
applied to provide an appropriate scheme to select weighting 
factors for the sliding surface function [1]. Assuming that the 
ship dynamics parameters are not affected by speed loss, the 
value of the parameter U in the ship model is equal to the 
nominal speed U0. After combining the wave disturbance 
terms, the state-space model (9) is transformed to the form:

 = Ax + bδ + d
 

where d is bounded as ||d|| ≤ dmax< ∞, and the detailed 
description is regarded as follows:

 (25)

By choosing a suitable control law, the sliding manifold is 
used in the state error space to find the relationship for each 
control element. Let the reference state be xd = [0, 0, ψd] , and 
the sliding surface be defined as:

s = hTxe = hT (x – xd)       (26)

where h  =  [h1, h2, h3]T is the right eigenvector of 
Ac  (i.e.  Ac

T h  =  λh). The weighting vectoris selected by 
computing the characteristic equation Ac

T h = 0 for λ= 0.
In the SMC system, the state feedback control law that 

limits ship motion responses is defined. In this case, the 
rudder angle command is  separated into two parts,

δ = δ0 + δS          (27)

where δ0 = –kT x is the state feedback control law,  which can 
also be an equivalent controller.

Substituting the control (27) into the equation (25), we 
obtain

 = Acx – bδS + d      (28)

where the combined state matrix is Ac = A – bkT. The 
feedback gain vector is defined as k = [k1, k2, 0]T to stabilize 
the sway-yaw dynamics. Here, k3 = 0 due to integration in 
the yaw channel.

The nonlinear control part δS is the switching law which 
counteracts the destabilizing effects of environmental 
disturbances. It is written as:

δS = –(hTb)–1η sgn(s)       (29)

where the switching gain satisfies η > dmax||h||.
Differentiating the sliding surface manifold, we arrive at: 

 = hTAcx + hT bδS + hTd – hT
d

= λxT h –η sgn(s) + hTd     (30)

where λxT h = 0 if h is the right eigenvector, and hT
d = 0.

To prove the stability of the closed loop system, the 
Lyapunov function is selected:

       (31)

The differentiation of Equation (31) can be written as

 = s  = –η sgn(s)s + shTd = 

–η|s| + shTd ≤ 0        (32)

The above equation indicates that the state trajectory can 
reach the sliding manifold in finite time and decline to zero. 
Consequently, the control law guarantees the sustainability 
of the sliding mode. 

In order to attenuate the chattering effect, the tanh function 
is used in place of signum function. Hence, the total control 
law of autopilot becomes

δ=–(k1v+k2r) – (h1b1+h2b2)–1η tanh(s/ϕ)  (33)

where ϕ is the boundary layer thickness.

ADAPTIVE SLIDING MODE CONTROL DESIGN

In practice, the dynamics of the ship and the actuator are 
affected by the time-varying speed, which is the source of 
parameter uncertainties. The upper bounds of disturbance 
and parameter uncertainties, and the value of η are often 
difficult to find. The uncertainties in the system are assumed 
to meet the matching conditions. In this section, the modified 
control law is presented. The purpose of the adaptive method 
is to tune the controller gain without the knowledge about 
the upper bound of system uncertainties.

Considering the speed U(t) = U0 = ΔU, varying with time 
due to speed loss, the system state-space model is written as

 = A(U(t))x + b(U(t))δ + d     (34)

where the state matrix and the control matrix can be divided 
into the nominal part and the uncertain part:

A(U(t)) = A + ΔA and b(U(t)) = b + Δb
Then we obtain a new equation:

 = Ax + bδ + E(ΔU, x, δ)     (35)

where E(ΔU, x, δ) = ΔAx + Δbδ + d is the lumped uncertainty.
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The modified control law developed here is

δa = δa0 + δas         (36)

where the linear feedback controller δa0 is the same as δ0 used 
in the nominal system.

Corresponding to the lumped uncertainty, the robust 
switching control part is modified as

δas = –(hTb)–1 a sgn(s)       (37)

where a is the estimate of the adjustable gain. Assuming 
that there is a positive ηa for which δas = –(hTb)–1 ηa sgn(s) 
is the terminal solution, the gain ηa must satisfy ηa> ||hT||· 
||E(ΔU, x, δ)||.

The adjustable gain can be tuned by the adaptation law 
defined as

   (38)

where α > 0 is the adaptation gain. Selecting a reasonable 
adaptation gain can effectively help to  avoid high control 
activity. For simplicity, let it be a positive constant in this 
control system.

To avoid over increased estimate values of a that may 
lead to large amplitude control signal, this quantity should 
be limited in a suitable range. That is why the projection 
algorithm presented by Do et al. [2] is used to modify the 
adaptation law into the following

a = Proj
a
 ( a)       (39)

   (40)

Theorem 1. For the system (26): Given the control law (36) 
and the eigenvector property in the equation (30), under 
Assumptions 1-6 the proposed adaptive control strategy can 
guarantee driving the state trajectories of the system onto the 
sliding surface in finite time.

Proof: Consider the same sliding surface function as in the 
above section. Then its differentiation is written as

 = hT
e = hT  = hT(Acx + bδas+ E)

= hT bδas+ hTE        (41)

Define the estimate error as ῆa =  a – ηa, and choose 
a Lyapunov function candidate as

   (42)

Multiplying both sides of Equation (41) by the sliding 
surface, the following equation is obtained 

s  = s(hTE – a sgn(s)) = shTE – a|s|  (43)

In the same way, the corresponding equation for the 
adaptation error is given as

αῆa a = α( a – ηa) a = ( a – ηa)|s|  (44)

Applying Equations (43) and (44), and taking the derivative 
of the Lyapunov function, we get

 = s  + αῆa a = shTE – ηa|s|≤ 0  (45)

Hence, the convergence of s and ῆa is proven by the 
Lyapunov direct method, both s and ῆa reach zero in finite 
time. To alleviate the chattering phenomenon, the boundary 
layer method with tanh function can be used to replace 
signum, like in the description in the SMC design section. 
In the proposed ASMC scheme, the knowledge of the upper 
bound of system uncertainties is not required.

SIMULATION RESULTS

The simulation of the autopilot control system working on 
a navy vessel with speed keeping control is demonstrated. The 
nominal ship speed is 15 knots, the wave height is 3.7 m, and 
the average period is 7 s. The rudder angle limitation is 35° 
and two rudders are installed. The desired state trajectory 
is assumed to be Cd = (0, 0, 0)T, the initial state vector is 
x = (0, 0, 0)T and the initial guess of η is η = 5 The adaptation 
law is set as α = 0.05 and a (0) = 2.5. The boundary layer is 
chosen as ϕ = 1. The other parameters k and ηamin, ηamax are 
set as [10, 100, 0]T and (2,25), separately. The ship is sailing 
with the encounter angle 120°.

Fig. 3 compares autopilot dynamics under the open-loop 
condition. The solid lines represent the time-histories of ship 
dynamics which consider the effect of time-varying speed loss, 
while the dashed lines mean the responses of the nominal ship 
model. The sway and yaw rate responses are identical for these 
two models. On the other hand, the yaw angle magnitude is 
increased under the action of time-varying ship dynamics 
which may generate ship course changes. The speed response 
is less declined, as  the values of speed loss depend on sway 
and yaw rates, as presented by Liu et al. [24].

The results of ship’s performance calculations with the two 
control methods are presented in Fig. 4. In the first graph, 
the response of the sway rate is not changed. Actually, the 
rudder control force for sway motion is LCG times smaller 
than that for yaw motion (compare equations (5) and (6), 
therefore we can ignore this control force and assume it as an 
underactuated surface vessel. The proposed ASMC scheme 
can give better sailing performance, as the yaw motion and 

Tab. 2. Cost value of simulation

Controller Yaw 
response

Average speed 
(Kn)

Rudder  
usage

SMC 1867.09 13.49 48927.57

ASMC 1590.05 13.73 58032.68
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its rate are both reduced to a greater extent than by the SMC 
method. That means that the speed loss (i.e. fuel consumption 
increase) can be reduced more. At the sea state for  the case 
presented in Fig. 5, the reduction of speed loss percentage is 
1.54%, which cannot be ignored in the real voyage of a ship. 
Fig. 5 also compares rudder orders. The adaptive controller 
may use a little more energy to drive rudders and cause rudder 
angle saturation. The values calculated from the cost function 
are listed in Table 2.

Fig. 6 presents the time-histories of the results obtained 
using the adaptive estimate and sliding surface controllers. 
The estimate value is continuously increasing, with stepwise 
increase  at each corresponding peak in the sliding surface, 
marked by three rectangles in Fig. 6. This is because the 
adaptation law is substantially an integral function of the 
sliding surface. This is also the reason why the projection 
algorithm is adopted here to limit this value. This kind of 
varying estimate value generates more effective rudder control 
commands to reject system uncertainties due to speed loss 
and unknown disturbances.

CONCLUSIONS

In the paper, the problem of adaptive sliding mode control 
design for ship autopilot system with fuel efficiency control 
is studied. The control problem is formulated in a single-
input-multiple-output framework with a time-varying ship 
model due to speed loss. The adaptation accounts for changes 
in ship speed to ensure that the appropriate drag forces are 
minimized. The paper also presents the responses of the 
rudders to changes in the seaway environment. The variations 
of parameters in the system and in the external disturbance 
are both robust, and the tracking capacity is guaranteed. The 
ASMC method can improve the heading control performance. 
What is more important, the actual sailing speed of the ship 
is significantly improved by the control system with respect 
to sailing energy consumption. Notably, the information on 
upper bounds of system uncertainties and wave disturbances 
is not required. When applying this strategy, the initial value 
set for the adaptation estimate should be smaller than the 
nominal upper bound. For the sake of safety, the projection 

Fig. 3. Responses of the uncontrolled autopilot system Fig. 5. Comparison of speed and rudder angles

Fig. 4. Simulation results of sway and yaw
Fig. 6. Simulation results of adaptive trajectory 

and sliding surface controllers
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algorithm method is proposed to avoid an unexpected 
unlimited increase of the adaptation estimate. Simulation 
results have been provided to illustrate the effectiveness of 
the proposed approach. 
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OPTIMIZATION METHODS IN MARITIME TRANSPORT 
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ABSTRACT

The purpose of the article is to present the goal of optimization of transport and logistics processes, followed by literature 
review in the field of optimization methods. The optimization methods were categorized and the most commonly used 
methods were listed. The tasks of static and dynamic optimization were formulated. An example of the single-criterion 
static and dynamic optimization and multi-criteria game optimization are given.

Keywords: maritime transport, optimization, ship control, computer simulation

DEVELOPMENT OF OPTIMIZATION 
METHODS - HISTORICAL OUTLINE

The primary goal of optimization is to implement 
the object control process in the best way. The process may 
be: physical phenomenon, technological process, technical 
object, economic system, production and transport planning, 
etc [1,4]. The mathematical description of the process 
formulated for the purpose of its optimization is by modelling. 
The optimization is as good as the mathematical model 
is adequate [3,9]. Formulating and solving the optimization 
task can be presented as in Fig. 1.

Fig. 1. Stages of formulating and solving the optimization task

The function F(x) means the evaluation of the quality 
of the object’s operation or the course of the control process 
and assumes the name of the goal control function or control 
quality index, and x constitutes a set of the decision variables 
or state variables of the control process [7,10,13].

In many issues of transport and logistics there are many 
possible and acceptable solutions to the problem, of which 
only one is the optimal solution under the assumed criterion 
of the quality of the transport or logistics process [14,15,16].

Both static optimization and dynamic optimization 
methods are used to solve such issues. Increasingly, the 
practice of transport and logistics processes must meet both 
technical and economic criteria. Therefore, apart from the 
single-criterion optimization, multi-criteria optimization 
becomes more and more important.

And so, the beginning of the variational calculus is 
presented in the works of Lagrange (1736-1813), Hamilton 
(1805-1865), Weierstrass (1815-1897) and Pontriagin 
(1908-1988).

Modern methods of optimization dated beginning from 
1939 are: logistics problems related to planning operations 
during World War II - linear programming (Dantzig (1914-
2005)); integer programming and selection from among 
a finite number of decisions (Cabot (1922-1984), Balas (1922)); 
non-linear programming (Kuhn, Tucker and Georffrion).

The development of methodology of computer calculating 
has caused interest in numerical algorithms (Powell, Rossen, 
Fletcher) and dynamic programming (Bellman, Riccati).

Space research has focused on the optimization of rocket 
constructions and flight control in the stratosphere and space.
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Optimization of economic processes includes: problems 
of  production allocation, optimal composition of the 
investment portfolio, large scale problems and decomposition 
methods (Lasdon, Findeisen).

The development of methods for solving optimization 
tasks took place in the following stages:
• analytical classic methods, or methods of “mountain 

climbing”: models developed by mathematicians of the 
17th and 19th centuries, the “unpolluted” world of square 
functions of the target and ubiquitous derivatives,

• development of computer calculations: modifications of 
classic methods, algorithmization of calculations enabling 
application to practical problems of science and technology,

• soft computing, resistant methods: evolutionary, genetic 
algorithms, neural networks used to optimize complex 
process models [12].
In transport and logistics, the best possible control of 

an object is expressed in optimization dealing with how to 
describe and achieve the best, when we already know how 
to measure and change good and bad (Beightler, Phillips: 
Foundations of Optimization, 1979).

The general categorization of optimization methods 
considered the most representative, is shown in Fig. 2.

Fig. 2. Categorization of optimization methods

The optimization methods can be divided in respect of:
• object or process properties: into static and dynamic;
• constraints: into without constraints and with constraints;
• way of calculating the optimum: into gradient and 

non-gradient;
• type of object or process model: into deterministic 

and stochastic;
• type of calculations: into analytical and numerical;
• form of the goal function:  into linear and non-linear;
• complexity of the goal function: into single-criterion and 

multi-criteria.

In practice, the following methods are most commonly 
used:
• non-gradient static optimization without constraints: 

golden division, bisection, Gauss-Seidel, division and 
constraints, division and isolation, Hooke-Jeeves, square 
interpolation, Nelder-Mead symplex, Rosenbrock, 
Davies-Swann-Campey;

• gradient static optimization without constraints: simple 
gradient, the fastest slope, Newton-Raphson, conjugate 
gradient Hestenes-Stiefel, Levenberg-Marquardt, Powell, 
Zangwill;

• non-gradient static optimization with constraints: 
Lagrange, linear programming, Kuhn-Tucker, 
Schmidt-Fox;

• gradient static optimization with constraints: Zoutendijk, 
Raster projected gradient;

• heuristics: grouping, Monte Carlo, simulated annealing, 
genetic algorithms, particle swarm;

• basic direct dynamic optimization: Euler’s calculus, 
Bellman’s principle of optimality, simple gradient in 
control space, conjugate gradient in control space, variable 
metrics, second variation;

• basic intermediate dynamic optimization: maximum 
principle of Pontriagin, Newton in the state space, Newton-
Rapson in the conjugate space;

• special dynamic optimization: time-optimal control 
of Neustadt, Gilbert, Barr, Balakrishnan punishment 
function, Findeisen’s two-level optimization;

• static multi-criteria optimization: set of optimal Pareto 
points in the space of variants, Bentham’s rule of 
utilitarianism, Rawls principle of justice, Salukvadze 
reference point, Benson weighted sum method, Haimes 
-constraints method, purposeful programming method;

• dynamic multi-criteria optimization: selection of weight 

• game multi-criteria optimization: multi-stage positional 
game, multi-step matrix game [9].
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PROBLEMS AND METHODS 
OF OPTIMIZATION IN TRANSPORT 

AND LOGISTICS

STATIC OPTIMIZATION 

The optimization task consists in determining such values 
of state variables x* at which the function of the control goal 
F(x) reaches its minimum or maximum value.

The values of constituents of the state vector x cannot be 
arbitrary and are subject to various constraints. A distinction 
is made between inequalities:

(1)

and equality constraints:

(2)

The introduction of any equality constraint reduces the 
size of the optimization space by one and may be the reason 
for the lack of an optimal solution.

Single-criterion static optimization
The task of single-criterion static optimization is to search 

for a minimum or maximum of the objects output or its 
function:

(3)

while meeting the constraints imposed on the variables x.

Examples of single-criterion static optimization tasks in 
sea transport and logistics:
• optimization of the product range in the yard of commercial 

and fishing ships and yachts;
• optimization of rational cutting of sheets in the ship’s 

construction process;
• optimization of transport process of containers, cars, citrus 

fruits and other loads;
• optimization of logistics of cargo transportation between 

the port and the recipients;
• optimization of the quantity and type of port equipment 

for handling ship transhipments;
• investment optimization of the construction or expansion 

of the port.

Multi-criteria static optimization
The task of multi-criteria static optimization is determining 

the optimal decision when there is more than one optimization 
criterion:

(4)

while meeting the constraints imposed on the variables x.

Examples of multi-criteria static optimization tasks in sea 
transport and logistics:
• optimization of transport means works with minimal cost 

and delivery time;
• maximum use of cargo space with a minimum delivery 

time.

DYNAMIC OPTIMIZATION

Single-criterion dynamic optimization
The task of single-criterion dynamic optimization is to 

look for the minimum or maximum of a functional as the 
integral of a function:

 (5)

where the dynamic properties of the control object are 
described by the equations of state and output:

 (6)

(7)

and meeting constraints imposed on the state variables x 
and control variables u.

The task of dynamic optimization can be solved analytically 
as a task of time-optimal control and minimization of the 
goal function in a square form, with linear state equations.

Examples of single-criterion dynamic optimization tasks 
in maritime transport:
• determination of the optimal route of the ship from the 

initial port to the port of destination, ensuring minimum 
fuel consumption, including navigational limits and hydro-
meteorological forecasts;

• determination of the optimal anti-collision manoeuvre 
of own ship ensuring minimum risk of collision during 
passing the encountered ships;

• optimization of the main engine control of the ship, 
ensuring minimum fuel consumption;

• optimization of ship loading, ensuring maximum 
ship stability;

• optimization of power distribution between the ship 
propulsors, ensuring the maximum controllability of the 
ship;

• optimization of the ship’s electrical system, ensuring 
maximum reliability of power supply for ship’s equipment.

Multi-criteria dynamic optimization
The task of multi-criteria dynamic optimization is to look 

for the minimum or maximum of a functional as the integral 
of a function:

    for   k=1, 2, …, K  (8)
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Examples of multi-criteria dynamic optimization tasks 
in maritime transport:
• optimization of sea transport process, ensuring maximum 

profit with a minimum risk;
• optimal control of the ship on a reference course, 

ensuring maximum control accuracy and minimum fuel 
consumption;

• safe traffic management ensuring minimum risk of 
collision and minimum road loss on passing objects.

GAME OPTIMIZATION

The game control of the marine object consists in 
minimizing goal function given in the form of an integral 
payment and final payment:

  (9)

The integral payment of the game determines loss of path 
of the own object on the passing of cooperating or non-
operating objects that were met.

The final payment of the game determines the final risk 
of collision rf and the final deviation of own object position 
df from its reference trajectory of movement [2,8,11].

A distinction is made between the following types of game 
control of a maritime transport object as follows:
• multi-stage positional, non-cooperative or cooperative 

game;
• multi-step matrix, non-cooperative or cooperative game.

EXAMPLES OF OPTIMIZATION 
TASKS IN MARITIME TRANSPORT 

AND LOGISTICS

OPTIMIZATION OF CONTAINER TRANSPORT BY 
MEANS OF LINEAR PROGRAMMING

The ship owner has five container ships: K1, K2, K3 and 
K4 with capacity of 2600, 4200, 2100, 1100 TEU containers, 
respectively. It is necessary to plan the transport of 10 000 
containers from Asia to five European ports: P1, P2, P3, P4 
and P5 in quantities of 1800, 2100, 3100, 1800, 1100 TEU, 
respectively, with the lowest total cost of transport from Asia 
to Europe. Tab. 1 shows the cost of transporting one TEU 
container.
Tab. 1. Data summary for the task of container transport optimization

Ships
Number 

of containers 
expected in 

port Ports K1 K2 K3 K4

P1
Lisbon

500 
USD

450 
USD

640 
USD

620 
USD 1800 TEU

P2
Le Havre

600 
USD

540 
USD

660 
USD

690 
USD 2100 TEU

Ships
Number 

of containers 
expected in 

port Ports K1 K2 K3 K4

P3
Bremerhaven

700 
USD

610 
USD

710 
USD

730 
USD 3100 TEU

P4
Gdańsk

740 
USD

735 
USD

870 
USD

810 
USD 1800 TEU

P5
Sankt 
Petersburg

900 
USD

890 
USD

960 
USD

930 
USD 1200 TEU

Load capacity 
of ship

2600 
TEU

4200 
TEU

2100 
TEU

1100 
TEU

The standard and simultaneously canonical form of linear 
programming which it will take, is as follows:

(10)

(11)

(12)

The linprog function from MATLAB software has been 
used: [x, fval] = linprog (f, A, b, Aeq, beq, lb, ub), as a result 
of its operation there will be obtained a vector x with the 
solution and the containers transporting cost under the 
variable fval (Fig. 3).

The following results of container transport optimization 
in the MATLAB linprog software are obtained:

 

x11
∗ = 0, x12

∗ = 0, x13
∗ =1800, x14

∗ = 0

x21
∗ = 0, x22

∗ =1000, x23
∗ = 0, x24

∗ =1100

x31
∗ = 2600, x32

∗ = 500, x33
∗ = 0, x34

∗ = 0

x41
∗ = 0, x42

∗ =1500, x43
∗ = 300, x44

∗ = 0

x51
∗ = 0, x52

∗ =1200, x53
∗ = 0, x54

∗ = 0

F∗ x( ) = 7 007 500 USD

 (13)
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Tab. 2 shows the optimal loading of container ships.

Fig. 3. Results of container transport optimization

Tab. 1. Optimal loading of container ships

Ships
Number 

of containers 
delivered 

in port Ports K1 K2 K3 K4

P1
Lisbon

1800 
TEU 1800 TEU

P2
Le Havre

1000 
TEU

1100 
TEU 2100 TEU

P3
Bremerhaven

2600 
TEU

500 
TEU 3100 TEU

P4
Gdansk

1500 
TEU

300 
TEU 1800 TEU

P5
Sankt 
Petersburg

1200 
TEU 1200 TEU

Loading the 
ship

2600 
TEU

4200 
TEU

2100 
TEU

1100 
TEU

OPTIMIZATION OF SAFE SHIP CONTROL BY MEANS 
OF SWARM OF PARTICLES

A swarm of particles or a flock is a group of individuals 
of the same species, rarely different species of animals, insects, 
birds and fish living in a specific territory, related to each 
other due to more or less advanced fora of social organization. 
Mating of individuals into flocks is most often associated 
with breeding or searching for food.

The Particle Swarm Optimization – PSO was proposed 
in 1995 by Kennedy and Eberhart. The idea of the algorithm 
comes from imitating the behaviour of a population of living 

etc, in which a single individual has a very limited ability 
to make decisions and mutual communication (Fig. 4).

Fig. 4. Examples of individuals forming swarms of particles

The whole population, despite the lack of a central control 
system, demonstrates the features of having intelligence, that 
is, the responding to changes in the environment and the 
collective undertaking of related actions.

The numerical model of the behaviour of a group of objects 
treats the population as a swarm and each individual as 
a particle. During the next steps of the discretized time, the 
particles move to new positions, simulating the adoption of 
the swarm to the environment, i.e. they are looking for the 
optimum. The algorithm uses to search for the extreme value 
of the adaptive function as a function of the control target for 
a population of moving particles that can memorize the point 
of the best value of the objective function in the search space 
and transmit this information to whole population or its part.

Bird’s algorithm – Particle Swarm Optimization PSO, 
presented in 1995 by R.C. Eberhart and J. Kennedy, imitates 
the gregarious behaviour of birds that communicate 
and observe each other exchanging information among 
themselves, improving the search of the area as a space for 
optimal solutions.

Base Bees algorithm – BBA mimics of feeding of honeybee 
swarms, developed by D.T. Pham in 2005.

Firefly algorithm – FA, developed in 2008 by Prof. Xin-
She Yang, is inspired by the social behaviour of skylights, 
insects from the Lampyridae family, whose phenomenon is 
bioluminescent communication.

Cuckoo Search – CS algorithm uses cuckoo nesting habits, 
proposed in 2009 by Xin-She Yang and Suash Deb, mimicking 
the behaviour of some cuckoo species that use the nest of other 
birds to hatch eggs and raise their chicks.

Cockroach Swarm Optimization – CSO algorithm uses 
three cockroach behaviours as insects: swarming, dispersing 
and absolute behaviour, described by L. Cheng, Z.B. Wang, 
Y.H. Song and A.H. Guo in 2011.

Flower Pollination – FPA algorithm, inspired by the 
process of pollination of flowering plants, was developed by 
Xin-She Yang in 2012.
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Cuttlefish algorithm – CFA algorithm, proposed by 
A.S. Eesa, Z. Orman and A.M.A. Brifcani in 2013, is inspired 
by the environmental change of cuttlefish skin colour.

Krill Herd – KH algorithm, described in 2012 by 
A.H. Gandami and A.H. Alavi, is based on the simulation 
of behaviour of herds of krill individuals.

Ant Colony Optimization – ACO algorithm, proposed in 
1999 by Marco Dorigo, is a probabilistic technique for solving 
problems by looking for good roads in graphs, inspired by the 
behaviour of ants looking for food for their colony.

The use of ACO algorithm to determine the safe trajectory 
of a ship in a collision situation has been developed by 
A. Lazarowska [6].

Calculations of the safe trajectory of the own ship by using 
the form-based algorithm consist of three main stages which 
include:
• data initialization;
• constructing solutions;
• updating pheromone traces.

The ship route from the starting point wp0 to the end 
point wpe is divided into k stages. Ships are represented by 
hexagonal domains, which cannot be crossed by a respective 
own ship (Fig. 5).

Fig. 5. An example of a route chosen by an ant [35]

The probability of choosing the next top by the ant is:

j ij

ij

l il
i

wp wp
wp

wp wp
l wp

t
p t

t
(14)

where:
twpj (t) – values of the pheromone trace at the apex j,
hwpij – some heuristic information, called visibility, the 

inverse of the distance between the current vertex i 
and the neighbouring vertex j,

l – ant number,
 

Fig.6 shows an example of determining the safe trajectory 
of an own ship by using a ACO algorithm.

Fig. 6. Solution to the situation of meeting with 7 ships in the Kattegat Strait [35]

OPTIMIZATION OF SAFE SHIP CONTROL BY MEANS 
OF DYNAMIC PROGRAMMING 

Determining the optimal control of the ship in the sense 
of a fixed control quality indicator can be made by using 
Bellman’s principle of optimality. The principle defines the 
basic possession of an optimal strategy – regardless of the 
status and initial decisions, the remaining decisions must 
form strategies that are optimal from the point of view 
of the state resulting from the first decision. The principle of 
optimality is described by the Bellman functional equation:

 min , , , , 0ou

S Sf x u t f x u t
t x

(15)

where: x – state of process, u – control, t – time, fo – cost 
function, f – process state function.

Function S is:

0

, min min , ,oS x t F f x u t dt (16)
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The optimal time for ship to travel k stages will be:

(17)
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x x x u t t x x

x x u t t x x x x u t t

k K

where:
• coordinates of ship’s position: x1=x, x2=y;
• ship’s course: x3=ψ;
•  angular speed of the ship’s return: x4= ;
• ship’s speed: x5=V;
• acceleration of the ship: x6= ;
• time: x7=t;
• relative rudder deflection: u1=α/am;
• relative change in rotational speed of the main screw 

propeller: u2=n/nm [5].

By moving from the first to the last stage, the Bellman 
function equation is obtained for the ship control process 
by changing the rudder angle and the rotational speed of 
the propeller.

Including constraints resulting from the safe approach, 
the right path recommendations consist in checking if the 
state variables did not exceed the limits in each considered 
node and reject the nodes in which a violation was detected.

Constraints of state variables and control variables 
form a separate calculation procedure in the algorithm for 
determining the dynamic safe trajectory of a ship.

Fig. 7 shows the division of the ship’s path into k stages 
and n nodes.

Fig. 7. Determination of the own ship safe and optimal trajectory by means 
of dynamic programming method

By going from the first stage to the last one the formula 
(17) determines the Bellman’s functional equation for the 
process of the ship’s control by the alteration of the rudder 

angle and the rotational speed of the propeller. The constraints 
for the state variables and the control values generate 
the Neural Constraints (NC) procedure in the computer 
algorithm Dynamic Programming Trajectory - DPT for the 
determination of the safe ship trajectory.

The consideration of the constraints resulting 
from maintaining safe approaching distance and the 
recommendations of the way priority law is performed by 
checking whether the state variables have not exceeded 
constraints in each of the considered intersections and by 
rejecting the intersections in which a violation has been 
discovered.

The safe trajectories of own ship in the situation of passing 
by J=10 ships met in conditions of good visibility at sea are 
shown in Fig. 8 , and in restricted visibility at sea – in Fig. 9, 
determined by the DPT algorithm.

Fig. 8. Optimal and safe trajectory of own ship while passing by J=10 ships 
encountered in conditions of good visibility at sea, Ds=0.5 nm, tk*=49.66 min
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Fig. 9. Optimal and safe trajectory of own ship while passing by J=10 ships 
encountered in conditions of restricted visibility at sea, Ds=2.0 nm, tk*=68.33 

min

OPTIMIZATION OF SAFE SHIP CONTROL BY MEANS 
OF MULTI-CRITERIA GAME CONTROL

In order to ensure the safety of navigation, ships are obliged 
to respect the legal requirements in the form of COLREGs 
rules. However, the rules apply only to two ships in terms 
of good visibility. In the conditions of limited visibility, 
they only give general recommendations and are not able to 
take into account all the necessary conditions of the actual 
process. Thus, the actual process of passing ships occurs under 
indefinite conditions and conflict with inaccurate cooperation 
of ships in accordance with the principles of COLREGs. 

Therefore, it is expedient to present the process of safe 
control of the ship as well as development of the appropriate 
control methods and testing their operation, by using the 
rules of game theory. 

For practical synthesis of control algorithms, positional 
and matrix game models are used.

The essence of the positional game is the dependence of the 
own ship’s strategy on the ship’s position p(tk) at the current 
step k. 

The optimal control of own ship for non-cooperative game 
is determined from the following criterion:

0, 0,,0 ,00 0

0 ( )

1, 2, ...,

maxmin min
j jj j

knc
u Uu Uu U

F x S x t

j J

(18)

and for cooperative game:

,0 ,0 0, 0,0 0

0 ( )

1, 2, ...,

min min min
j j j j

kc
u U u Uu U

F x S x t

j J

(19)

Trajectories of own ship in the situation of J=19 ships 
encountered in the Kattegat Strait in restricted visibility 
at sea with Ds=1.6 nm, determined according to the non-
cooperative positional game algorithm are shown in  Fig 10, 
and for cooperative positional game -  in Fig. 11.

Fig. 10. Computer simulation of multi-stage non-cooperative positional game 
algorithm for safe own ship control in situation of passing J=19 encountered 

ships in restricted visibility at sea, Ds=1.4 nm, d(tk)=6.56 nm

Fig. 11. Computer simulation of multi-stage cooperative positional game 
algorithm for safe own ship control in situation of passing J=19 encountered 

ships in restricted visibility at sea, Ds=1.4 nm, d(tk)=3.75 nm
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CONCLUSIONS

In synthesis of the controller or the optimal control 
algorithm for a given transport or logistic object, both static 
and dynamic analytical and numerical optimization methods 
can be used.

However, various optimization tasks in practical 
applications are most often solved by means of appropriate 
numerical methods of static and dynamic optimization.
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PATH FOLLOWING CONTROL OF FULLY ACTUATED 
AUTONOMOUS UNDERWATER VEHICLE BASED ON LADRC
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ABSTRACT

This paper presents an active disturbances rejecter controller (ADRC) for position and path following control of a fully 
actuated autonomous underwater vehicle (AUV). The unmodeled, undesirable dynamics and disturbances reduce 
the performances of classical controllers and complicate the design of appropriate and efficient controllers. In the 
proposed approach, the different modeling complexities; such as uncertain parameters, non-linearities, and external 
disturbances are considered all as a part of disturbance which is estimated in real-time by the extended state observer 
ESO, and effectively compensated from the control law.  The ESO is also able to estimate the position and velocity 
of the system in real-time, in case where the full state measurement of the AUV is not possible during experiments. 
Computer simulations demonstrate the high ability of the AUV tracking control based on ADRC, to follow the desired 
trajectory in the horizontal plane and space with high precision, and showed high robustness and efficiency in rejecting 
the external and internal disturbances caused by significant changes in parameters of the system, and the added 
position disturbances. 

Keywords: ADRC, Path following, AUV, uncertain parameters, ESO, Control law.

INTRODUCTION

An autonomous underwater vehicle (AUV) is a  type 
of unmanned underwater vehicles (UUV), operating 
independently of the human intervention. AUVs have been 
widely studied and took part in a lot of research and works 
due to their huge use and domain of application; such as 
surveillance, reconnaissance [1], anti-submarine warfare, 
mine countermeasures, mapping of the ocean floor, and 
pipeline inspection.

The control of AUVs appears imperatively as a pertinent 
topic of study in order to enable the AUV to execute its 
task autonomously and reach the desired system behavior. 
Classical controllers were firstly considered in the AUV’s 
control. A survey of traditional controllers applied to AUV’s 
and their limitations were well addressed in [2]

 In order to ameliorate the robustness and accuracy, several 
control technique and strategies have been proposed such 
as: proportional-integral-derivative (PID) [3] Integer and 

fractional order PID controllers in trajectory tracking [4], 
robust adaptative control [5–6], robust Fuzzy Logic and PID 
Control in [7], time delay controller in [8]. 

More robust controllers have been designed in this area; 
including a feedback linearization controller for AUV’s control 
[9], self-adaptative fuzzy PID [10], and a combination of 
different control techniques (adaptative, FLC and Sliding Mode 
Control (SMC)) in order to reduce the chattering of the SMC 
to maintain the robustness of the model uncertainties in [11].

In the last decade, the Active Disturbance Rejection 
Controller (ADRC) introduced by Han in [12], has presented 
the best immunity to the internal and external disturbances 
and proved its robustness and independence of mathematical 
models. Very encouraging results in terms of disturbance 
rejection have been reported for the ADRC approach, in the 
control of a cross-coupled highly non-linear aerodynamic 
system in [13], and in terms of robustness to significant 
modeling uncertainty in the control of 2-DOF manipulator 
[14], in the control of mobile robots [15], quadrotors [16] 
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and manipulators [17]. The results obtained in the works 
mentioned above encouraged the authors to consider this 
approach in this work.

The contribution of this paper is the design of an appropriate 
controller based on ADRC, for position and path following 
control to force the AUV to track the desired trajectory in the 
dynamic environment in the presence of disturbances and 
modeling uncertainties. ADRC contains an extended state 
observer ESO which is able to estimate in real-time, firstly the 
position and velocity of the vehicle without the need of using 
sensors, secondly an extended state variable that represents the 
value of disturbances, uncertainties and unknown dynamics 
missed in the modeling, and other undesired dynamics such 
as the coupling terms. The estimated value of disturbances will 
be compensated from the control signal which ameliorates the 
controller’s performance and robustness. 

For simplicity, the linear version of ADRC called LADRC, 
and some assumptions were considered in the AUV’s 
modeling and control design. Numerical simulations were 
run in MATLAB/Simulink, and they illustrate the efficiency of 
the proposed controller in tracking the desired trajectory and 
rejecting the different undesired effects. The obtained results 
are very satisfactory compared to some existing approaches; 
bio-inspired velocity regulation for three-dimensional 
trajectory tracking for underactuated AUVs with constant 
disturbances in [18], and adaptative tracking control for 
AUV under hydrodynamic parametric uncertainties in [19], 
nonlinear model predictive control (NMPC) method for the 
trajectory tracking problem of an autonomous underwater 
vehicle [20], robust non-linear controller of an autonomous 
underwater vehicle (AUV) in [21], and L2 Disturbance 
Attenuation Control for Path Following of AUV in 3D [22].

The paper is organized as follows. Section 2 presents the 
kinematic and dynamic modeling of the AUV. The design of 
LADRC based control law for the AUV to track the desired 
trajectory is developed in Section 3. To verify the efficiency and 
robustness of the proposed control law, numerical simulations 
are made. Results discussion is provided in Section 4. Finally, 
conclusions are presented in Section 5.

SYSTEM MODELING

KINEMATICS 

The kinematic description represents the motion of the 
vehicle regardless of the effect of the forces acting on it. 

To do this, Earth reference frame {E} and a Body-Fixed 
reference {B} frame are employed as showed in Fig.1.

The different degrees of freedom of the AUV are detailed 
in Table.1, and the position and velocity vectors of the AUV 
defined in the body frame {B} are χ and υ respectively as: 

χ = [xB, yB, zB, φB, θB,ψB]       (1)

υ = [u, v, w, p, q, r]          (2)

The motion of the AUV can be described by:

 = R(η)*υ           (3)

Where  is the velocity vector expressed in the earth frame 
{E}, and R is the transformation matrix between {B} and {E} 
determined by 

R(η) = diag {R1(φ, θ, ψ), R2(φ, θ, ψ)}  (4)

    (5)

    (6)

Where C.= cos(.), S.=sin(.), and T.=tan(.)
R1 is a derivation of the rotation matrix and R2 a derivation 

of the coordinate transform matrix.Fig. 1. AUV coordinate system

Tab. 1. Degrees of freedom of the AUV

Degree Of Freedom Positions and 
Euler angles

Linear and 
angular velocities

motions in the x-direction
(Surge) x u

motions in the y-direction
(Sway) y v

motions in the z-direction
(Heave) z ω

rotation about x-axis
(Pitch) φ p

rotation about y-axis
Roll θ q

rotation about z-axis
(Yaw) ψ r
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DYNAMICS 

The dynamic modeling is a study of the motion of the 
vehicle taking into consideration the forces affecting it and 
the physical characteristics of the robot. Since these forces and 
the AUV’s dynamics are highly complex, some assumptions 
have been considered to simplify the control design task:

•  The AUV operates at low speed.
•  The AUV is symmetric in the XZ plane and YZ plane.
•  Roll and Pitch degrees of freedom are neglected.
Considering these assumptions, several terms can 

be eliminated from the dynamic model matrices. Any 
unmodeled dynamics will be considered as a disturbance 
and, they will be estimated by the LESO, and compensated 
from the control law.

After considering the previous assumptions, the simplified 
kinematics are represented by (7)

    (7)

M  + C(v)v + D(v)v + g (η) = τ    (8)

The terms of the dynamic model defined by (8), can be 
simplified and presented in the following subsections.

Mass and Inertia Matrix:
The mass and inertia matrix consist of the mass and inertia 

of the rigid body MB and the added mass matrix MA, with 

M = MB + MA         (9)

    (10)

    (11)

Coriolis and Centripetal Matrix 
The Coriolis and centripetal matrix consists of the rigid 

body term CB and the added mass term CA with 

C = CB + CA         (12)

      (13)

      (14)

Hydrodynamic Damping Matrix
The hydrodynamic damping of AUV is composed of the 

drag and lift forces since the AUV is assumed to be operating 
in low speed so the lift force can be neglected, and the drag 
force consists of two terms; linear Dl and quadratic Dq where 

D = Dl + Dq          (15)

and 

   (16)

   (17)

Gravitational and Buoyancy Matrix 

  (18)

where 
W = mg  and  B = ρg      (19)

The full AUV dynamic model for 4 DOF is 

  (20)
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CONTROL SYSTEM

ADRC

Contrary to traditional approaches dependent on 
mathematical modeling of the system, and the disturbances 
acting on it, the ADRC approach is less dependent on 
mathematical modeling. This control technique presented 
in [12], has the ability to react in real-time to external 
and internal disturbances affecting the system, thanks to 
the ESO which actively estimates the total disturbances, 
then compensates them from the control signal. Since the 
unmodeled dynamics and the model uncertainties are 
considered as a part of the total disturbance, the accurate 
mathematical models are no more indispensable to 
accomplish the desired tasks.

APPLICATION OF LADRC TO AUV

Considering the dynamic model of the AUV for 4 DOF, 
LADRC has been designed for each degree of freedom, the 
control design for the surge channel illustrated in Fig.2 is 
presented in this section. The other degrees of freedom are 
controlled in the same way.

By considering the assumptions made in the previous 
section and the full AUV dynamic model for 4 DOF, the one 
degree of freedom (surge) dynamic equation is:

m11  – d11u – m22vr = τx     (21)

where

       (22)

Equation (21) can be expressed in the Body frame {B} as 

 = 1/m11(d11  + m22   + τx) + ds   (23)

ds is the disturbance term, then the disturbance function 
fx is introduced in (24)

 = fx( , , , t, ds) + bxUx     (24)

where bx =  and Ux = τx, 

The state space form of the system can be written as:

  (25)

Then, the state space is extended by an additional 
state variable x3 = fx( , , , t, ds), which estimates total 
disturbances, and the extended system state is presented 
below:

  (26)

Now, a following third order LESO is designed for the 
above system:

  (27)

The control law of the surge is described by the following 
equation:

  (28)

  = x, and U0 is a simple PD controller chosen for each 
LADRC control loop. 

U0 = Kp(xr – 1) + Kd ( r– 2)   (29)

To simplify the tuning of the parameters of the LESO and 
the controller, they have been set as (30), and the tuning is 
reduced from 5 to 2 parameters.

  (30)

where ω0 is the observer bandwidth and ωc is the closed loop 
bandwidth. The LESO and controller gains are set as (30) to 
ensure the Hurwitz stability [23–24].

By inserting equation (28) in equation (24), one obtains:

  (31)

Fig. 2. Surge control loop based on
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The system can now be expressed as the following 
disturbance-free system 

  (32)

The above model can be rewritten using tracking error:

  (33)

where xd is the desired value of state x, and U0 is the feedback 
controller responsible for minimizing the tracking error:

U0 = d + Kp(xr – 1) + Kd ( r– 2)   (34)

By applying (34) to the last term of (33), the error dynamic 
equation is obtained as 

ё1 + Kdė1 + Kpe1 = 0      (35)

According to (35), by setting the controller gains, the 
exponential convergence of the tracking error to zero for 
any initial condition will be obtained. 

The 4D control loop based on LADRC is presented in Fig. 3  

SIMULATION AND RESULTS

In order to verify the efficacy of the proposed path following 
control law, computer simulations are carried out considering 
different desired trajectories.

The parameters of the AUV used in the numerical 
simulations are listed in table 2

2D PATH

The AUV is set to track a desired 2D curvy trajectory (red 
dashed line) in the XY plane as shown in the figure below.

Fig. 4 shows the matching between the desired and the 
actual trajectory, which means that a precise tracking was 
assured by the proposed controller.

Positions and velocities are represented in Fig. 5 and Fig. 6.

Fig. 5 and Fig. 6 show the match between the estimated, the 
actual and the desired positions and velocities, respectively, 
which proves the efficiency of the LESO in estimating the full 
state of the AUV during the tracking task, and the satisfactory 
tracking accuracy presented by the proposed controllers.

Positions and velocities errors are represented in Fig. 7 
and Fig. 8.

Tab. 2. AUV’s parameters used in simulation

mass (kg) Damping coefficients (Ns/m)

m11 = 215 d11 = 70 + 100 | u |

m22 = 265 d22 = 100 + 200 | v |

m33 = 265 d33 = 100 + 200 | ω |

m44 = 80 d44 = 50 + 100 | r |

Fig. 3. Control structure of LADRC scheme

Fig. 4. AUV 2D path following

Fig. 5. Actual, estimated and desired positions

Fig. 6. Actual, estimated and desired velocities

Fig. 7. Position errors
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Fig. 7 and Fig. 8 show the positions and velocities errors. 
From these figures, it is observed that the errors converge to 
zero in less than 5s and the error is acceptable considering 
the changes due to the turns in the desired trajectory. 

Fig. 9 shows the real-time estimation of the disturbances 
during the tracking.

The torques or control inputs are represented in Fig.10.

Fig. 10 represents the torques or control signals applied to 
the AUV. It shows that in the first 5 seconds of motion, the 
torques have high values due to the AUV’s trend to catch the 
desired positions and velocities, which introduce considerable 
acceleration that will decrease when the trajectory is smooth, 
and increase a bit when there are sudden changes in the curve.

Fig. 11 represent the trajectory tracking for different 
initial conditions (x0 = –1, y0 = –1), so initial errors are 
(xe = –1, ye = –1). From this figure, the fast convergence of 
the AUV to the desired trajectory is observed with a small 
initial overshoot.

3D PATH FOLLOWING: SPIRAL PATH

The referenced path presented in Fig.11 is a spiral path in 
space defined as:

  (36)

The XY plane projection of the desired path is illustrated 
in Fig. 12.

Fig. 12 and Fig. 13 illustrate the desired and tracked spiral 
paths followed by the AUV in the space and the XY plane. 
From these figures, it is clear that the proposed control law 
assured a precise tracking of the path.

Fig. 14 and Fig. 15 show the desired and actual positions 
and velocities. From these figures, the match between the 
desired and actual positions and velocities of the AUV are 
well observed which proves good tracking performance of 
the controller.
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Fig. 16 and Fig. 17 show the positions and velocities errors. 
From these figures, it is observed that the errors in the surge, 
heave, and yaw converge to zero in 5s and the error in the 
sway after 10s from the beginning. 

Fig. 18 represents the estimated value of the different 
external and internal disturbances during the tracking time.

Fig. 19 illustrates the torques or control signals applied 
to the AUV. It shows that in the beginning stage of motion 
torques had peak values due to the AUV’s trend to catch the 
desired positions which provoke a considerable acceleration 
that will gradually tend to a constant value (zero in the case 
of z and ψ). 

SPIRAL PATH FOLLOWING UNDER 
UNCERTAINTIES AND DISTURBANCES EFFECTS 

In order to evaluate the proposed LADRC-based control 
under parameter uncertainties and external disturbances, the 
tracking controllers are tested under a perturbed parameters 
situation as in (36) and (37), and added disturbances to the 
surge position signal as white noise, and to the heave position 
signal as a step signal, as detailed in table 3.

  (37)

And 

  (38)

The path tracking under disturbances and uncertain 
parameters and disturbances is shown with the disturbance-
free path, and the desired path in Fig. 20 and the XZ plane 
projection in Fig. 21.  

Fig. 16. Position errors

Fig. 17. Velocity errors

Fig. 18. Disturbances estimator

Fig. 20. AUV spiral path following with disturbances and uncertain parameters

Fig. 21. XZ plane projection

Fig. 15. Actual and desired velocities Fig. 19. Torques

0
10

1000

10

Z 
(m

)

Y (m)

0

X (m)

0
-10 -10

desired trajectory ACTUAL TRAJECTORY

-10 -5 0 5 10 15

X (m)

0

500

1000

1500

Z 
(m

)

without disturbance with disturbance

0 1 2

295

300

305

310

315

Tab. 3. Disturbances

Perturbation signal Time Value

Step 300 s 15 m

White noise 500 s 0.02 m
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As shown by the figures above, the tracking performances 
were slightly affected by the uncertainties in parameters 
values and the added position disturbances.

The LADRC has a strong ability to reject disturbance in 
a short time and re-join the zero-error steady state, thanks 
to the compensation of the disturbances values estimated by 
x3 as shown in Fig. 22.

CONCLUSION

In this paper, the path following control of autonomous 
underwater vehicles has been carried out. First, a simplified 
model of the AUV has been established. Then, a LADRC based 
controller has been designed for each degree of freedom in 
order to track the desired positions.

The designed extended state observer (ESO) has effectively 
estimated the full state of the system, which is extremely 
useful and practical in the case of unmeasured states 
due to inaccessibility to sensors information during the 
experiments. The extended state variable has estimated the 
total disturbances value that were canceled out from the 
control signal.

The path following control for AUV based on LADRC 
showed good tracking performance when it is moving in 
the plane and space, with a satisfactory accuracy that can 
be concluded by comparing the actual and desired positions 
and velocities, and the convergence of related errors to zero. 

To evaluate the robustness of the proposed controller, the 
system has been tested under model uncertainties and added 
disturbances. The obtained results confirm the ability of the 
LADRC based controllers to reject the different disturbances, 
and its immunity to the modeling uncertainties.

By analysing the obtained simulation results on the 
background of some related works [18, 22], the following 
points has been concluded:

•  Comparing to [18, 19]; in the tracking of 3D spiral path, 
the authors proposed approach presented faster path 
convergence speed, and better tracking performance 
in term of tracking errors, overshoot and response time 
of the system.

•  Comparing to [20]; in the tracking of a circular path in 
the plane, the proposed approach has presented more 
accurate trajectory tracking.

•  Comparing to [21], better tracking performance and 
robustness has been reported for the authors proposed 
approach in the tracking of a 2D curved trajectory.

•  Comparing to a  closer approach which has been 
presented in [22], basing on disturbances attenuation 
control, better tracking accuracy, and robustness is also 
reported. 

In the future works, the authors consider the frequency 
domain study and stability analysis of the proposed system, 
and validating it with an experimental study.
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MAPPING MARINE TRAFFIC DENSITY BY USING AIS DATA: 
AN APPLICATION IN THE NORTHERN AEGEAN SEA
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ABSTRACT

Automatic Identification System (AIS) data is used for monitoring the movements of vessels live movements through 
instant transmission of vessel information while, at the same time, historical AIS data is used for marine traffic analysis 
by researchers. There are several methods and computer programs developed for the analysis of marine traffic by the 
use of AIS data.
Combining the intersection algorithm proposed by Antonio (1992) and distance calculation method, this study 
develops a method to analyse vessel distribution on a selected cross sectional line (SCS) in the Northern Aegean Sea. 
As a complementary to the new methods proposed, a desktop application is developed in C# programming language 
to visualize the vessel distribution on the SCS line. SQL server is used for AIS data storage and analysis. The study is 
conducted over 7-day AIS data, specifically 2.382.469 rows and 42.884.442 data in total, belonging to the Northern 
Aegean Sea marine traffic. As a result, the mapping of the movements of different types of vessels in the Northern Aegean 
Sea is effectively performed and Frequency-Distance, Draught-Distance, SOG-Distance, SOG-COG distributions on 
the SCS line are successfully analysed by the new method introduced. 

Keywords: Automatic Identification System; Marine Traffic; Marine Traffic Analysis

INTRODUCTION

The AIS is developed as a tool that allows for the instant 
monitoring of ships, as well as the analysis of marine traffic 
by using historical data gathered through these devices. It is 
possible to map the marine traffic density [26,19,27], calculate 
the probability of collision and/or grounding [10,6,18,14], 
carry out the analysis of marine traffic and reveal the intense 
areas [13,17,1,12] by means of the AIS data.

The AIS devices operate as demonstrated in Figure 1. 
These devices transmit and receive data through Very High 
Frequency (VHF) radio frequency and their range varies 
according to the shape of the earth, the islands and mountains 
in the vicinity and wave propagation [5,23]. The exchange 
of data can be ship-to-ship, ship-to-shore station and shore 
station-to-ship. Such data exchange allows for the monitoring 
and control of the marine traffic [22] which consequently 
enhances the safety of navigation.

Fig. 1. The Working Principle of the AIS (Developed from [25])
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There are basically two types of AIS devices on vessels 
which are Class A and Class B [23]. Class A AIS devices are 
used on all ships over 300 GRT engaged on international 
voyage and passenger ships irrespective of size, while Class 
B AIS devices are used on small ships such as the ones that 
operate in the fishing industry and pleasure crafts [15,16]. 
AIS devices can also be used as an aid to navigation on 
buoys, lighthouses and additionally it is exploited as a virtual 
navigation aid, to mark dangerous navigation zones such as 
shipwrecks and shallow waters [20].

AIS devices transmit static, dynamic and navigation 
data appropriately [9] and use time division multiple access 
(TDMA) which eliminates the risk of overlapping of signals 
transmitted [4]. There are also Self‐Organizing (SOTDMA), 
Random Access (RATDMA), Incremental (ITDMA) and 
Fixed Access (FATDMA) protocols for the proper operation 
of the system. Thus, a random time slot is allocated to the AIS 
device at the beginning, and the next signal transmission time 
slot is determined by ITDMA while FATDMA is reserved for 
shore stations [8].

Time slots and the ITDMA working principle are shown in 
Figure 2 below. According to Figure 2, the AIS device broadcasts 
the information of the ship in a time slot to the receivers and 
then reserves another time slot for the next broadcast. This 
system prevents multiple transmissions or transmission overlap 
from different devices in a single time slot.

The data, both instant and historical, sent by AIS devices 
are of great value for researchers and analysts since they 
provide critical information, with regard to marine traffic, 
by locating the current and past positioning of ships [11,21]. 
There is multiple studies in literature on the investigation and 
analysis of marine traffic by the use AIS data. While some 
studies have focused on the mapping and analysis of the 
regional or global marine traffic [15,16,19,27] some others have 
concentrated on the analysis of the probability of the collision 
and/or grounding accidents [10,6,14]. Aimed at analysis in 
marine traffic, a study by Xiao et al. (2015) [28] compared the 
differences in the movements of vessels in a narrow channel 
in the Netherlands with a larger channel in China. The study 
examined the distribution of vessels passing across presumed 
cross sectional lines through the channels with regard to the 
variables such as speed and ship type. In another study, Altan 
and Otay (2017) [1] analysed vessel navigation patterns and 
the distribution of vessels in the İstanbul Strait according to 
their sectors of operation.

Fig. 2. AIS ITDMA Working Principle (Adapted from [8])

In this study, a desktop application is developed by using 
intersection algorithm and distance calculations for analysing 
the distribution of the vessels on a selected cross sectional 
(SCS) line similar with the Xiao et al. (2015) [28].

METHODS

The AIS data comes in sequence and appear as a point 
on the map that shown in Figure 3. In order to reveal ship 
distributions on a selected cross sectional (SCS) line, it is 
necessary to demonstrate that the SCS line is intersected by 
two consecutive points of a vessel. 

There are various intersection algorithm such as line, 
polygon etc. It was found out that the line intersection 
algorithm is more suitable than the others in our study. 
Intersection of those lines in Figure 3 can be a trivial question 
to answer for most people but to get the same answer from 
a computer is not an easy process [29]. For a computer, there 
are 4 different points, 8 coordinates (X, Y) that represents 
the start and end points of the lines. The computer need to 
calculate those lines (4 points) whether they intersect or not. 
There are different algorithms to calculate this intersection [29, 
30] but line intersection method proposed by Antonio (1992) 
[2] was most suitable, efficient and easy to use for this study. 

In this study the authors propose a method in which the 
line intersection algorithm proposed by Antonio (1992) [2] 
and distance calculation method are used together to analyse 
vessel distribution on a SCS line. A desktop application 
is developed accordingly in C# programming language 
to visualize vessel distributions on the SCS line and an 
SQL server is used for AIS data storage and analysis. For 
the purpose of this research, the intersection algorithm is 
employed to calculate the passage of vessels across the SCS 
line taken for the study. The AIS data of the intersected vessels 
are gathered in a table in the SQL server. Distance calculations 
method is used to measure the distances on the map.

INTERSECTION OF TWO LINES.

As the AIS data come in sequence, vessel positioning 
information transmitted from the vessel is as shown in Figure 
3. The dots marked by the numbers from 1 to 7 show any ship 
pattern on the map. Intersection between SCS line and the 
ship pattern line is calculated by means of the intersection 
algorithm, which is a practical way of calculation, within 
the framework of the study to analyse ship distribution on 
that pattern.

Fig. 3. Symbolic View of the AIS Data and SCS Line.
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The intersection algorithm calculates the intersection 
of two lines and the intersection points. The lines are presented 
in Figure 4 below. 

Fig. 4. Line Intersection in 2D Space (Adapted from [2])

Formulas 1, 2, and 3 below are used for the computation 
of the intersection of the two lines, namely L12 and L34. In 
Figure 4, P3 and P4 points represent the selected points, L34 
shows the SCS line, P1 and P2 represent the vessel position, 
L12 shows the ship pattern.

A = P2  P1 
B  = P3  P4 
C  = P1  P3 

(1)

 (2)

 (3)

With formula 1, X and Y coordinates of the points can 
be calculated. After that, formula 2 and 3 can be calculated. 
For example, to calculate the value By in formula 2, Y value 
of the P4 should be subtracted from the Y value of the P3. 
This process should be done for all values in formula 2 and 
3. In this study, X and Y values represent the Latitude and 
Longitude values of the vessels and SCS lines. 

After the calculations, if and β take any value between 
[0, 1], this means that L12 and L34 intersect. Once the values 
for α and β are calculated, the formulas 4a and 4b below are 
applied to compute the intersection point P* on Figure 4. 

P* = P1 + (P2  P1) (4a)

P* = P3 + (P4  P3) (4b)

To calculate the intersection point P*, X and Y coordinates 
should be calculated separately by using the formula 4a or 4b. 
Both formulas give the same values. For example, to calculate 
the X coordinates of the intersection point, P1x+ α(P2x – P1x) 
should be calculated. In this study, X and Y values of the 
intersection points represent Latitude and Longitude of the 
intersection point. 

DISTANCE CALCULATION

The distance of the SCS line and the distance of the 
intersection point to the selected points can be found by 
means of distance calculation. ‘Departure’ and ‘Distance’ 
calculations are required to find the distance between two 
latitude and longitude points that are given. The required 
values for these calculations are [3]:
• ‘Dlat’ is the difference between two latitudes.
• ‘Mlat’ is the mid latitude. For the position on the same 

hemisphere, it can be computed by the sum of the two 
latitudes divided by 2.

• ‘Dlong’ is the difference between two longitudes.
• ‘Departure’ is the distance between two longitudes and 

generally defined in nautical miles (NM).
• ‘Distance’ is the distance of the line between two positions. 

This line makes the same angle with all meridians.
Distance between two given points of latitude and longitude 

is shown in Figure 5.
There are different sailing types and distance calculations 

according to those sailings. “Middle-latitude sailing is 
a method of converting departure into difference of longitude, 
or vice versa, by assuming that such a course is steered at 
the middle or mean latitude; if the course is 090° or 270° true, 
it is called parallel sailing... Meridian sailing is used when 
the course is 000° or 180° true.” [3]. For this study, because 
of the different latitude and longitude of the points, distance 
can be calculated according to the middle latitude sailing 
calculations. 

In the next step, the formulas 5, 6, 7 and 8 below are 
used to find the distance between the two given points 
of latitude and longitude. Specifically, the difference value 
between the latitudes is calculated through formula 5 while 
the difference value between longitudes through formula 6, 
and the departure value is calculated by formula 7 while the 
distance value by formula 8.

THE MODEL OF THE STUDY

There is an incessant transfer of versatile data from AIS 
stations. This data transfer occurs in the directions of ship-
to-ship or ship-to-shore and vice versa and the transferred 
data can be stored. The scope of this study begins with the 
receipt of the AIS data from Turkey’s Directorate General 
of Coastal Safety. The AIS data analysed for the purpose 
of this study encapsulate seven (7) days in September 2014 
and covers the latitude between 38° 18,0’ N ‐ 38° 58,0’ 
N and the longitudes between 026° 21,0’ E ‐ 027° 12,0’ E 
longitudes. There are 2.382.469 rows and totally 42.884.442 
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(2.382.469*18=42.884.442) AIS database. Visualisation 
of the vessel movements and ship distribution on SCS line 
is analysed in the following step. Figure 6 depicts the model 
of the study.

Fig. 5. Distance between Two Given Points of Latitude and Longitude [25]

Dla t   = Lat A  Lat B     (5)

Dlong   = Long A  Long B = Departure / Cos(Ml at) (6)

Departure  = Dlong * Cos(Mlat)     (7)

Distance = Dlat / Sin(C° ) = Departure / Cos(C° )   (8)

Fig. 6. The Model of the Study

Visual Studio Community 2017 software is used along 
with the C# programming language for the visualization 
of the vessel movements and distributions. Furthermore, 
the dataset was added to the MSSQL Server 2016 database 
to enable quick data processing and to ensure data security. 
Table 1 below exhibits an example of the tabulated dataset in 
the MSSQL server. The AIS data is stored in different columns 
in the tables according to the data type as shown in Table 1.
Tab. 1. Data Type in the Database

Column Name Data Type Column Name Data Type

MMSI int CallSign nvarchar(50)

Lon float ShipandCargo int

Lat float Draught float

Report Date nvarchar(50) Type int

SOG float NavigationalStatus int

COG float DimA float

HDG float DimB float

ROT float DimC float

IMO int DimD float

Mapping of ship movements is performed according 
to ship types and the type of a ship can be identified by 
the ‘ShipandCargo’ column. The ship and cargo codes are 
grouped according to the ship types as listed in Table 2 below. 
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Tab. 2. Ship Types and Ship and Cargo Codes

Ship Types Ship and Cargo Code

Cargo Vessels 70, 71, 72, 73, 74, 75, 76, 77, 78, 79

Tankers 80, 81, 82, 83, 84, 85, 86, 87, 88, 89

Passenger Vessels 60, 61, 62, 63, 64, 65, 66, 67, 68, 69

High Speed Crafts 40, 41, 42, 43, 44, 45, 46, 47, 48, 49

Tug / Towing 31, 32, 52

Special Crafts 33, 34, 35, 36, 38, 39, 50, 51, 53, 54, 55, 56, 
57, 58, 59 

Fishing Vessels 30

Pleasure Crafts 37

Other types of Ships 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 90, 91, 
92, 93, 94, 95, 96, 97, 98, 99

Unspecified 0, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19

All types of Ships

MAPPING OF THE NORTHERN AEGEAN SEA MARINE 
TRAFFIC DENSITY

In the first step, for the purpose of mapping, the map of 
the Northern Aegean Sea, which covers 38,3° N – 39,0° N 
latitudes and 026,0° E – 027,3° E longitudes, exhibited in the 
Figure 7 is picked. Every row in the database is equalised to 
1 pixel on the map in order to demonstrate the ship pattern 
in the Northern Aegean Sea.

Aegean Sea

38,3

026,0

Fig. 7. Application Area of the Research (The Part of the Northern Aegean Sea) 

In the Mercator projection, distance scale is changing 
considering the latitude. In this study, only the middle 

latitude of the application area chart is taken as a reference 
for the distance scale. This creates a scale error of no more 
than 0.6 NM between the north and south latitudes of the 
application chart. This scale error is caused by the Mercator 
projection. When comparing the size of the field with the 
analysed area this error was insignificant and not taken into 
account and the map is taken as a proper rectangular area. 
Different types of vessels are symbolised by different colours 
on the map. The ship-colour matching is demonstrated in 
Figure 8 below.

Fig. 8. The Colour Code according to the Ship Type

DISTRIBUTION OF THE MARINE TRAFFIC

In the second step of the analysis, two random points are 
selected on the map and the distribution on the SCS line 

is shown on the screen. The 
computer application has 
calculated the intersection of 
the AIS dots and the SCS line 
for every AIS data respectively 
and updated the Intersection_
Table in the database by 
data relating to intersection 
position, draught, speed over 
ground (SOG), course over 
ground (COG) as well as 
other related data. Distance-
Frequenc y,  Dista nce-
Draught, Distance-SOG and 
COG-SOG distributions have 
become visible at this phase. 
The interval of the Distance-
Frequency distribution could 
optionally take 0,25, 0,5 or 
1,0 NM values. The screen 
interface of the application 
is shown in Figure 9.
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Fig. 9. Screen Interface of the Application

RESULTS

The statistical results of the analysis of the seven-
day AIS data belonging to the Northern Aegean Sea 
are shown in Table 3 below. The dataset revealed in 
Table 3 consists of 2.382.469 rows of data belongings 
to 723 vessels.
Tab. 3. General Information Related to the Researched Area

Average SOG of the vessels 6,56 knots
Average draught of the vessels 2,87 meter
Average LOA of the vessels 67,78 meter
Cargo Vessels
Ship count 304
Average SOG 8,00 knots
Average LOA 124,70 meter
Average draught 5,47 meter
Passenger Vessels
Ship count 83
Average SOG 5,18 knots
Average LOA 60,55 meter
Average draught 1,79 meter
Tankers
Ship count 57 
Average SOG 6,54 knots
Average LOA 114,23 meter
Average draught 5,67 meter
Fishing Vessels
Ship count 108 
Average SOG 3,37 knots
Average LOA 24,66 meter
Average draught 0,62 meter

Tug / Towing
Ship count 29 
Average SOG 0,66 knots
Average LOA 22,46 meter
Average draught 2,28 meter
Special Crafts
Ship count 60 
Average SOG 31,05 knots
Average LOA 20,86 meter
Average draught 0,70 meter
Pleasure Crafts
Ship count 55 
Average SOG 2,29 knots
Average LOA 20,91 meter
Average draught 0,46 meter
High Speed Crafts
Ship count 1 
Average SOG 5,01 knots
Average LOA 70 meter
Average draught 2 meter
Other Types of Ships
Ship count 10 
Average SOG 2,92 knots
Average LOA 25,33 meter
Average draught 0,01 meter
Unspecified
Ship count 16 
Average SOG 2,44 knots
Average LOA 14,75 meter
Average draught 0,38 meter
Total Number of Ships 723 

The ship distribution according to the length over all (LOA) 
is as shown in Figure 10.
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Fig. 10. Ship Distributions according to the LOA

The marine traffic map according to the ship types is as 
shown in Figure 11.

Fig. 11. The Marine Traffic Map according to the Ship Type

The marine traffic of the cargo ships and points A and B 
that are randomly selected are shown on the in Figure 12.

Whereas the calculation of intersection may vary according 
to the size of the data, the process lasted about 25-30 seconds 
in this example. The distribution of cargo vessels on the SCS 
line is as shown in Figure 13.

Fig. 12. The Marine Traffic Map of the Cargo Ships and the Selected Two Points

Frequency – Distance Distribution
It can be seen from the Figure 13 
that 3 ships inside the red circle 
used the same line with NW’ly 
navigated vessels.

Draught – Distance Distribution
Draughts of the vessels and 
the using line can be seen from 
the Figure 13. 

SOG – Distance Distribution
SOG of the vessels and the line used 
can be seen from the figure.

COG – SOG Distribution
General Distribution of the 
COG and SOG can be seen from 
the figure.

Fig. 13. The Distribution of the Cargo Vessel on the Selected Cross 
Sectional Line (Cont’)



POLISH MARITIME RESEARCH, No 4/201856

DISCUSSION AND CONCLUSION

The quest in the scholarly circles for enhanced marine 
traffic safety has always been vivid. Researchers have been 
exploiting historical AIS data in the examination of traffic 
distributions on Selected Cross-sectional (SCS) lines and 
density of marine traffic for risk evaluation, for example 
through the detection of high risk areas, and accident 
prevention purposes. Notwithstanding of many studies in 
the literature, the authors study is the first one that employed 
the intersection algorithm proposed by Antonio (1992) [2] 
and the method of distance calculation for the analysis of 
vessel distribution statistically. The analysis in this study can 
be used as in the study done by Xiao et al. (2015) [28]. Xiao et 
al. (2015) [28] investigated the ship distributions in a narrow 
and wide channel. Some cross sections were taken from the 
channel and the passages of the vessels were investigated. It is 
possible to investigate the ship distributions by taking similar 
SCS lines in the same way by using the methods mentioned 
in this study. Some of the similar analysis can also be done as 
in the study done by Altan and Otay (2017) [1]. SOG, COG or 
draught distribution on a SCS lines can be analysed by using 
the methods mentioned above.

Using seven-day period data, this study has analysed, 
mapped and visualised the 723 ships on the Northern 
Aegean Sea with regard to variables such as the number 
of ships, SOG, COG and draught. Visualisation included, 
but was not limited to, the mapping according to ship types 
and Frequency-Distance, Draught-Distance, SOG-Distance 
and COG-SOG distributions. The study exhibited that AIS 
data are rich and practical data sources for researchers and 
research that focus on marine traffic. 

The model and the method developed here in this study 
can be exploited to investigate ship distributions in sections 
of a target area. The revealed vessel distributions can be used 
for the calculation of the probability of grounding or collision 
in further studies. For example with regard to grounding 
accidents, variables such as passage distance of vessels to 
shallow water, draught or SOG of the vessel can be analysed 
and risk assessments can be carried out. Similarly, SOG, COG 
or draught distributions on a selected cross sectional line can 
be analysed by using the methods mentioned above, which 
then may help the advancement of measures for waterway 
traffic safety. Similar analyses can be performed in traffic 
separation schemes to find routes and distributions of vessels 
navigating on the opposite side of the line or in the mid-line 
and take precautions accordingly. Hence, the model, method 
and the desktop application developed in the authors study 
can be used by decision-makers as a decision support system 
and by the researchers working in the region.

The desktop application developed within the framework 
of this study enables visualisation of vessel movements. It 
helps to map the ship movements according to vessel types 
and enables analysts to evaluate waterway traffic density in 
the target area. For example, one can view the activities of any 
type of vessel in a target zone, such as fishing or cargo vessel 
activities. The desktop application can further be developed 

for detailed analysis for different purposes such as economic 
and environmental needs. 

Researchers should be aware of any missing values in the 
AIS datasets, as experienced in the existing study, and should 
bear in mind the possibility of wrongly added data as reported 
by Harati-Mokhtar et al. (2007) [7].

This study covered a limited (seven day) time period AIS 
data belonging to a specific region, the Northern Aegean 
Sea. Future studies may target a wider time period and use 
dynamic global maps for the global mapping of marine traffic 
and analysis. 
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ABSTRACT

Small, lightweight, power-efficient and low-cost microelectromechanical system (MEMS) inertial sensors and 
microcontrollers available in the market today help reduce the instability of Multibeam Sonars. Current MEMS 
inertial measurement units (IMUs) come in many shapes, sizes, and costs — depending on the application and 
performance required. Although MEMS inertial sensors offer affordable and appropriately scaled units, they are not 
currently capable of meeting all requirements for accurate and precise attitudes, due to their inherent measurement 
noise. The article presents the comparison of different MEMS technologies and their parameters regarding to the main 
application, namely Multibeam Echo Sounders (MBES). The quality of MEMS parameters is crucial for further MBES 
record-processing. The article presents the results of undertaken researches in that area, and these results are relatively 
positive for low-cost MEMS. The paper undertakes some vital aspect of  using MEMS in the attitude and heading 
reference system (AHRS) context. The article presents a few aspects of MEMS gyro errors and their estimation process 
in the context of INS processing flow, as well as points out the main difficulties behind the INS when using a few 
top MEMS technologies.

Keywords: Inertial Measurements Unit, Multibeam Echo Sounder, Attitude and Heading Reference System, Motion Reference Unit

INTRODUCTION

The main target of the paper is evaluating a low-cost 
microelectromechanical system (MEMS) in a very demanding 
application context, i.e. Multibeam Echo Sounders, using 
a Kalman estimator. Low-cost MEMS inertial sensors and 
microcontrollers available in the market today help reduce 
the instability of Multibeam Sonar measurements. Over the 
past decades, MEMS researchers have demonstrated a number 
of microsensors for almost every possible sensing modality, 
including attitudes. Today, MEMS-based gyros challenge the 
‘prone to wear’ mechanical gyro solutions, as well as gyros 
based on fibre optic (FOG) technology. MEMS sensors have 
proved and demonstrated performances exceeding those 

of their macroscale counterpart sensors [9]. Obviously, the 
quality of MEMS parameters is crucial for further MBES 
record-processing, especially in the context of attitudes, which 
is the main motivation for the author to present the results 
of researches undertaken in that area.

The measurement methodology follows the Seatex 
MRU Calibration Certificate methodology applied for 
vessels equipped with MBES and operating at sea, at highly 
challenging activity, by its very nature. So the methodology 
of roll and pitch accuracy tests carried out during the research 
consist of static accuracy and dynamic accuracy tests [17], and 
is compared to the available Kongsberg Motion Rotation Unit 
(MRU) which obtained the certificate. The static accuracy is 
measured by sampling at 4 Hz for 30 minutes, when the IMU 
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is stationary. The dynamic accuracy is measured in a rate table 
test with simultaneous sinusoidal excitation in two axes for 
10 minutes. The standard uncertainty error of static roll and 
pitch test requirements is expected to be less than 0.10 deg. 
The standard uncertainty error dynamic requirement should 
be less than 0.15 deg [17].

The rate gyro accuracy test consists in measuring  the 
angular rate sensor noise level and the rate gyro scale factor 
error. The angular rate sensor noise level is measured by 
sampling at 4 Hz for 30 minutes when the IMU is stationary. 
The rate gyro scale factor error is tested by single-axis rotation 
on a rate table at ±30 deg/s and at ±50 deg/s.

The accelerometer accuracy test consists in mmeasuring 
the acceleration sensor noise level and the accelerometer scale 
factor. The accelerometer sensor noise lever is measured by 
sampling at 4 Hz for 30 minutes when the IMU is stationary, 
while the accelerometer scale factor is measured by tilting 
the IMU in steps of 90 deg around a circle [17].

HIGH PRECISION IMU REQUIREMENTS

High precision IMU requirements, as applied to MBES, 
are very demanding. Fig. 1a presents the MBES scanning 
acquisition process, and 3D data visualization of 0.1 m 
resolution (Fig. 1b). High resolution accuracy depends on 
IMU resolution and stability. At 10 meters of depth, the 
angular error of 0.1 degree results in a near 0.02 m linear 
horizontal error at the bottom; and of course, at 100 meters 
of depth, that error gives a 0.2 m error, which is unacceptable 
in many current applications [18].

Fig. 1. Multibeam sonar system a) data acquisition b) data visualization

Fig. 2 presents the overall context of IMU applications. The 
most important are accelerometer and gyroscope sensors. 
In a wider perspective, Inertial Navigational Systems utilize 
them, and it is well-known what a challenge it is [7, 8]. But even 
in this narrowed IMU context, these sensor errors are still 
a serious issue, see Tab. 1 as a reference where the bias error 
possesses the most important impact. A motion reference 
unit (MRU) from Kongsberg was chosen for the experiment, 
along with IMU systems with parameters similar to those 
of the MRU. The most important parameters in the context 
of attitudes of selected systems are shown in Tab. 2, where g is 
the acceleration due to gravity (assumed to be 9,80665 m/s2). 
Tab. 1 and Tab. 2 can be treated as the budget error calculation 
start point of the tested MEMS unit. 

Fig. 2. Classification of inertial systems

To mitigate the accuracy problem, the Kalman estimator 
usually reads in the sensor data, and in turn outputs the 
Euler angles and the bias of the gyros as presented in Fig. 3. 

Fig. 3. Kalman filtering algorithm

The Kalman filter uses the knowledge of deterministic and 
statistical properties of system parameters and measurements 
to obtain estimates which are optimal. It is an example of 
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the Bayesian estimation technique. The estimation process 
is  supplied with initial estimates, usually a one- dimensional 
matrix, and then operates recursively updating the working 
estimates with the optimal weighted average of their 
previous values and new values derived from the innovation 
measurement. In Fig. 3, κ stands for matrix state estimation, 
which consists of linear acceleration from accelerometers 
I(α), angular velocities from gyroscopes I(Ω), and attitudes. 
Pκ stands for process covariance, yκ – innovation, zκ –current 
measurement, Kκ – Kalman gain, Hκ – measurement matrix, 
Rκ – measurement error variance, Qκ – model variance, and 
Fκ – stands for process model. Bκ may be interpreted as the 
control matrix; however, it was not used in the model.
Tab. 1. Gyroscope error sources 

Error type Description Results of integration

Bias Constant bias 
Steadily growing angular 
error
θ(t) = ∙ t

White noise White noise with some 
standard deviation σ

Angular random walk, 
whose standard deviation

grows with the square root 
of time

Temperature 
effects

Temperature dependent 
residual bias 

Any residual bias is 
integrated into the 
orientation, causing an 
orientation error which 
grows linearly with time 

Calibrations
Deterministic errors in 
scale factors, alignments 
and gyro linearity

Orientation drift 
proportional to the rate 
and duration of motion

Bias instability
Bias fluctuations, 
usually modeled as 
a bias random walk

Second-order random walk

Tab. 2. Comparison of selected IMU parameters 

MRU 
EM3002

3DM-GX3-
25 MTi-G700 MTi-G

Static accuracy
Roll and Pitch 0.04 deg 0.5 deg 0.2 deg 0.5 deg
Dynamic accuracy
Roll and Pitch 0.05 deg 2 deg 0.3 deg 1 deg
Gyroscope
Full scale ±100 deg ±300 deg ±450 deg ±300 deg

Bias 0.1 deg/s 0.25 deg/s 0.2 deg/s 1 deg/s
In-run bias 
stability – 18 deg/h 10 deg/h 20 deg/h

Non-linearity 
(% of full scale) 0.2 0.1 0.01 0.1

Accelerometer
Full scale ±3 g ±5 g ±5 g ±5 g
Bias 0.001 g 0.002 g 0.003 g 0.01 g
In-run bias 
stability 0.2 mg 0.04mg 0.04 mg 2 mg

Non-linearity 
(% of full scale) 0.02 0.03 0.03 0.2

CURRENT MEMS GYRO CAPABILITIES. 
OPERATIONAL TESTS AND RESULTS

Operational measurements for the following IMU devices 
were carried out simultaneously, as presented in Fig. 4. 
The MRU from Kongsberg is specially designed for high 
precision motion measurements in marine applications, 
and for users requiring high accuracy roll, pitch, and heave 
measurements. The MRU provides high performance motion 
data for various marine applications, ranging from small 
underwater vehicles to large ship motion control systems. 
Very high reliability is achieved by using solid state sensors, 
with no moving parts and with proven MRU electrical and 
mechanical construction.

Fig. 4. Operational measurements carried out simultaneously  
for various devices

3DM-GX3-25 is a high-performance, miniature Attitude 
Heading Reference System (AHRS), utilizing MEMS sensor 
technology. It combines a triaxial accelerometer, triaxial 
gyro, triaxial magnetometer, temperature sensors, and 
an on-board processor running a Kalman sensor fusion 
algorithm to provide static and dynamic orientation and 
inertial measurements.

MTi-G is an integrated GPS and MEMS Inertial 
Measurement Unit with a Navigation and Attitude and 
Heading Reference System processor. The internal low-
power signal processor runs a real time Xsens Kalman Filter 
(XKF), providing inertial enhanced 3D position and velocity 
estimates. The MTi-G also provides drift-free and GPS 
enhanced 3D orientation estimates, as well as calibrated 
data of 3D acceleration, 3D rate of turn, 3D earth - magnetic 
field, and static pressure (barometer). In theory, the MTi-G 
is a  measurement unit for navigation and control of vehicles 
and other objects. 

Results of static tests are presented in Fig. 5, for static Roll 
measurements.  These measurements  were also performed 
for Roll at other attitudes and for various IMU units, but the 
recorded  results were similar and are omitted in the article. 
Fig. 6 summarizes some of the obtained results.
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Fig. 5. Measurement results for static Roll tests 

Fig. 6. Standard deviation for static Roll measurements

It can be seen clearly from Fig. 6 that the MRU is distinctly 
the best IMU. However, the results of dynamic tests reveal 
a rather opposite tendency in some situations. In the latter 
case, significant differences can be observed between new 
generation MTi-G700, 3DM-GX3-25, and MTi-G, but the 
MTi-G satisfies the requirements. That all is true for dynamic 
measurement frequencies under 1Hz see Fig. 7.

Fig. 7. Dynamic IMU tests for all IMU units

For frequencies close to 1 Hz and higher, the MRU is very 
unstable and returns to a stable state after over 16 minutes. 
The records for MTi-G700, 3DM-GX3-25, and MTi-G are 
much better, and the stable state return period lasts only over 
10 seconds. Figs. 8 and 9 present some details of dynamic IMU 
tests carried for all devices out simultaneously. The highest 
precision MRU features very long time constant and low 
sampling time (see Fig. 9). 

Fig. 8. Dynamic IMU measurements, 
enlarged for some seconds

Fig. 9. Dynamic IMU tests for all IMU units,  
enlarged for some seconds

It should be mentioned that IMU gyros are typically 
of higher quality, but burden with a bias, as integrating 
over the time yields a drift. The drift over time results in 
unreliable input for further processing in the INS system 
and some compensation is required. So another sensor is 
used to provide a second tilt or orientation measurement to 
remove the drift and  improve real orientation of the system. 
Here, an accelerometer or magnetic sensor is a typical choice. 
However, the magnetic sensor is subject to the influence 
of physical environment and cannot measure a pitch, but 
only roll and yaw, and is not always reliable again, therefore 
the accelerometer sensor is the only choice in practice.

Figs. 7,8,9 present the results of AR integration for the 
examined  IMU technologies, after bias removal. These figures 
prove high quality of the MEMS gyro and present real roll 
as a result of the Kalman fusion algorithm process. The AR 
integration of the gyros as presented in the figures proves their 
high quality, because the obtained results are comparable to 
those recorded for the tested Kongsberg MRU device (see 
Fig. 5). E.g. the standard deviation equals 0.022579 for MRU, 
0.076428 for MTi-G700, 0.034849 for 3DM-GX3-25, and 
0.15256 for MTi-G. The standard deviation and the variance 
error obtained from operational tests as presented in Fig. 6.
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SUMMARY

The paper presents a unique opportunity of performance 
comparison of the Seatex MRU Calibration Certificated 
device to other low cost IMUs. The Seatex MRU is used in 
high end MBES EM3000. Different MEMS technologies were 
presented above in very demanding context, where the 10cm 
resolution required at 100m proofs that even in the narrowed 
AHRS (Attitude and Heading Reference System) applications, 
the presented sensor’s errors are still a serious problem.

Operational tests were carried out for Kongsberg MRU-
M-MB3 – certified device, Xsens MTi-G700, Xsens MTi-G-
28A53G3, and MicroStrain 3DM-GX3-25. The tests carried 
out according to [17] consisted of  static operational test 
comparisons, and dynamic tests for frequencies < 1Hz and 
higher. They have proved that dynamic tests above 1Hz are 
a very demanding case for all tested IMUs, but especially for 
the Kongsberg MRU. In that last case, the test procedure was 
carried out very carefully and repeated. The results of the 
dynamic tests above 1Hz resemble a low pass filter answer 
with long time constant, and that is the case of  the Kongsberg 
MRU. 

Other MEMS inertial sensors, which are not certified (see 
Fig.4), offer affordable and appropriately scaled units that are 
currently capable of meeting all requirements for accurate 
and precise attitude evaluation. While the MRU offers the 
best standard variance of 0.01 deg for the Roll and Pitch, 
the new generation MTi-G700 offers comparable performance 
with low noise. 

The last question is if these technologies can be used in INS. 
In author’s opinion, they can, perhaps in non-shocking, close 
to stable conditions. Low cost MEMS gyros are still proving 
their high quality, but they are not as perfect as other sensors 
and introduce small errors in each measurement. The gyro 
sensors currently present quite good quality only for AVHR 
applications, and progress in this area is still observed.  

It is noteworthy that the results of the  researches presented 
in the paper, namely comparative researches and especially 
the Kalman fusion algorithm, are important issues of marine 
drone vertical stability estimation. Marine drones possess 
distinctive dynamic parameters, and that area of investigation 
has been  undertaken as a continuation of current author’s 
investigations. 
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ESTIMATION OF HYDRODYNAMIC COEFFICIENTS  
FROM RESULTS OF REAL SHIP SEA TRIALS

Daewon Kim
University of Rostock, Rostock, Germany

ABSTRACT

This paper suggests an estimation method for ship’s hydrodynamic coefficients, which is based on the system identification 
method that calculates an optimum value in a mathematical way. For the purpose of modelling existing ships, this 
study collects real ship sea trial data as benchmarks. Prior to the optimization, a sensitivity analysis is carried out 
for easy and effective optimization. The simulation results using optimized coefficients agree well with corresponding 
benchmarks. Following this, with various trim and draught conditions, this study suggests new estimation formulas 
that concern all trim and draught conditions. Simulation results applying the estimation formulas are satisfactory in 
regard to a corresponding benchmark, compared to a result obtained by using an existing regression formula.

Keywords: ship manoeuvrability, system identification method, hydrodynamic coefficients, sea trial, mathematical optimization

INTRODUCTION

Modelling is an important way to predict ship’s 
manoeuvrability, and the need for it is continuously growing 
with the development of marine information technology. The 
forces and moments acting especially on a submerged part 
of the hull can be described by hydrodynamic coefficients. 
International Towing Tank Conference (ITTC) summarized 
various methods for estimating hydrodynamic coefficients 
for a ship’s manoeuvrability [6].

Fig. 1 and 2 show an overview of all methods and their 
accuracy with respect to effort/cost characteristics [6]. In the 
design stage, the captive model test and the Computational 
Fluid Dynamics (CFD) are common because there is no 
real ship yet and those are the most reliable sources of 
hydrodynamic coefficients in the environment [12, 15]. For 
existing ships, the full-scale trial is the most reliable, but it 
is not preferred due to its relatively high cost [5, 18]. Thus, 
a combination of empirical methods and tuning is widely 
used to model a ship.

This paper suggests an estimation method based on the 
system identification method that calculates an optimum 

value in a mathematical way. This method estimates the 
hydrodynamic coefficients in a ship’s mathematical model 
by a  mathematical optimization algorithm that runs 
a manoeuvre simulation and compares it with benchmark 
data at every iteration. Finally, it provides optimized 
hydrodynamic coefficients.

Fig. 1. Overview for prediction methods
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The system identification method has been studied with 
various ideas. Abkowitz was the first to apply the Extended 
Kalman Filter (EKF) to full-scale sea trial data. Rhee and 
Zhang conducted system-based (SB) free running tests with 
the EKF algorithm [1, 3, 13, 19]. Tran introduced Sequential 
Quadratic Programming (SQP) and Broyden-Fletcher-
Goldfarb-Shaanno (BFGS) algorithms for an optimization 
process [14, 16]. Kim optimized hydrodynamic coefficients 
with an interior point algorithm using simulation results as 
benchmark data [4]. 

Change of trim and draught has a significant impact 
on ship’s manoeuvrability. This leads to a  change in 
corresponding ship’s conditions, such as displacement, 
location of the centre-of-pressure for the sway force, rudder 
inflow angle and so on. Much of the previous studies on 
changing manoeuvrability with various loading conditions 
have focused on the corresponding changes of displacement, 
stern shape and rudder area. Kijima and Kose studied 
influence and importance of trim and draught conditions 
on a ship’s manoeuvrability. In order to estimate ship’s 
manoeuvrability in different trim and draught conditions, 
they performed captive model tests with multiple ships in 
four trim and draught conditions: fully loaded, half loaded, 
ballast with even keel and ballast aft trim conditions [7, 8, 9]. 
The prediction results based on the estimation agreed well 
with the measured results of free running model tests. 
Yasukawa et al. investigated influence of the load condition 
on the effect of rudder force [17].

Based on previous studies, this paper estimates 
hydrodynamic coefficients in a mathematical way. A set 
of results from real ship sea trials in various trim and 
draught conditions is the benchmark data in an optimization 
process, and a regression formula is suggested to estimate 
hydrodynamic coefficients for all trim and draught 
conditions.

MODELLING AND BENCHMARK DATA

MATHEMATICAL MODEL

Three degrees of freedom (3DOF) ship- and earth-fixed 
coordinate systems are applied to the modelling for the 
optimization process. Both coordinate planes are placed on 
the undisturbed free surface. In the mathematical model, a ship 
is considered a massive and rigid body. Forces and moment 
acting on the hull are described as follows. 

X = m(  – vr – xgr2)

Y = m(  + ur – xg )

N = Iz  + mxg(  + ur)        (1)

To each force and moment the modular structure 
composed by hull, propeller, rudder and other external forces 
or moments, is applied as follows:

X = XH + XP+ XR

Y = YH + YP+ YR

N = NH + NP+ NR           (2)

The hydrodynamic forces and moments acting on the ship’s 
hull are comprised of several velocity and acceleration elements. 
The basic empirical regression formulas for the initial values of the 
optimization process are taken from Norrbin and Clarke [2, 11]. 
Each hydrodynamic coefficient can be expressed by a function of 
ship’s main dimensions, such as length, beam, draught, its trim 
and displacement. The nonlinear components Ynon and Nnon are 
influenced by the position of the ship’s turning point.

XʹH = Xʹup  + Xʹvrvr + Xʹuuu|u| 

+ Xʹu4u3|u| + Xʹuvvvuv2|v|       (3)

YʹH= Yʹup  + Yʹrp  + Yʹurur + Yʹuv|u|v + Yʹnon

NʹH= Nʹrp  + Nʹvp  + Nʹur|u|r + Nʹuvuv + Nʹnon

{Yʹuv , Yʹur , Nʹuv , Nʹur , Yʹnon , Nʹnon} =

f(L, B, T, Δ)          (4)

BENCHMARK DATA

Benchmark data for the optimization are recorded on 
a 4,500 TEU class container carrier. Five zigzag manoeuvres 
with three trim and draught conditions were performed for 
this study. Tab. 1 shows details of the vessel, and Tab. 2 shows 
manoeuvre conditions of each trial.

Fig. 2. Accuracy of prediction methods with respect to effort/cost ratio
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OPTIMIZATION OF HYDRODYNAMIC 
COEFFICIENTS

SENSITIVITY ANALYSIS

A sensitivity analysis of hydrodynamic coefficients is 
essential for easy and effective optimization. Procedures of 
the sensitivity analysis are as follows.

1)  Divide the coefficients into two groups according to 
the corresponding manoeuvre: straight motion with 
constant speed and zigzag manoeuvre.

2)  Run simulations with regard to certain variations of 
a specific coefficient.

3)  Calculate derivative of data set for the coefficient and 
conduct min-max normalization for all hydrodynamic 
coefficients to find sensitivity in the group.

Stepwise optimization is carried out based on results of 
the sensitivity analysis, as shown in Fig. 3 and 4. 

The first step optimizes two coefficients for the force acting 
along X-axis, using straight motion with constant speed. The 
second step optimizes four linear coefficients for the force 
acting along Y-axis and the moment acting around Z-axis, 
using zigzag manoeuvres.

MATHEMATICAL OPTIMIZATION

A mathematical optimization is a process to minimize or 
maximize an objective function which is subject to constraints 
imposed on variables [10]. A basic idea of the mathematical 
optimization is as follows.

min f(x), subject to
x  Rn                  (5)

ci(x) = 0, i  E

ci(x) ≥ 0, i  I

Tab. 1. Particulars of benchmark vessel

Tab. 2. Conditions of sea trials

Type of vessel
4,500 TEU 

class container 
carrier

Length overall [m] 294.12

Length between perpendiculars [m] 283.20

Beam [m] 32.20

Design draught [m] 12.00

Scantling draught [m] 13.00

Maximum speed [knots] 23.70

Data1 Data2 Data3 Data4 Data5

Manoeuvre ZZ10 ZZ10 ZZ10 ZZ10 ZZ20

Latitude 32.8N 32.0N 10.7N 9.7N 9.7N

Longitude 119.9W 117.3W 67.2W 79.6W 79.6W

Heading [°] 110 110 260 250 250

RPM 843 620 676 422 422

Draught fore [m] 12.75 12.75 10.00 9.10 9.10

Draught mid [m] 12.55 12.55 10.00 – –

Draught aft [m] 13.00 13.00 10.00 9.60 9.60

Wind direction [°] 270 310 20 50 50

Wind speed [knots] 12 15 5 15 15

Current direction [°] 160.47 251.56 169.50 23.62 23.62

Current speed [knots] 1.37 0.88 0.28 1.25 1.55

Water depth [m] >1000 >1000 >1000 >1000 >1000

Fig. 3. Sensitivity analysis for straight motion

Fig. 4. Sensitivity analysis for zigzag manoeuvre
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where,
–  x is/are variable(s) to be optimized;
–  f is an objective function that returns minimum or 

maximum scalar; and
–  cis are constraints, both equality and inequality conditions, 

in which variable(s) x must follow the whole optimization 
process.

Tab. 3 presents an example of the optimization conditions. 
According to the result of sensitivity analysis, stepwise 
optimization is applied to the process. Initial values that are 
essential for the mathematical optimization are calculated 
by the empirical formulas of Clarke and Norrbin. Objective 
functions for both steps calculate the sum of X- and 
Y-coordinate differences between the benchmark data and 
an optimization result at each iteration. 

Optimizations are carried out only for the Data 2 to 4, 
which have different trim and draught conditions. Remaining 
measurement data are used for the first validation of 
optimization results.

VALIDATION OF OPTIMIZED 
COEFFICIENTS

OPTIMIZATION RESULTS

Tab. 4 presents Clarke estimation coefficients and 
optimization results, and Tab. 5 compares manoeuvre 
characteristics with corresponding benchmark data. The results 
show that a simulation result obtained by using finally optimized 
coefficients is relatively more close to the corresponding 
benchmark data than a result by using Clarke estimation 
coefficients.

Fig. 5 and 6 show comparisons for track coordinates and 
heading angle of the measurement Data 3, respectively. 

Tab. 3. Optimization conditions for Data 3

Tab. 4. Optimization results for hydrodynamic coefficients

Tab. 5. Optimization results for manoeuvre characteristics

Step 1 Step 2

Solver fmincon

Algorithm interior-point

Initial values

Xuu -0.0373 Yuv -1.3811

Xu4 -0.4534 Yur 0.3820

Nuv -0.4401

Nur -0.2348

Lower bounds

Xuu -0.3700 Yuv -13.811

Xu4 -4.5000 Yur 0.0001

Nuv -4.4019

Nur -2.3480

Upper bounds

Xuu -0.0001 Yuv -0.0001

Xu4 -0.0001 Yur 3.8201

Nuv -0.0001

Nur -0.0001

Objective function
Track difference

Straight motion Zigzag 10 degrees

Constraints None None

Xuu Xu4 Yuv Yur Nuv Nur

D
at

a 2

C -0.0280 -0.3405 -1.5857 0.4281 -0.5625 -0.2675

S1 -0.0250 -0.2865     

S2   -1.9472 0.3426 -1.2354 -0.2783

D
at

a 3

C -0.0373 -0.4534 -1.3811 0.3820 -0.4401 -0.2348

S1 -0.0515 -0.5873     

S2   -2.2214 0.4827 -3.4181 -0.6116

D
at

a 4

C -0.0407 -0.4948 -1.3947 0.3934 -0.3965 -0.2339

S1 -0.0665 -0.4536     

S2   -2.2611 0.3919 -0.9541 -0.2335

Remarks
C: Clarke estimation

S1: Step 1 (Straight motion)
S2: Step 2 (Zigzag manoeuvre)

Way/
Lpp Init. Yaw Ovst1 Ovst2

D
at

a 2
Clarke 3.33 82 266 1.87 2.73

Step 1 3.52 79 319 1.99 2.55

Step 2 3.52 69 378 5.31 9.66

Bench 3.53 58 370 6.70 11.80

D
at

a 3

Clarke 5.58 57 272 1.87 2.51

Step 1 5.22 64 286 1.68 2.42

Step 2 5.22 38 265 3.63 7.13

Bench 5.22 47 279 4.80 7.40

D
at

a 4

Clarke 3.89 89 414 1.71 1.79

Step 1 3.50 93 438 1.53 1.72

Step 2 3.51 87 423 2.98 3.90

Bench 3.52 78 398 3.20 4.60

Remarks

Bench: Benchmark data (Measured data)
Way/Lpp: Distance from start point/Lpp

Init. : Initial turning time (s)
Yaw : Yaw checking time (s)

Ovst1 : First overshoot angle (˚)
Ovst2 : Second overshoot angle (˚)

Fig. 5. Trajectory comparison for Data 2
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VALIDATION WITH OTHER BENCHMARKS

Benchmark Data 1 and 5 are compared with simulation 
results that use optimized coefficients of Data 2 and 4, 
respectively. Tab. 6 compares the benchmark data and the 
simulation results. 

Fig. 7 to 10 compare benchmark data and corresponding 
simulation results. In the case of Data 1, it is supposed that 
difference in a second overshoot angle and an item Way/Lpp 
is caused by difference in trajectories of the benchmark and 
the simulation result.

SUGGESTION ON NEW ESTIMATION FORMULAS

Based on the results of the optimization and the Clarke 
estimation, a new estimation formula is suggested regarding 
all trim and draught conditions. A set of optimized coefficients 
under certain trim and draught condition is set to a default 
condition, and differences of trim and draught are calculated 
to other optimized coefficients. Details of the estimation 
formula are as follows.

Tab. 6. Validation with additional benchmarks

Way/
Lpp Init. Yaw Ovst1 Ovst2

D
at

a 1

Clarke 4.7 76 267 2.34 2.26

Val. 4.8 51 278 6.27 8.28

Bench 4.42 46 293 6.00 12.30

D
at

a 5

Clarke 2.15 93 441 3.21 3.25

Val. 1.93 84 436 5.59 6.26

Bench 1.96 81 405 5.60 6.10

Remarks
Val.: Validation of hydrodynamic coefficients 

using optimization results of Data 2 and Data 4, 
respectively

Bench: Benchmark data (Measured data)

Fig. 6. Heading comparison for Data 2 Fig. 8. Heading comparison for Data 1

Fig. 9. Trajectory comparison for Data 5

Fig. 10. Heading comparison for Data 5

Fig. 7. Trajectory comparison for Data 1
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Coeff.new                      (6)

= OT.Coeff.standard.trim&draught

+ (Corr.draught*CE.Diff.draught 

+ Corr.trim*CE.Diff.trim)

CE.Diff.draught

= CE.Coeff.standard.trim&draught

– CE.Coeff.target.draught&standard.trim

CE.Diff.trim

= CE.Coeff.standard.trim&draught

– CE.Coeff.target.trim&standard.draught

where,
–  Coeff.new is an estimated coefficient;
–  OT.Coeff.standard.trim&draught is a coefficient that has 

been optimized (Own Tuned) under the standard trim and 
draught condition;

–  Corr.xxx is a correlation value that is calculated by all of 
the optimized coefficients;

–  CE.Diff.xxx is the difference between standard trim and 
draught Clarke estimation coefficient and target trim and 
draught Clarke estimation coefficient; and

–  CE.Coeff.xxx is a Clarke estimation coefficient.

A standard condition for this study is set to be : 10m draught 
and even keel. Tab. 7 shows results of Clarke estimation and 
the new estimation method. 

To validate the estimated result, Tab. 8 compares 
characteristics of a zigzag manoeuvre with 20 deg rudder 
angle inclination. A benchmark is taken from the official 
manoeuvring booklet of the vessel. Since there is no trajectory 
data in the booklet, only the numeric values and a heading 
angle graph are applied to the validation. As Fig. 11 shows, the 

simulation result using coefficient with the new estimation 
method is relatively closer to the benchmark data than that 
obtained by using Clarke estimation.

CONCLUSION

This paper presents a study on estimating hydrodynamic 
coefficients by using real ship sea trial data, especially for all 
trim and draught conditions. A mathematical optimization, 
a part of system identification, is used to calculate optimum 
hydrodynamic coefficients. Benchmarks are taken from the 
sea trial of a container carrier. Results of this study can be 
summarized as follows.

Simulation results that use optimized hydrodynamic 
coefficients are closer to the corresponding benchmarks than 
those obtained from Clarke estimation.

The benchmarks Data 1 and 5 which are not used to 
optimize hydrodynamic coefficients, and their corresponding 
simulation results using optimized coefficients are similar to 
each other, compared with simulation results using Clarke 
estimation coefficients.

Hydrodynamic coefficients, estimated by using the 
suggested formulas, are satisfactory for simulation running, 
compared to a corresponding benchmark from a manoeuvring 
booklet ( sea trial data).

Tab. 7. Estimation results: hydrodynamic coefficients

Tm=11.85m t=-0.1m Clarke Estimated

 76 267

Xuu -0.0304 -0.0260

Xu4 -0.3699 -0.5263

Yuv -1.4991 -2.3778

Yur 0.4056 0.5005

Nuv -0.5144 -3.0489

Nur -0.2527 -0.5670

Tab. 8. Validation of estimation formulas

Tm=11.85m
t=-0.1m

Way/Lpp Init. Yaw Ovst1 Ovst2

Clarke 28.5491 56 285 3.4 6.8

Val. 28.5608 48 275 7.7 11.9

Bench – 53 278 8.8 13.7

Remarks
Val.: Validation of hydrodynamic coefficients using 

estimation formulas
Bench: Benchmark data (Measured data)

Fig. 11. Heading comparison with the use 
of manoeuvring booklet (sea trial data)
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This summary show that the proposed estimation formulas 
can complement the existing Clarke formulas. However, 
five measurement data are not enough to attribute a high 
reliability to the proposed estimation method. In addition, 
various manoeuvres such as turning and other emergency 
manoeuvres should be included in the optimization process. 
These issues should be considered in future studies.
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ABSTRACT

Cold-formed thin-walled sections are prone to local buckling caused by residual stresses, geometrical imperfections 
and inconsistency of material properties. We present a real case of buckling failure and conduct a numerical and 
experimental study aimed to identify methods capable of predicting such failures. It is important because designers 
of structures are getting more FEA-oriented and tend to avoid lengthy procedures of cold-formed structures design. 
Currently adopted methods are complicated and require patience and caution from a designer which is reasonable 
in case of the most important structural members but not necessarily so in ordinary design. Since it is important, we 
offer an insight into several FEA and manual methods which were sufficient to predict the failure while remaining 
fairly simple. Using a non-uniform partial safety factor was still necessary. We hope that this paper will be of interest 
for people performing a lot of routine analyses and worrying about reliability of their computations.

Keywords: high-strength steel structures; cold-formed thin-walled sections; local buckling; stability of structures; Eurocode 3 safety factor

INTRODUCTION

The paper addresses the problem of local stability of cold-
formed high-strength steel members in the context of 
industrial design. We examined a real case of buckling failure 
and performed several relatively effortless computational 
steps which would have been enough to predict and prevent 
this failure. It is an important issue, since most currently 
available procedures are either complicated or demand 
non-obvious informations on residual stresses, field of 
imperfections, changes in ductility, etc. Cold-formed 
steel members are equally popular in coastal and offshore 
engineering (eg. [9]), machine industry, civil engineering and 
any branch of industry relying on steel structures. With the 

growing popularity of FEA software in average design offices, 
the design practices are shifting more towards numerical 
analysies of individual cases. As long as no extraordinary 
structural members of great importance are concerned, it is 
easier and faster to perform simple FEM calculations than 
to apply complicated procedures. Of course, if complicated 
structures requiring special care are involved or a specialised 
research study is executed, geometrical imperfections are 
measured or assumed in order to get more correct results 
(eg. 19]). In contrast, performing such precise computations 
in regular design practice is considered too costly. As a result, 
according to our own experience and observations, local 
stability is often overlooked or overly simplified in the design 
phase, since the available methods are beyond the reach of 
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an average engineer or are too time-consuming. What is 
needed is a feasible method for quick and reliable calculation 
of ultimate load of such structures. Since it is important, we 
try to identify the main neglections on the stage of design 
which led to this particular failure. In the same time we try to 
suggest some alternative methods which might be sufficient 
while remaining relatively simple and straightforward to 
execute by any structural engineer.

Fig. 1. Simplified visualisation of the final residual stresses in a corner after 
the “spring-back” phase of cold-forming according to Quach [11]; note that 

in reality the stress distribution especially in the trasnverse direction 
is considerably more complex than in the figure

Although many recommendations for calculating the cold-
formed sections load capacity already exist (notably AISI 
[3] and  Eurocode 3 [5]), a universal and simple method of 
safe design is yet to be developed. In 1975 Ingvarsson came 
up with a theoretical analysis which proved the existence of 
residual stresses not only in the circumferential direction of 
a profile (perpendicular to the bending axis), but also in the 
longitudinal direction [6]. Magnitude of this stress component 
varies depending on the cold-forming conditions. This finding 
was of much importance for understanding the cold-formed 
section strength, since longitudinal stresses directly affect the 
overall bending load capacity. In 1981 Crisfield developed 
a numerical method allowing to compute non-monotonous 
equilibrium paths and thus enabled to predict post-buckling 
behaviour [4]. In 1990 Weng and Pekoz exhibited that cold-
forming induces a field of residual stresses which is different 
from that of hot-rolling, regardless of the fact that at the time 
AISI did not distinghish between these two technologies in 
terms of calculating the load capacity [18]. In the following 
years a series of numerical, analytical and empirical methods 
were developed to deal with the problem. Schafer and Pekoz 
insisted on including both residual stresses and imperfections 
as initial conditions in numerical modelling and proposed to 
employ at least 2 different states of geometrical imperfection 
based on eigenmodes along with flexural residual stresses 
in all elements [13]. Since residual stresses in the cold-
formed corners can reach even up to 50% of the initial yield 

stress, membrane stresses should also be assumed in corner 
areas of such models. The same authors popularised usage 
of the Direct Strength Method in engineering practice as 
an alternative to the commonly acknowledged Effective 
Width Method [3] due to the excessive complexity of the 
latter [14]. Yu and Schafer executed some experimental studies 
on local buckling behaviour of cold-formed members [21] 
and discussed usability of cumulative distribution function 
in adopting the magnitude of initial imperfections [22]. 
Quach wrote a massive PhD dissertation on multiple aspects 
of modelling the development of the cold-forming stresses 
[11] and together with Qiu they exhibited that in the process 
of cold-forming not only residual stresses are established, 
but also modifications of the yield stress value are applied 
(generally increase of this value) and even more importantly 
the ductility of material is changed, which causes the corner 
cracking during local buckling [12]. Laim et al. compared 
empirical and numerical methods for predicting the cold-
formed sections buckling behaviour and coupled the study 
with the experimental work on real specimens. Usability 
of Eurocode 3 methods was confirmed, however only medium 
strength (up to 460 MPa) steel was tested and still a need for 
“new design guidelines” was stated [7]. Abambres and Quach 
explicitly stated that “One of the most challenging aspects in 
FEA aimed to simulate the real behaviour of steel meber, is the 
modelling of residual stresses” [1]. Szymczak and Kujawa [15] 
and Lu [8] provided additional analytical solutions to predict 
the buckling behaviour of cold formed-members based on 
eigenmodes, however these methods are not always suitable 
to applications where a very local form of stability loss is 
expected (such as development of individual wrinkles [20]). 
Wang et al. conducted experimental and numerical tests again 
in terms of Eurocode 3 efficiency, however this time a high 
strength S700MC steel was involved. The standard procedure 
was found to be insufficient to assure safety of cold-formed 
structures, stating that the “Partial safety factor γm0  greater 
than the currently adopted value of unity is required for 
high-strength steels” [17]. To date there is no reliable and fast 
method liberating a designer from identifying or assuming 
complex imperfection and stress fields in the process of cold-
formed members design.

In the paper we present a real case of failure of a cold-
formed high-strength steel member along with description 
of the overly simplified  design methods which might have 
led to over-estimation of the structure load capacity. Later 
we describe a little more complex, however still relatively 
simple numerical methods (without introducing random 
or measured imperfection field, residual stresses or changes 
in material properties other than plasticity), which were 
used in the following investigation of the failure. Lastly we 
present a controlled destructive test carried out on another 
specimen of the discussed beam type and we conlcude on 
usability and safety of the executed computational methods 
in this particular case. Some conclusions regarding Eurocode 
3 procedures are then drawn. It should be noted that the work 
featured in the paper is an extension and development of the 
study presented earlier at a conference [2].
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MATERIALS AND METHODS

OBJECT OF THE STUDY

The discussed beams are strucutral members of a refuse 
collection vehicle more commonly known as garbage truck. 
Refuse Collection Vehicle (RCV) consists of a container 
body,  a tailgate and a lifter. Its main function is collection, 
compaction and transportation of waste. The mechanism is 
powered by a hydraulic system supplied by the pump mounted 
on the truck’s engine. A greater part of RCV is a welded steel 
structure designed to withstand a cyclic load produced by 
high pressure in hydraulic cylinders. Many of the load bearing 
elements are thin-walled structures, since mass reduction is 
an important factor of RCV development. Lighter vehicles 
can carry larger waste cargo due to legal limitations of total 
unit mass.

The examined beams were designed to resist the ejector 
plate during compaction of waste and discharging of the 
RCV. They were made of a high strength S700MC steel and 
consisted mainly of 3 to 5 mm thick steel sheets. The beams 
were manufactured using cold-forming (4 mm bending 
radius) and welding (backplate / reinforcing elements).

INITIAL FAILURE

We will use the term “beam A” to refer to the first failure. 
The beam was re-designed in the office as a part of mass 
reduction program. Originally only linear FEM calculations 
were performed in Autodesk Inventor and a generic, industry-
ready solid geometry was used for this purpose.  A screenshot 
of the analysis and its complex geometry is shown in Fig. 2. 
The structure was considered safe.

Fig. 2. Stresses obtained during the initial linear FEM calculations performed 
by designers beforehand; the stresses are evenly distributed along the beam 

length and generally do not exceed 400 MPa

What happened later was a buckling failure of the newly 
designed member during fatigue stress tests. The following 
investigation has been described in detail in the previous 
paper [2]. Here we will focus only on the essential part of 
the study.

According to the Eurocode 3 EN 1993-1-1 [5] 
recommendations, thin-walled steel sections can fall under 
one out of four categories. This classification is based on 
slenderness of the cross-section wall and describes section’s 
local stability in plastic, elasto-plastic and elastic ranges. 
The class 1 and 2 sections are able to reach full plasticity 
without losing local stability. The class 3 sections are prone 
to buckling in an elasto-plastic state, after reaching yield 
stress partially but before entering plastic limit state. 
The class 4 sections  lose stability in the elastic state, so 
full material strength can not be utilised (Fig. 3). The 
examined section was classified as a Class 3 element, which 
means that the elastic limit state should be reached before 
buckling.

Fig. 3. My (elastic) and Mp (plastic) moment acting as an envelope for the real 
limit state moment for the Class 3 sections based on Eurocode 3 [5]

The rest of the study was conducted in Abaqus FEA 
software. The geometry was simplified and reduced to 
a mid-surface model (Fig. 4) with shell elements, since it is 
more appropriate for modelling bending of thin-walled 
structures and avoiding volumetric locking of solid elements 
[10]. Symmetry conditions were applied and several support 
conditions were assumed to create an envelope of possible 
solutions. It was later inspected in the following experimental 
work that the boundary conditions are actually simple 
pinned supports.
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Fig. 4. Full geometrical model and its simplified representation as shell model 
with symmetry conditions and pinned / fixed support schemes

The real ultimate load was 280 kN and the one predicted 
by geometrical and material non-linear analysis was 320 kN, 
which equals about 15% of dangerous over-estimation. These 
results differ slightly from the ones obtained in the current 
study, because beams A and B had different spans (beam A 
1880 mm, beam B 1780 mm) due to asymmetric layout of the 
RCV container body.

CONTROLLED FAILURE

An experimental study on beam B was conducted to 
further investigate the issue. The study was designed in 
a way to closely reflect the first case of failure. Simultaneous 
measurements of strains, load and displacement were 
performed. Preliminary measurements were executed to 
identify the real boundary conditions (supports) of the beam 
before destruction. As a result, we managed to reproduce 
the initial failure mechanism (deformation) while collecting 
additional information concerning what is happening within 
the structure.

Response of the system was recorded by means of strain 
and displacement measurements. Displacement was measured 
only in a single representative spot using a traditional dial 
distance indicator. This single displacement value was later 
used to identify the supports. Additionally, two cameras 
were used to record the experiment in two perpendicular 
directions. Strains were recorded using strain gauges placed 
in 10 different spots, however only 6 of them were active 
during destruction (limitations of the 6-channel recording 
device). The remaining gauges were used to identify stiffness 
of the supports. The spots were selected so that the following 
regions were covered:
• two boundary areas near the supports;

• a single representative cross-section without stiffeners, 
including areas of tension and compression;

• locations of the predicted local buckling, based on the 
observations from the initial failure and the coupled 
numerical study.

Fig. 5. Scheme of the examined beam with locations and numbers of strain 
gauges marked; the strain gauges active during the destructive test are 

indicated; note the differences in cross-section along the height of the beam

All of the strain gauges were oriented in a way to measure 
the longitudinal strains and not the circumferential strains. 
The equipment used to capture strains was composed of the 
following elements: 
• bonded resistance strain gauges of 350 Ohm resistance 

and a gauge factor of 2.15;
• the strain gauge was arranged as a quarter Wheatstone 

bridge circuit;
• the bridge was connected via an instrumentation amplifier 

to one of the six 24-bit ADC channels;
• the converted signal from ADC was transferred to PC 

using a microcontroller;
• the pySerial Python library was used to register digital 

signals as text files; 
• the data collected from the test was illustrated by Python 

scripts using Numpy package and Matplotlib plotting 
library.
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Fig. 6. Location of a dial distance indicator used to measure displacement; 
the same spot is used as reference displacement to compute ultimate load in 

the numerical analysis

The test stand varied slightly from the one used for the 
initial experiment. The load was applied by a 120 mm diameter 
cylinder at 15 degree angle relatively to horizontal direction. 
Maximum pressure of 270 bar (305 kN) was gradually 
achieved as a result of beam resistance to cylinder extension 
in approximately 1 mm/s. Inner resistance of the cylinder 
sealing was experimentally tested by means of repeated 
loading and taken into account in the final force calculation 
as 5 kN according to the hysteresis graphs. Measurement 
accuracy of pressure gauge was +-3 bar (3.5 kN).

Fig. 7. Location of the strain gauges on the real structure

Preliminary loading was conducted in a linear range to 
identify the stiffness of the beam. It was measured that the 
average displacement measured by the dial indicator is 1 mm 
per 37 kN of force, which corresponds to the simple support 
conditions assumed in the numerical model. Additionally, 
strain gauges 1 and 10 (boundary sections) and 2–5 (control 
sections) were used to measure strains, which were consistent 
with the simple support predictions (Fig. 10). Thus the 
boundary conditions provided by the frame were considered 
identified as near-zero rotational stiffness (Fig. 8)

Fig. 8. Interpretation of the boundary conditions with regard to the stiffness 
of support provided by frame

After the initial failure several steel samples were cut from 
the original beam and from raw material as reference and 
tested for their mechanical properties (external analysis 
and expert opinion). The test focused on determining the 
chemical composition and tensile strength of specimens. It 
was confirmed that the steel used for production was actually 
S700MC in terms of chemical compounds. However, tensile 
tests exhibited reduced yield stress, averaging around 630 MPa 
for all samples. It was concluded that the reduced properties 
of the steel was faulty from the beginning. Nevertheless the 
630 MPa value of yield stress was taken into consideration 
in the following numerical analyses. In general, three 
material variants were assumed: b700 (700 MPa yield with 
no hardening), b630 (630 MPa with no hardening), r700 (real 
strain-stress curve to examine the dangerous optimistic area 
near the yield stress shown in Fig. 9). 

Fig. 9. Experimental (obtained by Winful et al. [16]) and idealised stress-strain 
relation of S700MC steel; note the optimistic area where the idealised curve 

delivers more stiffness than the experimental one

Numerical investigations covered LBA (linear buckling 
analysis), GMNA (geometric and material non-linear analysis) 
and linear static analysis. Imperfections were assumed basing 
on the LBA deformation and real deformation of beam A. 
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Manual calculations were perfomed too to provide an 
overview of possible results.

RESULTS

Results of the manual calculations performed on the 
simplified geometry are presented in Fig. 10. The elastic and 
plastic limit states form a boundary for the real ultimate 
load of a Class 3 section [5]. From these calculations we can 
conlcude that a failure should occur somewhere between the 
330 kN and 478 kN values of concentrated force on a hydraulic 
cylinder. It is important to note that since the cross-sections 
vary between the loaded and control sections, the 0.46 ratio of 
maximum stresses were calculated taking both the different 
locations and sections into account.

Fig. 10. Top: simplified diagram of the beam and its basic characteristic values; 
Bottom: Simplified cross-section of the beam ([length]; ([thickness]) of each 
element) and distribution of stresses in elastic and plastic limit states; Mel – 
extreme elastic moment, Mpl – extreme plastic moment, Pel and Ppl – forces 

corresponding to the moments

The post-buckling deformations of the A beam (initial 
failure) and B beam (controlled failure) are presented in 
Fig. 11. The large bulge on the side is located around the 
holes in both cases. This feature will be used to evalute 
the deformations obtained from the numerical analyses.

Fig. 11. Various views of the A (initial failure) and B (controlled failure) beams 
after buckling; the deformations are essentially the same

Results of the experimental loading are presented in Fig. 12 
(direct values from strain gauges) and Fig. 13 (calcualted 
stresses). The first thing worth noting is the ratio of stresses 
between 5 (control section) and 6+9 (loaded sections) 
strain gauges, which equals the predicted 0.46 and justifies 
the boundary conditions assumed in the numerical model. 
The next thing are the strain gauges 7 curves, which indicate 
the largest values of stress and strain in the whole structure. 
The stresses are actually elevated in this location due to stress 
concentration, which was also exhibited in a simple linear 
numerical analysis (Fig. 14) The last thing to notice in the 
graph is development of the small bulge (Fig. 15) around 
the 220 kN force in the strain gauge 7 area.
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Fig. 12. Experimental strain-force curves obtained directly from the strain 
gauges during the destructive test; strain gauge numbers in the legend

Fig. 13. Experimental stress-force curves computed from the strain curves using 
the strain-stress relationship by Winful et al. [16]

Fig. 14. Numerical representation of the local concentration of stresses around 
the strain gauge 7 area

Fig. 15. Deformation of the strain gauge 7 location due to local buckling; note 
the bulge developing straight at the center of the strain gauge

The first buckling mode obtained by means of LBA is 
presented in Fig. 16. The shape of deformation was always the 
same regardless of the type of imperfection applied, however 
the buckling factor varied accordingly. It was the highest 
(360 kN) for no imperfections and the lowest (325 kN) for 
both imperfections in the same time. Applying individual 
imperfections resulted in values lying between these two. 
Locations of the load imperfections were chosen basing on 
the shape of buckling mode.

Fig. 16. The first buckling mode obtained via linear buckling analysis and the 
two types of imperfections applied during all analyses

Force-displacement equilibrium paths obtained from 
GNMA are presented in Fig. 17. Note that the curves are 
nearly linear up to the limit load, which means that no bulges 
are developed earlier. The 630 MPa with force imperfection 
and 630 MPa with pressure imperfection variants result in the 
same 322 kN limit load. However it is extremely important 
to notice that the post-buckling curves and deformations 
(Fig. 18) vary greatly and the one resulting from the pressure 
imperfection is far closer to the experimental one (Fig. 11) 
than the force imperfection variant.
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Fig. 17. Numerical displacement-force curves used to predict the ultimate 
load values; b – bilinear, r – real, 700 / 630 yield stress, n – no imperfection, 

f – force imperfection, p – pressure imperfection

Fig. 18. Results of the numerical GNMA analyses, from left to righ: 700 
MPa yield stress w/o imperfections, 630 w/o imperfections, 630 with force 

imperfection, 630 with pressure imperfection; note the different height of the 
lower bulge in each case

All of the numerical and manual results of limit load 
prediction are presented in Tab. 1 along with relative 
deviations  from the experimental value.
Tab. 1. Ultimate loads obtained by various computational methods, the three 

LBA values stand for no imperfection, pressure imperfection and force 
imperfection; the two linear static values stand for the actual maximum 
moment section and the strain gauge 7 concentration region; the three 
GMNA values stand for 630 MPa with no imperfections, 630 MPa with 
load imperfections and 700 MPa with no imperfections

Source Force [kN] Difference [%]
Simplified plastic moment 478 56.7
Linear buckling analysis 360 / 344 / 338 18.0 / 12.8 / 10.8
Simplified elastic moment 330 8.2
Linear static analysis 315 / 362 3.3 / 18.7
Geometric and material non-
linear analysis

310 / 322 / 335 1.6 / 5.6 / 9.8

Experimental measurements 305 0.0

DISCUSSION

All predicitions failed to meet the real value of the limit 
force, however they varied greatly among themselves. The 
manual calculations resulted in an envelope exceeding the 
real value by over 8% on the lower boundary, indicating that 
the Eurocode 3 predictions regarding the Class 3 section 
behaviour were not right in this case. The analysed beam 
had a non-uniform cross-section along its height and 
despite the fact that the weakest cross-section was taken 
under consideration, the real failure started in a different 
place–at the stress concentration region caused by the rapid 
cross-section change. This is an important observation which 
suggests that the Eurocode 3 regulations regarding thin-
walled sections made of high-strength steel might not be 
always appropriate in case of partially reinforced members 
with changing cross-section.

All of the numerical equilibrium paths are nearly linear 
up to the limit load, while the experimental ones are slightly 
disturbed around the 220 kN mark due to the local buckling 
initiating around the strain gauge 7 area. This small bulge 
caused the overal stiffness of the whole beam to decrease, 
which can be deduced from the reduced slope angle of all 
curves over the 220 kN mark. This phenomenon is absent 
in the numerical analysis.

What happens with the strain gauge 7 location is essential 
for understanding the failure mechanism. From the very 
beginning the stresses and strains there are greater than in 
other parts of the structure, even though it is not a section 
of maximum bending moment. It is caused by the stress 
concentration in this region, which results in an early 
development of the out-of-plane bulge in this area. The same 
shape of deformation was achieved only in a load case with 
pressure imperfection and reduced 630 MPa yield stress (the 
last one in Fig. 18). Even though the GMNA limit load is not 
the lowest in this case (322 kN in contrast to 310 kN with no 
imperfections), the actual behaviour of a real structure was 
captured. It was not achieved in any 700 MPa yield stress 
variants with imperfections (not shown in the figures)–in 
each of these cases the lower bulge developed way too low. It 
implies that lowering the plastic yield stress by a safety factor 
might be more appropriate than lowering the overall limit 
load, since it may partially compensate for not involving 
residual stresses in the computations.

CONCLUSIONS

• Existing methods of analytical/empirical calculation 
or computer-aided simulation of cold-formed members 
with regard to local stability are complicated and demand 
specialised or unavailable knowledge from the designer 
(e.g. measured or assumed imperfections, implementation 
of residual stresses and modifications to mechanical 
properties of steel at heavily deformed areas);

• Basing on our professional experience and familiarity 
with the industrial environment, we can state that the 
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aforementioned methods are not very popular among 
designers due to their excessive difficulty, low cost-
effectiveness or lack of an uniform, universal procedure; 
as a result, they are often omitted or simplified in the 
process of design;

• It is necessary to develop a relatively simple method capable 
of providing safety and reliability of design even at cost of 
over-estimation and excessive safety factor;

• Numerical approach consisting of LBA and GNMA 
analyses with perfect geometry and no initial stresses 
managed to estimate the real ultimate load capacity, 
however the achieved results were too optimistic and 
should be treated with a reasonable safety factor; the factor 
is best applied to the yield stress value in GMNA analysis 
and even a 15% reduction might give reasonable results;

• By no means should thin-walled structures be computed 
using a single solid element per wall thickness; regretfully 
it is not uncommon among designers to do so, because 
solid geometrical models of a given structure are often 
readily available in the design office; these models should 
be transformed to shell models because of the well-known 
issues with volumetric locking and excessive bending 
stiffness;

• We suggest that the γm0 safety factor applicable to the 
class 3 and 4 cross-sections in Eurocode 3 should not 
be considered 1.0 in case of high-strength steel, since at 
the present form it puts the designed structures on the 
verge of safety; this statement is in line with that of other 
researchers [17]; we suggest that the plastic yield stress 
value should be reduced by a factor of at least 0.85;

• Elastic–perfect plastic material model produced safer 
(lower) ultimate load values than the real experimental 
strain-stress relation despite the possibly dangerous over-
estimation of Young’s modulus near the yield stress value;

• The study was limited by not including residual stresses and 
geometrical imperfections in the numerical computations; 
it was howover the aim of the study to evaluate methods 
lacking in these features to reflect simple design conditions.
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ABSTRACT

Investigation of the embedded chains in soil starts to play an important role in understanding the structural performance 
of mooring system, when the embedded anchors will be employed to sustain large loads with the gradually growth of 
installation depth of offshore aquaculture farm. The aim of this study is to investigate the dynamic response of mooring 
line considering the influence of embedded chains in clay soil for net cage system. Lumped-mass method is used to 
establish the numerical model for evaluating the performance of mooring line with embedded chains. To validate 
the numerical model, comparisons of numerical results with the analytical formulas and the experimental data are 
conducted. A good agreement of the profile and the tension response is obtained. Then, the effect of embedded chains on 
the static and dynamic response of mooring line is evaluated, and the dynamic behavior of mooring system considering 
embedded chains for net cage system is investigated. The results indicate that the soil resistance on embedded chains 
should be included to predict the mooring line development and the load on the embedded anchors in the numerical 
simulations. An appropriate safety factor should be included if employing the simplified model Case C at the initial 
design phase. And the effect of embedded chains on the holding capacity of embedded anchors in single-point mooring 
system for single net cage cannot be negligible during the design and operation phases. Consequently, it is profound 
to take into account the interaction of embedded chains and soil for accurately predicting the reliability of mooring 
system for fish cage.

Keywords: embedded chains, soil resistance, parameter sensitivity, dynamic analysis

INTRODUCTION

According to Kapetsky et al. 2013, the potential of the 
offshore aquaculture is large due to the inshore space 
competition, wave quality problems, food security concern 
and environmental and aesthetic impacts. For the fish farm 
installed in the open sea, the mooring system should be 
re-designed since the load is more severe than that for the 
inshore fish farm. Similar to the offshore drilling platform, 
suction anchors may be employed in mooring system of 
offshore fish farm due to the advantage of simple design, 
high resistance against vertical loading, simple and fast 
installation (Cheng et al. 2014). Generally, the attachment 
point of suction anchors is below the seabed level and the 
chains are employed to avoid the abrasion and wear when 

the interaction between mooring line and the seabed occurs. 
Thus, it is essential to consider the interaction of embedded 
chains and soil to analyze the structural performance of 
mooring system for fish farm.

Numerous existing researches on the hydrodynamic 
behavior of mooring system for fish cage were conducted 
involving physical experiments and numerical models, 
assuming that the anchor point was fixed at the seabed. 
Huang et al. 2010 recorded mooring line tension of a single-
point-mooring cage system by a full-scale physical model, 
where a concrete block was used as an anchor. Tang et al. 
2011 investigated the dynamic properties of a dual pontoon 
floating cage structure by physical model, which is moored 
to the load cells by a symmetric coil spring connected by 
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rollers fixed to the seabed. Xu et al. 2013 measured the tension 
forces on the mooring line in submerged mooring grid system 
of a scaled fish cage model. Zhao et al. 2015 conducted a 
series of physical model experiments to measure the mooring 
line tension for multiple net cages in steady current. DeCew 
et al. 2010 employed a finite element analysis program to 
predict the tension response of a single-point mooring system 
under a variety of currents. Shainee et al. 2013 numerically 
investigated the submergence characteristics of a single-
point-mooring fish cage system, considering the mooring line 
anchored to the seabed directly. Kim et al. 2014 modeled the 
hydrodynamic response of the moored containment structure 
using the finite element model. Huang et al. 2016 developed 
a finite element model to investigate the elastic deformations 
and mooring line tension of floating collar in waves.

Provided that the embedded anchors would be utilized 
to sustain larger loads than the dead weight anchors, the 
mooring system including the chains embedded in soil is 
becoming more popular when the environmental loading is 
extremely severe in the open sea. Some researches considering 
mooring chains embedded in soil have been conducted by 
laboratory tests and numerical simulations. Choi et al. 2014 
conducted the lab-scale model tests to obtain the pullout 
capacity of embedded chains. O’Loughlin et al. 2015 observed 
the chain-soil interaction during physical model tests and 
estimated the capacity of the mooring chain both on and 
within the seabed. Rocha et al. 2016 performed the physical 
experiment to investigate the static load attenuation from 
the soil frictional forces for embedded chains, and then the 
relationship between mean ratio of the frictional to transversal 
force and the undrained soil shear strength was studied. Wang 
et al. 2010a proposed a two-dimensional static model and a 
three-dimensional quasi-static model to predict the mooring 
cable behavior considering the currents, soil resistance and 
cable elasticity during pretensioning and in service. Wang 
et al. 2010b adopted the three-dimensional numerical model 
for embedded chains to obtain the chain profiles and tension 
distributions under different pretension levels. Guo et al. 2016 
employed a two-dimensional quasi-static model to predict 
the response of mooring lines comprising multiple types of 
mooring lines or chains. Xiong et al. 2016 investigated the 
influence of embedded chains on the response of mooring 
line considering the interaction of soil and chains.

However, the understanding of the dynamic response of 
mooring line considering the effect of embedded chains is 
still not comprehensive. And with the enormous potential 
application of the embedded anchors in the open ocean 
aquaculture industry, the interaction of embedded chains 
and soil for offshore aquaculture farm needs to make 
a quantitative estimation. In addition, the safety of the 
embedded anchors will be of vital importance for the entire 
system of aquaculture farm since the cost of mooring system 
with the embedded anchors is high and the installation and 
maintenance cost increases significantly with the growth of 
water depth. And in the design of net cage system in the open 
sea, it is a challenging problem to obtain the most optimized 
balance between the cost and the safety of embedded anchors 

including the interaction of embedded chains and soil. 
Therefore, the importance in modeling embedded chains 
of mooring line and the parameter sensitivity should be 
investigated to better understand the structural response of 
mooring line with embedded chains. And the influence of 
embedded chains on the dynamic response of offshore fish 
farm should be evaluated to provide a basis for the design 
of embedded anchors. In this study, the performance of 
mooring line including embedded chains is predicted using 
the lumped-mass method. The effect of embedded chains 
on the structural response of mooring line is quantified 
by the proposed numerical model. And the sensitivity of 
the response of mooring line with embedded chains to the 
variation of parameters, including initial pretension level of 
mooring line, soil shear strength gradient and the multipliers 
in soil resistance, is conducted in static and dynamic analysis. 
Furthermore, the dynamic response of mooring system for net 
cage system is investigated considering the effect of embedded 
chains.

NUMERICAL SIMULATION

To provide a better understanding of the performance 
of embedded chains in mooring system and help improve 
the future prediction for the structural response of open 
sea fish farm, a numerical model for mooring line including 
embedded chains (as depicted in Fig. 1) is developed based 
on the lumped mass method in this study.

Fig. 1 Definition of the mooring line considering embedded chains

LUMPED MASS MODEL

The lumped mass method is used to model the structural 
behavior of mooring line with embedded chains. And only 
tension effect of mooring line is considered ignoring bend 
and torsion effects and the mooring line is assumed to be 
anchored to the fixed embedded anchors.

In the proposed numerical model, the entire mooring line 
is divided into numerous elements to calculate the dynamic 
behavior of mooring system, as depicted in Fig. 2. An element 
is composed of two end nodes and a mass-less spring. Mass of 
each element is concentrated at the end nodes and the mass 
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nodes are connected by the elastic spring without mass. The 
tension force at the two ends of each element becomes the 
concentrated load acting on the corresponding end nodes. 
And the external forces on each element are calculated first 
and then evenly distributed to the corresponding end nodes. 
More details about the lumped mass method can refer to many 
references, e.g. Huang et al. 2006, Surendran and Goutam 
2009, Masciola et al. 2011 and Hall and Goupee 2015).

Fig. 2 Schematic of mass-spring model for mooring line

HYDRODYNAMIC LOADS ON MOORING LINE

A local coordinate system (o’-τ-η-ξ) (see Fig. 3) is defined 
to describe the direction of the hydrodynamic forces acting 
on elements. Concerning the local coordinate system o’-τ-η-ξ, 
the η-axis lies on the plane that includes the τ-axis and V, and 
the velocity vector of the water particle at the mid-point of 
the element can be divided into τ (tangential) and η (normal) 
components. The scattering effect of the net twine on the flow 
field can be neglected because the diameter of net twine is 
relatively small compared with the characteristic wave length. 

Fig. 3 Schematic of the local coordinate system for an element j of suspended 
rope

Thus, it is appropriate to calculate the wave loads on the 
net using the modified Morison equation considering the 
relative motion between net element and flow field,

(1)

where Fη and Fξ are the normal components of external 
forces on the net twine, and Fτ is the tangential component 

of external forces on the net twine;   is the fluid 
particle velocity vector at the element center;  
is the central velocity vector of element;   is 
the fluid particle acceleration vector at the element center;  

 is the central acceleration vector of element; 
ρ is the density of water; V0 is the water displaced volume of 
an element; Aτ, Aη and Aξ are the effective projected areas of 
an element in the direction of the τ, η and ξ components, 
respectively; CDτ, CDη and CDξ are the drag coefficients in the 
direction of the τ, η and ξ components, respectively; Cmτ, Cmη 
and Cmξ are the added mass coefficients in the direction of 
the τ, η and ξ components, respectively.

For the suspended-part of mooring line in water, the 
hydrodynamic coefficients are calculated using a method 
described by Choo and Casarella 1971:

(2)

        (3)

where Reη=ρVRηD/μ; s=-0.077215665+ln(8/Reη); μ is the 
viscosity of water; Cη and Cτ are the normal and tangential 
drag coefficients for mesh bar; VRη is the normal component 
of the fluid velocity relative to the bar; ρ is the density of water 
and is assumed as 1000 kg/m3.

SOIL RESISTANCE ON EMBEDDED CHAINS

A segment for embedded chains in clay soil is presented 
in Fig. 4. The soil resistance consists of two components: the 
normal resistance Q and the tangential resistance F. 

Fig. 4 Force sketch of embedded chains in soil

According to Skempton 1951 and Gault and Cox 1974, the 
soil resistance per unit length of embedded chains for clay 
soils can be expressed as,

                          (4)

where En and Eτ are the multipliers for the effective width 
in the normal and tangential directions; d is the nominal 
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diameter of embedded chains; su is the undrained shear 
strength of soil (Yen and Tofani 1984); Nc is a bearing 
capacity factor and set as 7.6 for simplicity (Skempton 1951, 
Degenkamp and Dutta 1989). Degenkamp and Dutta 1989 
recommended the values of En and Eτ for the chains as 2.5 
and 8.0, respectively. The undrained soil shear strength is 
proportional to the embedded depth,

                                  (5)

where su0 is the soil shear strength at the seabed level; k is 
the soil shear strength gradient; z is the depth measured 
from the seabed level downwards. In this study, su0 = 0.0 kPa 
(Neubecker and Randolph 1995, Liu et al. 2014, Xiong et al. 
2016, Racha et al. 2016) and k = 1.45 kPa/m (Andersen et 
al. 2005).

TENSION ON MOORING LINE

The mooring line usually consists of fiber rope and 
embedded chains. The embedded chain located at the lower 
part of mooring line is linked to the embedded anchors to 
avoid the decrease in the strength due to excessive friction 
with the sea floor. The material of fiber rope is polypropylene 
(PP) and the material of mooring chains is steel. The elasticity 
relationship of fiber rope is T=3.52(ΔS/S)1.132, where T is the 
tension on fiber rope with the unit of MN; ΔS is the elongation 
of fiber rope; S is the initial length of fiber rope (referring to 
Xu 2014). The tension on mooring chains can be calculated 
through T=284.2(Δl/l), where T is the tension on chains with 
the unit of MN; Δl is the elongation of chains; l is the initial 
length of chains.

MOTION EQUATION

The forces on the element are distributed to the end 
nodes evenly after calculating the hydrodynamic loads, soil 
resistance and tension force on each element in the local 
coordinate system, and then the force on the nodes in the local 
coordinate system are transformed into the global coordinate 
system. According to the Newton’s second law, the motion 
equation for the lumped mass point is given as

                       (6)

where M is the mass of the lumped mass point;   is the 
acceleration vector of the mass center of the lumped mass 
point;  is the elastic tension vector between the lumped mass 
points;  is the gravity force on the lumped mass point;  
is the environmental force acting on the lumped mass point. 
The environmental force on suspended fiber rope is composed 
of the drag force, inertia force and buoyant force in water, 
while the environmental force on embedded chains consists of 
the soil resistance and the buoyancy force in soil (Degenkamp 
and Dutta 1989). Runge-Kutta-Verner fifth-order and sixth-
order method is adopted to solve the equations. More details 

about the motion equation of lumped mass points can refer 
to Xu et al. 2013.

VALIDATION OF THE NUMERICAL MODEL

In order to validate the proposed numerical model, 
the analytical solutions and the experimental results for 
investigating the structural response of mooring line from 
previous researches are compared with the numerical results 
in static analysis and dynamic analysis, respectively.

STATIC ANALYSIS 

The validations are performed for the static response 
of embedded chains and suspended rope. Referring to 
Neubecker and Randolph 1995, the analytical form for the 
profile of embedded chains is written as Eq. (A.3) shown in 
Appendix A. Fig. 5 presents the profiles of embedded chains 
for different chain angles θo at the seabed obtained from the 
numerical model and the analytical formulation, where the 
non-dimensional tension at the anchor point is T*=4 and 
T*=20. A good agreement is obtained, and thus the proposed 
model is reasonable to calculate the profile and static tension 
response of embedded chains.

a)

b)

Fig. 5 Profiles of embedded chains for different chain angles at seabed: (a) 
T*=4; (b) T*=20
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In addition, the static response of suspended rope is 
validated by catenary equation when the elongation is 
insignificant. The sketch of and the force acting on catenary 
curve is shown in Fig. 6. According to Cella 1999, the analytical 
form for the static response of catenary curve is listed in 
Appendix B. The configuration of fiber rope suspended in 
water can be calculated by Eq. (B.4) and the tension at the 
top end is obtained by Eq. (B.6). Here, the length of fiber 
rope is 80.0 m and the wet weight per unit length is 9.1 N/m.

a)

b)

Fig. 6 Catenary curve: (a) the sketch; (b) the forces

Fig. 7 Comparison of fiber rope profiles between the numerical simulations 
and analytical results

Fig. 7 shows the profiles of fiber rope with the variation 
of the horizontal distance d, which are calculated from the 
numerical simulations and analytical method. The results 
show a good agreement of the profile of fiber rope is achieved 
for different horizontal distances. In addition, the tension 
at the top end of fiber rope is listed in Table 1. It reveals 
that the static tension on suspended rope could be estimated 
accurately through the numerical simulations. Therefore, 
our proposed numerical model is available and appropriate 
to predict the configuration and static tension response of 
suspended rope.

Tab. 1 Top end tension on fiber rope for different horizontal distances
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58.0
Numerical 386.7 748.1 842.2

0.89
Analytical 393.6 753.0 849.2

60.0
Numerical 552.9 854.6 1017.8

0.86
Analytical 555.2 863.6 1026.7

62.0
Numerical 1296.3 1430.9 1930.7

3.47
Analytical 1354.1 1472.0 2000.1

DYNAMIC ANALYSIS

The dynamic behavior of suspended mooring line is 
validated by the experimental results by Chen et al. 2001 
through the forced oscillation tests in this context. The 
mooring line is anchored at the bottom and a prescribed 
unidirectional harmonic motion is excited on the top end. 
The brief description of the process is given below.

The mooring line is composed of mooring chains with a 
spring inserted in the middle position. The water depth of 
223.5 m was applied in tests and the main physical properties 
of mooring line are given in Table 2. And the in-plane regular 
oscillations at the top end with the amplitudes and periods 
listed in Table 3 were conducted in the numerical model. The 
amplitude ratio is defined as the ratio of the average of peak-
to-peak line tension to the average of peak-to-peak top-end 
motion. Comparisons of the amplitude ratios with the 
variation of the frequency between the numerical simulations 
and experimental results in Chen et al. 2001 are shown in 
Fig. 8. It demonstrates that the numerical results are in a 
good agreement with the experimental results in the entire 
frequency range included in Table 3. This indicates that the 
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present numerical model is quite reasonable to predict the 
dynamic tension response of mooring line.

Fig. 8 Line tension per unit amplitude with the variation of the frequency in 
oscillation tests

Tab. 2 Properties of mooring line in physical tests (Chen et al. 2001)

Component Item Value

Chain

Nominal diameter (m) 0.2
Chain length (m) 635

Mass per unit length (kg/m) 834.1
Elastic stiffness (kN)

Hydrodynamic coefficient CDt

Hydrodynamic coefficient CDn

Hydrodynamic coefficient CMt

Hydrodynamic coefficient CMn

2.98×107

0.6
3.2
0.6
2.8

Inserted 
spring

Position of the spring In the middle
Unstretched length (m) 48.8

Elasticity (kN/m) 56.5
Mass per unit length (kg/m) 1185.6

Pretension (kN) 4453.7

Tab. 3 Harmonic oscillation parameters in physical tests (Chen et al. 2001)

No. of test Amplitude (m) Period (s)

1 0.9144 4.0

2 0.9144 5.0

3 0.9144 6.0

4 4.572 8.0

5 6.096 10.0

6 9.144 12.0

7 9.144 14.0

8 9.144 16.0

9 9.144 25.0

10 36.576 50.0

11 36.576 150.0

RESULTS AND DISCUSSION

Numerical simulations are conducted to investigate 
the structural response of mooring line with embedded 
chains: first, the effect of embedded chains on the response 
of mooring line is investigated by the proposed numerical 
model; second, the parameter sensitivity for mooring line 
with embedded chains is calculated in static and dynamic 
analysis; finally, the dynamic response of net cage system 
including the soil resistance is adopted to evaluate how much 
influence of embedded chains.

The mooring line is installed in 50 m water depth. In the 
numerical model, the mooring line is discretized into 50 
elements and half of them are allocated to chains. And most 
of chains are assumed to be buried in soil. The wet unit weight 
of soil is 18.80 kN/m3 to obtain the effective chain weight in 
soil (Degenkamp and Dutta 1989). The parameters of mooring 
line in the numerical simulations are tabulated in Table 4. 
The top end of mooring line is located at a depth of 5 m below 
the water surface level to be consistent with the parameters 
of anchor line for net cage system.

Tab. 4 Parameters of mooring line in the numerical simulations

Component Parameter Value

Suspended rope

Diameter (m)
Density (kg/m3)

Material
Rope length (m)

Elastic coefficient (MN)
Initial pretension (kN)

0.091
953
PP

57.6
3.52

138.1

Embedded chains

Diameter (m)
Density (kg/m3)

Material
Chain length (m)

Elastic coefficient (MN)
Initial pretension (kN)

0.030
7850
Steel
6.4

284.2
0.0

THE INFLUENCE OF EMBEDDED CHAINS ON THE 
RESPONSE OF MOORING LINE

Five cases are investigated to quantify the influence of 
embedded chains on the response of hybrid mooring line in 
static and dynamic analysis in this section. Fig. 9 shows the 
schematic diagram of Case 0, Case A, Case B, Case C and 
Case D. The reference case considering the effect of embedded 
chains is denoted as Case 0 and the anchor point is located 
at the point C in Fig. 9. And Case A, Case B, Case C and Case 
D represent different simplified positions (points A, B, C and 
D in Fig. 9 correspondingly) for the anchor point around the 
seabed level ignoring the impact of the soil resistance, where 
the lengths of mooring line are always 64.0 m. The effect of 
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embedded chains on static and dynamic response of mooring 
line is discussed as follows.

Fig. 9 Schematic diagram of Case 0, Case A, Case B, Case C and Case D

Static analysis

Tab. 5 Parameters of simplified fish cage system

Component Parameter Value

Outer circle

General diameter (m) 42.3

Pipe diameter (m)
Thickness (m)

0.625
0.0325

Density (kg/m) 71.0

Material HDPE

Inner circle

General diameter (m) 39.8

Pipe inner diameter (m)
Thickness (m)

0.625
0.0325

Density (kg/m) 71.0

Material HDPE

Bottom ring

Diameter (m)
Pipe diameter (m)

Density (kg/m)
Material

39.8
0.15

25.3125
HDPE

Sinker
Diameter (m)

Mass of each sinker (kg)
Number

0.075
228.125

10

Rigid frame

Diameter (m)
Thickness (m)

Width (m)
Height (m)

Density (kg/m)

0.625
0.042
29.0
25.0
71.0

Mooring line
Anchor line length (m)
Bridle line length (m)
Buoy line length (m)

64.0
20.5
5.0

Figs. 10 and 11 show the profiles and static tension response 
of mooring line calculated from the numerical model in Case 
0, Case A, Case B, Case C and Case D. 

Fig. 10 Profiles of hybrid mooring line in five cases

Fig. 11 Static tension force at the anchor point and the top end of mooring line

Obviously, the mooring line remains slack in Case A and 
Case B, and this leads to a small magnitude of tension force 
at both the anchor point and the top end. And the tension 
force at the anchor point and the top end of mooring line in 
Case D is significantly less than that in Case 0. Provided that 
the load acting on embedded anchors and offshore structures 
is equivalent to the tension force at the anchor point and the 
top end of mooring line, it is not reasonable by simplifying 
the mooring line as Case A, Case B and Case D to obtain the 
corresponding response of embedded anchors and offshore 
structures. Although the profile and the static tension in 
Case C are the nearest to those in Case 0, the difference of 
the tension at the anchor point between Case 0 and Case C 
could be up to 9.14%. This indicates that the load on embedded 
anchors predicted in Case C will be overestimated if neglecting 
embedded chains. It is noted that Case A, Case B, Case C 
and Case D fail to provide an acceptable result of the static 
response of mooring line regardless of the soil resistance. 
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Thus, the simulation of embedded chains in soil is beneficial 
to estimate the load on embedded anchors more accurately 
in design for practical engineering. If the static tension on 
the anchor point is estimated by Case C at the initial design 
phase, the safety factor of 1.09 should be included.

Dynamic analysis
The time history of dynamic tension response for hybrid 

mooring line is shown in Fig. 12, when the amplitude and 
period in harmonic oscillation are 4.0 m and 4.5 s.

a)

b)

Fig. 12 Tension histories of mooring line at: (a) anchor point; (b) top end

The results reveal that the maximum tension at the top end 
of mooring line in Case 0 and Case C has little difference, 
whereas the maximum tension at the anchor point in Case 
C is overestimated. For Case A, Case B and Case D, it may 
be too dangerous to obtain the load acting on embedded 
anchors ignoring the effect of embedded chains. And the 
crest and trough of the tension history of mooring line in 
Case A, Case B and Case D is extremely asymmetrical. This 
indicates the slack of mooring line in Case A, Case B and 

Case D could induce the nonlinearity of tension response of 
mooring line. It can be concluded that Case A, Case B, Case 
C and Case D may result in an un-reasonable evaluation 
for the dynamic response of mooring line and embedded 
anchors. Therefore, the soil resistance on embedded chains 
is critical to the dynamic tension on mooring line and should 
be comprehensively investigated for the design of embedded 
anchors. At the initial design phase, the safety factor of 1.05 
should be included to evaluate the maximum tension on the 
anchor point by Case C.

PARAMETER STUDY

In this section, the configuration and the tension response 
of mooring line with embedded chains are investigated to 
evaluate the effect of the variation of parameters, including 
initial pretension level of mooring line, soil shear strength 
gradient and the multipliers in soil resistance. The amplitude 
and period of harmonic oscillation in dynamic analysis are 
4.0 m and 4.5 s.

Fig. 13 Profiles of mooring line for different initial pretension levels

Fig. 14 Attachment angle of embedded chains with the variation of the initial 
pretension
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Initial pretension level
The initial pretension level may affect the structural 

behavior of mooring line with embedded chains in static 
and dynamic analysis. The initial pretension investigated in 
this section involves the values of 138.1 kN, 257.3 kN, 394.3 
kN, 549.7 kN and 725.2 kN for suspended rope. And the 
attachment angle θ (shown in Fig. 1) is defined as the angle 
of inclination of embedded chains at the anchor point, which 
is of vital importance to determine the mode failure and the 
embedded performance of embedded anchors. Fig. 13 shows 
the static configurations of mooring line and Fig. 14 presents 
the corresponding attachment angles of embedded chains 
with the variation of the initial pretension level. It can be 
inferred that the larger initial pretension of mooring line 
makes embedded chains tauter. As described in Fig. 14, the 
increase of initial pretension of mooring line results in the 
sharp decrease of the attachment angle of embedded chains 
substantially. This demonstrates that the initial pretension 
of mooring line may have a non-negligible influence on the 
attachment angle of embedded chains and may lead to a 
significant variation of the vertical tension on embedded 
anchors. 

a)

b)

Fig. 15 Time history of mooring line tension at: (a) anchor point; (b) top end

Fig. 15 presents the time history of tension force on 
mooring line for different initial pretension levels, where the 
static tension at the anchor point and top end is subtracted 
correspondingly. The crest and trough of the tension history 
of mooring line becomes gradually symmetrical with the 
increase of the initial pretension. This indicates that the 
nonlinear effect of tension history of mooring line becomes 
weaker with a larger initial pretension due to the tauter 
embedded chains (shown in Fig. 13). And the tauter embedded 
chains the larger tension at the anchor point of mooring 
line. In addition, when the initial pretension of mooring line 
increases, the maximum tension force at the anchor point of 
mooring line has almost a linearly upward trend as seen from 
Fig. 15. Therefore, the initial pretension of mooring line is 
beneficial to make embedded chains tauter, and thus the mean 
offset of fish cage system could be limited in an acceptable 
range to meet the design requirement of mooring system. 
However, the load capacity of embedded anchors would 
increase and enhance the cost of embedded anchors. Thus it 
is crucial to select an appropriate value of initial pretension 
of mooring line to achieve a balance between the safety of net 
cage and the economic cost of embedded anchors in context 
of the safety of the offshore net cage system.

Soil shear strength gradient
Since the soil resistance in Eq. (4) is proportional to the soil 

shear strength in Eq. (5), it is of great importance to investigate 
the sensitivity of the structural response of mooring line in 
static and dynamic analysis with respect to the soil shear 
strength gradient. In this section, soil shear strength at the 
seabed level su0= 0.0 kPa is always used, whereas the soil shear 
strength gradient k changes with different hypothetical cases.

The soil shear strength gradient varies from 0.725 kPa/m 
to 3.625 kPa/m with a constant increment of 0.725 kPa/m, 
and the corresponding static and dynamic results of mooring 
line are shown in Fig. 16. The results indicate the profile and 
maximum tension force at the anchor point of mooring line 
is significantly sensitive to the variation of the soil shear 
strength gradient. With the decrease of the soil shear strength 
gradient, the embedded chains become gradually tightened. 
And the attachment angles of embedded chains are 57.8°, 
64.5°, 70.6°, 76.5° and 82.4° for soil shear strength gradient 
from 0.725 kPa/m to 3.625 kPa/m. It is demonstrated that 
the mooring line development has great sensitivity to the soil 
shear strength gradient. Fig. 16b illustrates that the maximum 
tension at the top end of mooring line is more significant 
than that at the anchor point, especially for a large soil shear 
strength gradient. This may be a consequence of being the 
embedded part of mooring line supported by soil, while the 
un-embedded part is kept taut under a large tension. When the 
soil shear strength gradient increases, the maximum tension 
force at the anchor point of mooring line has a significant 
downward trend, while the maximum tension force at the 
top end has a slight upward trend. Different from a larger 
tension on the tauter embedded chains as mentioned above, 
the increase of the soil resistance results in the decrease of the 
tension at the anchor point of embedded chains on the basis 
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of the principle of the equilibrium of internal and external 
forces. The relative difference of the maximum tension at 
the anchor point of mooring line for the soil shear strength 
gradient between 0.725 kPa/m and 3.625 kPa/m could be up to 
10.44%. This indicates that the soil shear strength gradient is 
dominant for the load carrying capacity of embedded anchors 
in the design. Thus the soil shear strength gradient should be 
determined carefully through the geological survey before the 
design of the fish farm for predicting the tensile capacity of 
embedded anchors and the mooring performance accurately.

a)

b)

Fig. 16 Response results of mooring line: (a) profiles; (b) maximum tension 
force

Multipliers in soil resistance
Based on the principle of the equilibrium of internal and 

external forces, the variation of normal soil resistance for 
different multipliers may affect the mooring line development 
and the tension response of mooring line. The value of En 
is recommended as 1.0 and 2.5 for cables and chains, and 
the value of Nc rises from 5.1 at the seabed to 7.6 at a chain 
depth of 6d (d is the nominal diameter of embedded chains) 
(Degenkamp and Dutta 1989). In this section, the sensitivity 
of the static and dynamic response of mooring line to the 

variation of the product of En, Nc is investigated to evaluate 
the effect of normal soil resistance.

a)

b)

Fig. 17 Sensitivity to the value of En·Nc: (a) mooring line profile; (b) attachment 
angle

Fig. 17 shows the configuration and the corresponding 
attachment angle of mooring line with the variation of the 
value of En·Nc. The results demonstrate that the embedded 
chains supported by soil become slack apparently and the 
attachment angle of embedded chains increases approximately 
linearly with the increase of the value of En·Nc. And Fig. 18 
presents the tension response of mooring line for different 
values of En·Nc. This indicates that there is no significant 
difference between the tension at both the anchor point and 
top end of mooring line for different normal soil resistance. 
However, the vertical component of the tension on embedded 
anchors may reach the allowable maximum, due to the large 
inclination angle at the anchor point of mooring line with 
increasing value of En·Nc. This indicates that it is conservative 
to consider the effect of embedded chains with the large value 
of En·Nc to obtain the vertical component of the tension on 
embedded anchors. Thus, the impact of normal soil resistance 
is significant on the mooring line development and the 



POLISH MARITIME RESEARCH, No 4/2018 93

vertical component of the tension on embedded anchors and 
should be included during the design phase of mooring 
system.

Fig. 18 Sensitivity of the tension on mooring line to the value of En·Nc

DYNAMIC ANALYSIS OF NET CAGE SYSTEM WITH 
EMBEDDED CHAINS

In this section, a full dynamic analysis of mooring system 
for net cage in the open sea is conducted and the moored fish 
cage system was installed in 50 m water depth. Following 
previous works (Xu et al. 2014), this study adopted the self-
developed numerical model based on the lumped-mass 
method and rigid body kinematics principle to obtain the 
dynamic response of net cage and mooring system. The net 
cage and mooring system is composed of a gravity cage and 
a single-point mooring system with a frontal rigid frame, 
as shown in Fig. 19. The fish cage consists of float collar, net 
pen, bottom ring and sinkers. The cage net is made of PE 
with a mass density of 953 kg/m3. There are 90 meshes in 
the circumferential direction and 12 meshes in the depth 
direction. The net is knotless, with a mesh size of 29.25 
mm and a twine thickness of 1.80 mm. When mounted as 
diamond meshes, the net forms an open vertical cylinder with 
a diameter of 39.8 m and a height of 22.5 m. The anchor line 
is composed of embedded chains and fiber rope and the main 
properties have been listed in Table 4. The detailed parameters 
of fish cage and mooring system are given in Table 5.

In this section, Case 0 and Case C mentioned in Section 
4.1 are adopted as the anchor line of net cage system (see Fig. 
19b) and the cases are correspondingly denoted as Case S0 
and Case SC to evaluate the effect of embedded chains. Here 
the wave-frequency excitation with the wave height of 4.0 m 
and period of 4.5 s is employed for a certain probability of 
occurrence at Bohai bay area in one year according to Global 
Wave Statistics Online (www.globalwavestatistics.com). Fig.20 
provides the maximum tension force on mooring system in 
single-cage system in Case S0 and Case SC, including bridle 

lines, anchor lines and buoy line. Anchor-1 and Anchor-2 are 
described as the pad-eye point and the top end of anchor line.

a)

b)

Fig. 19 Schematic of: (a) open sea fish farm system; (b) net cage system`

As shown in Fig. 20, the soil resistance on embedded 
chains has a negligible effect on the maximum tension on 
bridle lines and buoy line. And for net cage, the maximum 
volume reduction factor in Case S0 and Case SC are 7.15% and 
7.14%. The insignificant difference of the dynamic response 
of net cage between considering and neglecting the effect 
of embedded chains may be attributed to the insignificant 
variation of the tension response at the top end of anchor line 
(see Fig. 20). Due to the insignificant force transmission from 
the anchor line, the dynamic response of the upper structure 
is almost uninfluenced by embedded chains. However, the 
difference of maximum tension at the pad-eye point of anchor 
line between Case S0 and Case SC is 8.19%. And the tension 
response at the pad-eye point in Case S0 is significantly less 
than that in Case SC, consistent with the results in Section 
4.1. The results indicate that the existence of soil resistance 
should not be neglected for estimating the load acting on 
embedded anchors precisely.
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Fig. 20 Maximum tension on mooring system of Case S0 and Case SC

In addition, the dynamic response at the pad-eye point of 
anchor line for multi-cage system is investigated considering 
the anchor line with and without embedded chains as Case 
0 and Case C. And the cases for the double-cage system and 
four-cage system (shown in Fig. 21) with anchor line in Case 
0 and Case C are denoted as Case D0, Case DC and Case F0, 
Case FC, respectively.

a)

b)

Fig. 21 Schematic of: (a) double-cage system; (b) four-cage system

Fig. 22 shows the tension histories at the pad-eye point of 
anchor line in Case S0, Case SC, Case D0, Case DC, Case F0 
and Case FC. The maximum tension on anchor line for multi-
cage system is more remarkable than that for single-cage 
system. The relative difference of the maximum tension on 
anchor line between Case D0 and Case DC is 5.62%, while 
the relative difference of the maximum tension between Case 
F0 and Case FC is 4.02%. The decrease of the relative difference 
of tension response may be attributed to the decreasing 

proportion of the soil resistance to the external load with the 
growth of the scale of net cage system. And the interaction 
of soil and embedded anchors would be dominant for the 
safety of embedded anchors and the large-scale system in 
service.

Fig. 22 Tension histories of anchor line at the anchor point

While the mooring line undergoes cyclic environmental 
loads in service, the embedded chains will have a cyclic 
motion due to the top end motion and cause the degradation 
of the soil shear strength around embedded anchors. And 
the embedded chains and seabed interaction will induce the 
soil trenching near embedded anchors as the soil experiences 
the cycles of loading and unloading. However, it can be seen 
from Fig. 22 that the load on embedded anchors would be 
more significant after the trenching phenomenon appears. 
Meanwhile, the surrounding soil of embedded anchors will be 
remolded and may decrease the holding capacity of embedded 
anchors. As a consequence, the embedded anchors would 
move and may be even pulled out, which is undesirable during 
the operation of offshore structures. Thus it is essential to 
include embedded chains into anchor line and propose a full 
coupled model to estimate the interaction among mooring 
system, embedded anchors, soil and offshore net cage system 
in the future work.

CONCLUSIONS

A numerical model for hybrid mooring line considering 
embedded chains in soil is developed. The proposed numerical 
model was validated by analytical formulations in static 
analysis and experimental results in dynamic analysis, 
respectively. The results indicate that our numerical model 
is available to predict the structural response of mooring line 
with embedded chains. Several conclusions can be drawn 
as follows:

The simplified cases of mooring line ignoring the effect 
of embedded chains, including Case A, Case B, Case C and 
Case D, would result in an un-reasonable evaluation for the 
static and dynamic response of mooring line and embedded 
anchors, and it is essential to select an appropriate safety 
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factor using the simplified model at the initial design stage. 
In parameter sensitivity study, initial pretension of suspended 
rope and the soil shear strength gradient have a significant 
effect on mooring line development and the load acting on 
embedded anchors. For single-cage system, the difference 
of the maximum tension at the pad-eye point of anchor line 
between Case S0 and Case SC could be up to 8.19%. And 
the corresponding difference for double-cage and four-cage 
system is 5.62% and 4.02%.The reduction of the impact of 
embedded chains may be attributed to the smaller proportion 
of the soil resistance to the external load for the larger-
scale net cage system. However, the interaction of soil and 
embedded anchors for the multi-cage system may increase, 
and the trenching phenomenon may appear resulting in the 
decrease of the soil shear strength and capacity of embedded 
anchors. In the future work, the interaction with embedded 
chains, soil and embedded anchors for net cage system in the 
open sea and how to improve the safety condition deserves 
to be further studied.
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APPENDIX A ANALYTICAL FORM FOR STATIC 
RESPONSE OF EMBEDDED CHAINS

According to Vivatrat et al. 1982, the differential equations 
of embedded chains are

                (A. 1)

where W is the wet weight per unit length of chains; θ is the 
angle from the chains to the horizontal axis; T is the chain 
tension; l is the distance along the chains, starting at the anchor 
point; F and Q are the normal and tangential components of 
soil resistance on chains, respectively. Considering the small 
attachment angle assumption and ignoring the chain weight 
(referring to Neubecker and Randolph 1995), the analytical 
expression of the profile for embedded chains can be written 
as,

                       (A. 2)

where x* and z* are the horizontal and vertical coordinates 
normalized by the attachment depth D; θo is the chain 
angle at the seabed; T* is the non-dimensional tension at 
the attachment point,  . Thus the profile can be 
expressed as,

                   

(A. 3)

APPENDIX B ANALYTICAL FORM FOR STATIC 
RESPONSE OF CATENARY CURVE

The global coordinate system and the sketch of catenary 
curve are shown in Fig. 6a. Points AA, BB and CC represent 
the anchor point, the top end and the virtual sag point, 
respectively. According to the derivation in Cella 1999, the 
formulas are shown as follows,

       (B. 1)

                      (B. 2)

               (B. 3)

where d is the horizontal distance between the top end and 
the anchor point; v is the vertical distance between the top 
end and the anchor point; l is the length of catenary curve; g 
is the distance between the top end and the virtual sag point 
of catenary curve; x’ is the abscissa value of the top end in the 
global coordinate system; y’ is the ordinate value of the top end 
in the global coordinate system; c is the ordinate value of the 
virtual sag point of catenary curve in the global coordinate 
system; sinh(·) and cosh(·) are the hyperbolic sine and cosine 
functions; atanh(·) is the arc-hyperbolic tangent function.

In this study, the variables v, d and l in Fig. 6a are known 
a priori. From Eq. (B. 1), the parameter c can be obtained by 
Newton-Raphson method. Subtracting c into Eq. (B. 2), the 
x’ is calculated. Then the variable g is yielded by Eq. (B. 3). 
Therefore, the profile of the catenary curve can be calculated 
by,

          (B. 4)

where x and y is the abscissa and ordinate values of the top 
end in the local coordinate system, respectively. The origin 
of the local coordinate system is located at the anchor point. 
The horizontal and the vertical components of the tension 
on catenary curve at the top end are

                   (B. 5)

where w is the wet weight per unit length of catenary curve. 
Thus the total tension on catenary curve at the top end is

                    (B. 6)
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ESTIMATION OF BUCKLING RESPONSE OF THE DECK PANEL 
IN AXIAL COMPRESSION
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ABSTRACT

In this work, buckling strength assessment of a deck of a double hull oil tanker is carried out using the non-linear 
finite element code ADVANCE ABAQUS. The comparisons are performed with the Det Norske Veritas (DNV-GL) 
PULS (Panel Ultimate Limit State) buckling code for the stiffened panels, DNV-GL Classification Notes (CN) No.30.1 
and the DNV-GL Ship Rules.
The case studied corresponds to axial compression. Two levels of imperfection tolerances are analyzed, in accordance 
with the specifications in the DNV-GL Instruction to Surveyors (IS) and the DNV-GL Classification Notes No. 30.1. 
Both “as built” and DNV–GL Rule “net” dimensions are analyzed.
The strength values from ADVANCE ABAQUS and PULS are very close. DNV-GL CN 30.1 is in conservative side, 
but the strength differences between the “as built” and “net” dimension cases are consistent with the finite element 
analysis results. 
This paper gives a brief description of the background for the stiffened panel models used in PULS, and comparison 
against non-linear FE analysis, and DNV-GL Classification Society Rules. The finite element code ADVANCE ABAQUS 
is employed in a non-linear buckling analysis of a stiffened deck panel on a double skin tanker that is subjected to 
a Condition Assessment Program (CAP) hull survey. The aim of the analyses has been to validate and compare the 
buckling capacity estimates obtained from PULS, DNV-GL Classification Notes No.30.1 (CN 30.1) and the DNV-GL 
Ship Rules. 

Keywords: buckling failure; non-linear finite element analysis; deck panel; initial imperfection; collapse mechanism

INTRODUCTION

Ship and offshore structures are basically an assembly of 
plate elements and estimation load-carrying capacity or the 
ultimate strength is one of the most important criterion for 
estimated safety assessment and rational design on the ship 
structure. In addition, structural elements making up ship-
plated structures do not work individually under external 
load. One of the critical collapse events of a ship structure is 
the occurrence of overall buckling and plastic collapse of deck 
structure subjected to longitudinal bending. Hence, the deck 
plates are reinforced by a number of longitudinal stiffeners 
to increase their strength and load-carrying capacity. For 
a rational design avoiding such a sudden collapse, it is very 

important to know the buckling response and collapse pattern 
of the stiffened plate subjected to axial compression.

Stiffened panels’ structural response under compressive 
loading is a topic of significant practical interest in ship 
design. This applies for the detail design phase as well as for 
ships in the service phase for which a trustworthy  strength 
and safety margin assessment are of paramount importance.    
It is well known that post buckling and ultimate strength 
limits only can be treated in a consistent manner using non-
linear plate theory. This fact has for many decades been an 
obstacle for practising engineers and designers since resort 
to advanced and time consuming non-linear finite element 
programs and expert judgements were a prerequisite for 
assessing the strength of critical elements. However, with 
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the recent development of computers, it has become feasible to 
make use of buckling models based on non-linear plate theory.  
By introducing semi-analytical computerized ultimate 
strength models into ship and offshore rules and standards, 
engineers and designers will improve their understanding 
of non-linear structural response. The result will be more 
optimal and robust design solutions with more effective use 
of the material and improved control of the actual safety 
margins against failure. Corrosion margins and minimum 
thickness requirements for ships in service can be prescribed 
with larger confidence than hitherto possible with simpler 
and more traditional curve fitting methods.  

Ko et al. [1] performed a series of FEM elastoplastic large 
deflection analyses on a stiffened plate with flat-bar, angle-bar 
and tee-bar stiffeners to examine numerically characteristics 
of buckling and ultimate strength behavior according to 
the analysis method of ship’s stiffened plate subject to axial 
loading. 

Ozguc et al. [2] developed the new simple design equations 
for predicting the ultimate compressive strength of stiffened 
plates with initial imperfections in the form of welding-
induced residual stresses and geometric deflections were 
developed in the study. To perform ANSYS elastic-plastic 
buckling analyses, a non-linear finite element method was 
employed, where a wide range of typical ship panel geometries 
such as 60 different models was accounted for. Reduction 
factors of the ultimate strength were produced from the results 
of 60 ANSYS inelastic finite element analyses. The accuracy 
of the proposed equations was validated by the experimental 
results. Comparisons indicated that the adopted method had 
sufficient accuracy for practical applications in ship design.

Paik et al. [3] concentrated on methods for the ultimate limit 
state assessment of stiffened plate structures under combined 
biaxial compression and lateral pressure actions considering 
the bottom part of an AFRAMAX-class hypothetical double-
hull oil tanker structure. Three methods, namely ANSYS 
nonlinear finite element method, DNV-GL PULS method, 
and ALPS/ULSAP method were used. 

Chaithanya et al. [4] evaluated the behavior of stiffened 
plates with different distortion levels in order to address 
a  rational structural design procedure, as pre-existing 
and fabrication-related initial geometrical distortion from 
a structural design point of view. Non-linear finite element 
(FE) analysis using ABAQUS was carried out under axial 
loading condition to predict the behaviour and the buckling 
strength.

Xu and Soares [5] simulated numerically the behaviour 
of stiffened panels under uniaxial compression until 
collapse and beyond, and then compared with tests made to 
investigate the influence of the stiffener’s geometry and the 
boundary conditions. The stiffened panel models have three 
longitudinal bays to produce reasonable boundary conditions 
in the longitudinal direction. The material and geometric 
nonlinearities were accounted for in the FE analyses. The 
initial geometric imperfections, which affect significantly the 
collapse behaviour of stiffened panels, were assumed to have 
the shape of the linear buckling mode. Four types of stiffeners 

were made of mild or high tensile steel for bar stiffeners and 
mild steel for ‘L’ and ‘U’ stiffeners to investigate different 
material and geometry configurations, and four boundary 
conditions were analyzed.

Tekgoz et al. [6] analyzed the effect of different finite 
element models on the ultimate strength assessment of 
stiffened plates, where the effect of element size, and type, 
boundary conditions, shape of initial imperfecation, thickness 
and net sectional configurations were accounted for. Four 
different finite element models and different structural 
configurations were compared to the solution described by 
the Common Structural Rules (CSR). 

Cho et al. [7] proposed ultimate strength formulation for 
stiffened plates. The formulation was developed by a regression 
study using the parametric study results. The accuracy and 
reliability of the proposed formulation were compared with 
those of commercial packages, such as ABAQUS and DNV-GL 
PULS, and experimental results.

Zhang [8] presented a review and study on ultimate 
strength analysis methods for steel plates and stiffened panels 
in axial compression. Buckling and collapsing mechanisms 
of steel plates and stiffened panels were described. A study 
and further validation on the authors developed formula for 
ultimate strength of stiffened panels using a comprehensive 
non-linear finite element analysis, 110 models in total, and 
a wide range of model test results, 70 models in total, were 
carried out. Finally, applications of the developed formula to 
existing oil tankers and bulk carriers were presented.

Zhang et al. [9] investigated pitting corrosion effect on the 
ultimate strength of hull structural stiffened plates under 
uniaxial compression. In the dedicated analyses, the relative 
parameters such as sizes of panels, size and shape of pits, 
initial imperfections, boundary condition, and number of 
stiffeners were accounted for. The ultimate strength reduction 
formula of pitted stiffened plates based on corroded volume 
loss were obtained by the data analysis from lots of non-linear 
finite element analyses. 

Ozdemir et al. [10] proposed a new approximate method 
based on analytical formulas to estimate the ultimate strength 
of stiffened panels, where a series of detailed elastoplastic large 
deflection FEA was carried out. The initial deflections were 
accounted for in the form of thin-horse mode plus overall 
buckling mode for the plates, and flexural buckling mode 
plus tripping mode for the stiffeners. A good agreement was 
obtained within all collapse scenarios studied.  

Shi et al. [11] investigated the collapse mechanics of pitted 
stiffened plates using numerical approach and compared 
with the tests. A series of FEAs were performed to address 
the influence of pit damage. Pits can eventually induce the 
buckling and reduction of the ultimate strength capacity 
of stiffened panel. A formula was introduced with regards 
to the reduction of the plate slenderness ratio and column 
slenderness induced by pits. 

In this study, buckling strength assessment of a deck 
of a double hull oil tanker is carried out using the non-
linear finite element code ADVANCE ABAQUS [12, 13]. 
The comparisons are being performed with the DNV-GL 
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PULS [14] buckling code for stiffened panels, DNV-GL 
Classification Notes No.30.1 [15] and the DNV-GL Ship Rules 
[16]. The results and insights developed from the present study 
are summarized in terms of ultimate strength characteristics 
of deck stiffened plate structures.

THE MODEL FOR ANALYSIS

A Condition Assessment Program (CAP) strength check of 
a double hull oil tanker revealed a potential buckling strength 
problem in its deck structure. The DNV-GL Ship Rules, the 
DNV-GL Classification Notes No. 30.1 (CN 30.1) and the 
PULS buckling acceptance criteria indicated insufficient 
buckling strength.

The PULS buckling code is developed by DNV-GL for 
direct computational assessment of buckling limits and 
ultimate strength limits of stiffened panels based on non-
linear large deflection plate theory. The idea is to combine 
a user friendly and easy to understand user interface, with 
advanced but still efficient direct calculations. The numerical 
algorithms included in the buckling code provide results for 
a given case in the order of a second on a standard modern 
personal computer [14, 18].

In principle, the PULS buckling models can be classified 
as semianalytical in the sense that they are based on the 
recognized plate theory of Marguerre [17] in combination 
with numerical techniques for solution of the governing 
equations. Using non-linear plate theory, second order 
membrane strains are accounted for, and the postbuckling 
response may be traced. The principle of minimum potential 
energy is used, together with Fourier series expansion of the 
displacements. The non-linear elastic equilibrium equations 
are solved, and the load-deflection path traced, using the 
perturbation technique in an incremental scheme with arc 
length control. Using arc length incrementation, complex 
response histories may be solved, including snap-through 
problems [18]. 

The deck structure is without intermediate longitudinal 
girders between the two longitudinal bulkheads, and has 
flat-bar stiffeners. Previous experience indicates that the 
acceptance criteria tend to underestimate the ultimate strength 
of this type of panel. On the other hand, the higher strength 
has been associated with a violently unstable collapse. A more 
accurate analysis of the deck panels was judged interesting 
both as a verification of the simplified buckling strength 
formulations as well as providing decision support in the 
CAP rating. A non-linear finite element buckling analysis 
of the deck panel using the ADVANCE ABAQUS program 
has therefore been undertaken.

The deck panel has been analyzed for both gross (“as 
built”) and DNV-GL Ship Rule net scantlings (t-tk) [16]. The 
dimensions for these two cases are given below Table 1 and 
Table 2 (measured between girders). 

Tab. 1. Gross scantling for studied deck panel

Stiffener length 3770 mm

Stiffener spacing 735 mm

Number of stiffeners 13

Plate thickness 13.5 mm

Stiffener height 283 mm

Web thickness 18 mm

Profile type Flat bar 

Tab. 2. Net scantling for studied deck panel

Stiffener length 3770 mm

Stiffener spacing 735 mm

Number of stiffeners 13

Plate thickness 11.5 mm

Stiffener height 283 mm

Web thickness 15 mm

Profile type Flat bar 

It is noted that the panel is loaded in purely axial compression.

FINITE ELEMENT MODEL (FEM)

The high number of stiffeners justifies the use of a single 
stiffener (column) model to analyse this case. If this at all has 
any impact on the strength, this will be to the conservative 
side.

To reduce the uncertainties introduced through boundary 
conditions the finite element model extends over three frame 
spaces (1/2+1+1+1/2). The model is illustrated in Fig.1. It has six 
elements between stiffeners, twenty-eight elements between 
transverse frames and three elements across the stiffener 
height.

Fig.1. The finite element model with labelled boundaries

Strain hardening effect together with a bi-linear strain-
stress curve as shown in Fig.2. The Cowper-Symonds rate 
enhancement formula is used to consider the effect of strain 
rate on material properties as given Eq.3, Eq.4 and Eq.5 that 
are shown in Fig.2. and Fig.3. The material parameters are 
shown in Table 3. 
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Tab. 3. The material properties

Young’s modulus, E [N/mm2] 206 000

Poisson ratio, v 0.30

Material yield stress [N/mm2] 235

Strain hardening parameter, ET  [N/mm2] 1000

Strain rate (C) 40.4

Strain rate (P) 5.0

Eh
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Fig.2. Stress-strain curve for bi-linear material
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Fig.3. Strain rate effect
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It is noted that for mild steel grade D = 40.4 and q = 5 
are used. 

Boundary conditions are imposed on the edges and lines 
indicated in Fig.1. 

T [1, 2, 3] indicate translation constraints and on R [1, 2, 3] 
indicate rotational constraints about the 1, 2 and 3 coordinates 
as shown in Fig.1. Boundary conditions are imposed on 
the edges and lines indicated in Fig.1. In other words, free 
meaning no constraint and fix meaning is fully constrained. 

• Symmetry conditions are given on edges B1 and B2. 
Namely, T [fix, free, free] and R [free, fix, fix]. 

This might represent a constraint on the deformation 
of the plate and on the web and flange of the stiffener, but 
the experience from other similar analyses [9, 10] indicates 
that this has small impact on the results. Edge B2 is fixed in 
the 1-direction.

• On edges B3 and B4 the rotation about the 2-axis is fixed 
(symmetry). Namely, T [free, fix, free] and R [fix, free, fix]. 

Edge B4 is fixed in the 2-direction, while edge B3 is free 
to translate in this direction but the edge constrained to 
remaining straight.

Lines labelled Fr1, Fr2 and Fr3 correspond to the positions 
of transverse frame. At these locations, the panel is fixed in 
the lateral direction. Furthermore, the stiffener is constrained 
to remain vertical in order to simulate presence of frames.

INITIAL IMPERFECTIONS

Imperfections in a buckling strength context usually refer 
to geometric imperfections (plate out-of-flatness, stiffener out-
of-straightness, misalignments) and residual stresses. Both 
are a result of welding or plastic forming during manufacture. 
The presence of residual stresses has been disregarded in 
this study. 

Two levels of tolerances on the geometric imperfections 
have been analysed, consistent with the specifications in the 
DNV-GL Instruction to Surveyors  [19] (DNV-GL IS) and 
DNV-GL Classification Notes No.30.1. The relevant values of 
plate out-of-flatness and stiffener out-of-straightness specified 
in these documents are given in Table 4.
Tab. 4. Tolerances on plate out-of-flatness and stiffener out-of-straightness 

specified in the DNV-GL IS and in CN 30.1. See Fig.4 for a definition 
of the imperfection parameters.

DNV IS CN 30.1
δP0 = 0.01s 0.01s (7.35mm) 6mm

δS0 = 0.0015L 0.0015L (5.655mm) 13mm

δT0 = 0.0015L 0.0015L (5.655mm) 13mm
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Fig.4. The imperfection parameters used in this study

The shape of the imperfections is generally composed 
of a local component (plate out of flatness and stiffener flange 
out of straightness) and a global component (stiffener out 
of straightness) as shown in Fig.4. The local component is 
itself composed from a subset of the elastic buckling modes 
for the panel for the specific load combination at hand. In 
this case, a weighed combination of the ten first buckling 
modes is used. This procedure requires that the deformation 
pattern in the buckling modes exclude lateral deflection of 
the stiffeners, a requirement that is met in this case. Global 
stiffener imperfections are specified in a half sine wave pattern 
along the stiffener length, and with a constant value across 
the column cross-section. A magnified illustration of the 
resulting imperfection shape is shown in Fig.5.

LOAD APPLICATION 

All analyses are being performed in displacement control, 
i.e. the non-linear solution is found by incrementing the 
magnitude of a specified edge displacement. This approach 
is selected because it eliminates that the need to apply the 
modified Riks algorithm [12, 13] in the solution. The Riks 
method is generally used to predict unstable, geometrically 
nonlinear collapse of a structure that can include nonlinear 
materials and boundary conditions. It often follows an 
eigenvalue buckling analysis to provide complete information 
about a structure’s collapse; and can be used to speed 
convergence of ill-conditioned or snap-through problems 
that do not exhibit instability.

The Riks algorithm failed for some of the cases, by 
“backtracking” along the elastic unloading equilibrium path. 
Displacement control and load control are equivalent for 
axial load cases.

 Fig. 5. Illustration of the imperfection shape used in the analyses

FINITE ELEMENT ANALYSIS RESULTS

The results from the finite element analysis will firstly be 
presented as equilibrium curves in a diagram spanned by 
a scaled nominal strain on the first axis (ε/εF) and a scaled 
nominal stress (σ/σF) on the second axis, where σF is defined 
as material yield strength and   εF is yield strain. This will 
illustrate both the ultimate strength of the panel and its pre- 
and post-buckling response. The finite element results are 
being compared with PULS, CN30.1 and the DNV-GL Ship 
Rules.

For a multi-span model, the load-displacement response 
will depend on what part of the system one considers. To 
illustrate this difference, the load displacement response 
is presented in Figs. 7-10 for the four mechanical systems 
identified in Fig.6.

Collapse of the panel is in all cases initiated and progresses 
in “Span 1” of the model, in the form of stiffener tripping 
close to the centre of the span. The tripping in turn reduces 
the out of–plane bending stiffness of the panel, leading to 
failure in lateral buckling. 

Figs.7 and 12 illustrates the collapse modes for the DNV-GL 
IS Gross and the CN 30.1 Gross cases respectively. The two 
cases based on net dimensions show similar collapse modes as 
their gross dimension counterparts. Observe that the tripping 
failure differs in the two cases, an effect that most likely is the 
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reason for difference in response between the cases based on 
the CN 30.1 imperfection tolerance level and the DNV-GL 
IS imperfection tolerance level. No attempt is performed to 
explain this difference in tripping behaviour, but it is noted 
that the difference must be related to the magnitude of the 
imperfections. In particular, it is the magnitude of the global 
stiffener imperfection that constitutes the difference between 
the models.

Fig. 7. Axial stress and displacement plot for the “DNV IS Gross” case. Note 
that displacements are magnified by five times

Fig.8. Axial stress and displacement plot for the “CN 30.1 Gross” case. Note 
that displacements are magnified by five times
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Fig. 9. Axial load vs. axial displacement response for the full model system
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Fig. 10. Axial load vs. axial displacement response for the “Span 3” system
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Fig. 11. Axial load vs. axial displacement response for the “Span 1” system
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Fig. 12. Axial load vs. axial displacement response for the “Span 2” system

In “Span 2”, the two analyse based on the DNV-GL IS 
imperfection tolerance level show an extreme “snap back” 
behaviour, whereas the remaining two cases show a smoother 
response. The response indicates that “Span 2” is unloading 
mainly elastically for the two cases based on DNV-GL IS 
tolerances. In the two cases based on CN 30.1 tolerances, 
a failure mode seems to be developing in “Span 2” allowing for 
an increase in axial displacement despite the decrease in load.  

Clearly, the response of the full model is smoother than 
the response of the individual spans. This happens because 
a localised plate buckling deformation progresses at one 
of the panel ends, thus compensating for the decreasing 
displacement in “Span 2”. 
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COMPARISON WITH SIMPLIFIED 
CALCULATION METHODS

None that the simplified strength formulations allow for 
a specification of an imperfection tolerance level. Strictly 
speaking, the DNV-GL Ship Rule and the PULS results should 
therefore be compared to the ADVANCE ABAQUS results 
relevant for DNV IS tolerance level, whereas the CN 30.1 
results should be compared to the ADVANCE ABAQUS 
results relevant for the tolerance level specified in CN 30.1. On 
the other hand, the uncertainties related to the magnitude of 
the geometric imperfections is large, and there is no evidence 
that the imperfections are larger in ship than in offshore 
structures. An alternative approach is to interpret the results 
based on the CN 30.1 tolerance level and the DNV-GL IS 
tolerance level as lower and upper bound strength values, 
respectively, valid for typical stiffened panels in ship and 
offshore structures.

A summary of the strength values obtained from 
ADVANCE ABAQUS and the three simplified buckling 
strength formulations are provided in Tab.5. Clearly, the PULS 
strength results is in excellent agreement with the ADVANCE 
ABAQUS results based on the DNV-GL IS tolerance level. CN 
30.1 appears to be conservative, in particular in comparison to 
the ADVANCE results relevant for the CN 30.1 imperfection 
tolerance level.

The DNV-GL Ship Rule strength estimate are higher than 
both the PULS and the CN 30.1 strength estimates, but still 
below the ADVANCE ABAQUS results relevant for the CN 
30.1 tolerance level. Relative to the ADVANCE ABAQUS 
results, the Ship Rule strength estimates are higher for the 
gross dimensions than the net dimensions indicating that 
the Ship Rules do not exhibit the same qualitative trend as 
the ADVANCE ABAQUS analyses. Some lack of physical 
consistency must be anticipated since the DNV-GL Ship 
Rule strength estimates are governed by the plate-buckling 
criterion, whereas the collapse is governed by stiffener 
tripping. Both PULS and CN 30.1 indicate stiffener-induced 
failure mode. 
Tab. 5 Comparison of panel buckling strengths for different analysis methods. 

Analysis Id.

Buckling 
strength 
in gross 

dimensions 
[MPa]

Buckling 
strength 

in net 
dimensions 

[MPa]

Ratio 
Gross/Net

Abaqus with DNV IS Tol. 169 155 1.090

Abaqus with CN 30.1 Tol. 182 167 1.089

PULS 165 155 1.064

DNV-GL CN 30.1 148 135 1.096

DNV-GL Ship Rules 180 (plate) 159 (plate) 1.132

CONCLUDING REMARKS

Direct application of geometrical non-linear plate theory 
is the main concept in the new Panel Ultimate Limit State 
(PULS) stiffened panel models recently recognized by 
DNV-GL as part of the new rules and standards for ships 
and offshore constructions. The focus is on assessment of the 
ultimate capacity limit, rather than the more traditional elastic 
buckling limit. The method is streamlined for rules based on 
modern ultimate limit state design principles. The models 
are validated against non-linear FE analyses. Comparison 
against existing codes used by DNV-GL Classification Society 
are also included.

The finite element code ADVANCE ABAQUS has been 
used in a non-linear buckling analysis of a stiffened deck panel 
on a single skin tanker that has recently been subjected to 
a Condition Assessment Program (CAP) hull survey. Further, 
CAP is a specialized survey program which offers owners 
a detailed assessment of a ship’s actual condition, based on 
strength evaluation, and fatigue strength analysis as well as 
a detailed on site systematic inspection of the hull, machinery 
and cargo systems. With the CAP, owners can be confident 
that they have an accurate assessment of the ships actual 
condition, especially as far as the condition compares with 
the normal Class requirements. The CAP applies, in principle, 
to oil tankers, chemical carriers and bulk carriers, though 
other types of ships may be covered, provided that the CAP 
is properly modified. The CAP consists of two major parts. 
CAP-MACHINERY/CARGO SYSTEM can be applied in 
addition to CAP-HULL upon request.

The aim of the analyses has been to validate and compare 
the capacity estimates obtained from PULS, DNV-GL 
Classification Notes No.30.1 and the DNV-GL Ship Rules, 
which all indicated insufficient buckling strength in the deck. 
Analyses are carried out for both “as built” and DNV-GL 
Rule net dimensions.

One single uniaxial load case has been investigated. The 
imperfection tolerances given in the DNV-GL Instruction 
to Surveyors  (DNV-GL IS) and the CN 30.1 have been used 
as basis for the analyses. For this case the main difference in 
imperfection tolerances is in the stiffener out-of-straightness, 
which is over twice as large in the DNV-GL IS as in the CN 
30.1 tolerances.

The results show that the PULS code produce capacity 
estimates in very good agreement with the finite element 
analysis results based on the tolerance level specified in the 
DNV IS. It is slightly conservative compared to the finite 
element analysis results based on the CN 30.1 tolerance 
level. CN 30.1 buckling strength estimates are conservative 
compared to the finite element results for both tolerance levels.

Further, as presented in Table 5 the buckling strength in 
accordance with DNV-GL Ship Rules based on DNV-GL IS 
initial deflection tolerances gives higher value than ABAQUS 
finite element analysis. In other words, the buckling strength 
with DNV-GL Ship Rules based on CN 30.1 initial deflection 
tolerances gives lower value than ABAQUS finite element 
analysis. 
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However, the qualitative impact of the change from “as 
built” to net dimensions do not comply as well with the 
finite element analysis results as is the case for the two other 
formulations.  
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ABSTRACT

In order to ensure the safety and reliability of the horizontal brace of semi-submersible platform (SEMI) which functions 
as the supporting structure in SEMI, this article presents an elastic-plastic method to analyze the variations of the 
crack tip opening displacement, elastic zone and plastic zone of the cracked section of the horizontal brace under 
beam wave. The brace of the SEMI was assumed to be located a circumferential through crack at its boundary in this 
article. In addition, the cracked section of the brace has been divided into crack zone, tensile plastic zone, elastic zone 
and compressive plastic zone in the presented theoretical model. Moreover, the closed form of the solution has been 
found in this article which is especially suitable solving complicated problems in practical engineering application. 
Also, a typical new-generation SEMI that is in practical use was selected to analyze the variation tendency of the 
cracked brace’s parameters using the proposed model which could give good suggestion to semi-submersible platform 
designers and managers.

Keywords: theoretical model, crack damaged brace, semi-submersible platform, beam wave

INTRODUCTION

Semi-submersible platform (SEMI), one of the most 
widely used reusable exploitation platform due to their 
mobility and ability to operate in deep-water, have gained 
popularity in recent decades with on-going development 
of deep-water oil and gas exploitation. Although the safety 
design standards for this kind of structures are quite strict, 
cracks inescapably initiated during their service life [1]. 
According to the destruction accident happened before, 
engineers found that the cracks often occur at the horizontal 
brace which functions as the supporting structures in 
SEMI and bear complex loads [2–3]. The presence of such 
cracks at critical locations can compromise the safety of 
the braces and then cause serious disaster eventually. Take 
the accident of Alexander Keilland platform as an example, 
the loads were transferred to the other braces and led them 
break because of the overload due to the initial fracture of 
a horizontal brace [4].

As the semi-submersible platform would encounter 
very harsh marine environment during its service life, it is 
necessary to analyze the variation tendencies of the crack-
damaged brace to ensure the safety and reliability of the SEMI. 
A number of researchers has investigated such problems [5–7]. 
In additionally, the crack has been assumed to be on the 
surface of the brace or lies far away from the boundary section 
of the brace. However, according to the evaluation of the 
effects of hydrodynamic loads on the strength of the SEMI’s 
horizontal braces, the high stress almost concentrates on the 
connection between the horizontal brace and the column of 
the platform [8]. Moreover, the crack-induced accidents of 
the SEMIs of Sedco, Alexander Keilland and Ocean Ranger 
indicate that a circumferential through crack usually lies at the 
boundaries. Therefore, it is crucial to analyze the mechanical 
characteristics of these cracks at critical locations that 
could easily compromise the safety of the semi-submersible 
platform. Many researchers using finite element method 
whose effectiveness has been accepted by the engineering 
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community to analyze these crack damaged brace [9–10]. 
Nevertheless, by using the finite element method, calculations 
need to be carried out for every specific case and there would 
be only one calculation for each case. Moreover, the nonlinear 
calculations will be inefficient and spend significant resources 
for a structure system with some local defective elements. In 
this sense, the theoretical analysis on these cracked brace is 
still necessary. 

The present article is aimed to investigate a theoretical 
analysis method to analyze the variations of the crack tip 
opening displacement, elastic zone and plastic zone of the 
cracked section of the horizontal brace under beam wave, 
which significantly affects the safety and reliability of the brace.

GOVERNING EQUATIONS

A typical new-generation semi-submersible platform is 
selected to analyze the cracked damaged brace. As can be 
seen from Fig. 1, the selected platform is mainly composed of 
the main deck, four columns, two parallel pontoons and the 
horizontal braces connected to the columns. In this research, 
the circumferential through crack is assumed to be located at 
the boundary of the brace. Moreover, the brace of the SEMI 
mainly subjected to splitting force under beam wave, shown 
as in Fig. 1 where the coordinate system and direction of the 
load have been shown.

According to the historical records [11–13], the characteristic 
functions of the cracked damaged brace varies slowly in 
the z direction but not too rapidly in the θ direction. In the 
disastrous even of the Alexander Kielland, the circumferential 
through crack at the boundary of brace propagated to almost 
67% of circumferential length of the brace before fracture [14]. 
Additionally, the brace of SEMI belong to the mid-long 
cylindrical shell category from the viewpoint of the shell theory. 
Then, the governing equation of the brace can be expressed 
under a semi-membrane state [5] with the complex-valued 
variable Ω = w + iζ as follow,

       (1)

The complex characteristic functions Φ and φ both satisfy 
Eq. (1) here and can be related to each other by 

       (2)

Here, ε is a small parameter given by ε2 = (h/R)[12(1 – ν2)]-1/2, 
where h and R is the thickness and radius of the horizontal 
brace, ν is Poisson’s ratio. Then, the expression of dimensionless 
complex displacements u, v, and w, stress functions χz, χθ, and 
ζ can be given in terms of Φ and φ by

       (3)

Moreover, the dimensionless load parameter corresponding 
to tension load T can be defined as σT = T/ (2πRhσF) and the 
dimensionless characteristic functions mentioned above are 
given as follows,

       (4)

Here, E is Young’s modulus, σF is yield stress of the material 
and parameters with an overbar denotes dimensional quantity.

According to the research done by Nicholson [15], the 
complete solution of cracked cylindrical shell composed by 
the elementary solutions and the solution, Φc, incurred by 
the existence of the crack. Then, the complete solution Φc to 
the problem of brace with a circumferential through crack at 
the boundary presented in this research can be obtained as

Φc = Φb + Φs          (5)

Here, Φb refers to the elementary solutions and Φs refers to 
the solution incurred by the existence of the crack. Here, the 
elementary solutions to the proposed model in this research 
can include the splitting force solution, rigid-body motion (for 
which stresses disappear) solution and null solution (for which 
displacements disappear). Then, the elementary solution can 
be expressed as

     (6)

Here, a, b, c, d are unknown constants.
In order to simplify the treatment of the governing 

equations of the proposed theoretical model, expressions 
for the values of the stress functions in terms of prescribed 
edge load Tz, Tθ, V and Mn acting on the edge z = 0 can be 
obtained by Eq. (7) for there is a static-geometric analogy 
between displacements and stress functions.

     (7)

Fig. 1. Beam wave loaded on the brace of the semi-submersible platform
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Here, η refers to the infinitesimal angle of the cracked 
section. As the circumferential through crack is assumed 
located at the boundary of the brace, the cross section z = 0 is 
the border form the condition of symmetry. Shown as in Fig. 2, 
the cracked section has been divided into circumferential 
through crack zone, tensile plastic zone, elastic zone and 
compressive plastic zone in this research.

Here on the cracked section, opening angle of the 
circumferential through-crack equals to 2α, the tensile zone 
equals to β-α, the elastic zone equals to γ-β, and the compressive 
plastic zone equals to π-γ. The boundary conditions can be 
obtained by means of methods given by Sanders [17]. Those 
and the displacement conditions are given as follows,

     (8)

Then, by inputting the Eq. (3) and Eq. (7) into the boundary 
conditions mentioned above, the governing equations can be 
obtained in terms of the characteristic function Φ and φ as

 (9)

 (10)

 (11)

 (12)

The symbol R{} denotes the real part of the expression in 
brackets and the subscript c means that the expression are in 
terms of the complete characteristic functions.

With Eq. (5–6) and Eq. (9–12), the particular integral Φs at 
the boundary incurred by the existence of the crack turns into

 (13)

 (14)

 (15)

 (16)

Here, the subscripts R and I refer to the real and imaginary 
parts of these constants. Furthermore, any solution to the 
Eq. (1) satisfy the conditions [10] 

     (17)

     (18)

Now put 

     (19)

And following the Eq. (17) and Eq. (18) to get 

     (20)

     (21)
Additionally, by using Eq. (20) and Eq. (21), the Eq. (13–16) 

can be expressed in the equivalent form as follows,

     (22)

Fig. 2. Cracked section of the brace of SEMI
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     (23)

     (24)

     (25)

Then, the governing equations mentioned above got 15 
unknown constants including the five real constants of 
integration of S, P, Q, G1 and G2, the two undetermined 
parameters of the cracked section of brace β and γ, and eight 
real and imaginary parts of the constants aR, bR, cR, dR, aI, bI, 
cI, dI. Additionally, the continuity of the displacements and 
stress functions at the cracked section implies that FR, FR

’, 
FR

’’, at α and FI, FI
’, FI

’’, FI
’’’ at β and γ should be continuous 

(FI, FI
’, FI

’’ at α are continuous from simply checking), from 
which eleven equations can be got. Moreover, four more 
equations can be found for the real parts and the imaginary 
parts equal to zero in Eq. (20). There are thus 15 conditions 
to determine the 15 constants and all the constants can be 
finally determined by means of algebraic methods. And 
results for the 15 constants follow from

In order to obtain the unknown parameters of the cracked 
section β and γ which can the tensile plastic zone, elastic zone 
and compressive plastic zone of the cracked section with 
given α and σT, the following simultaneous transcendental 
equations should be used.

     (26)
Where

Then, the displacements on the crack are obtained can be 
obtained from the above results and the dimensionless crack 
tip opening displacement (CTOD) subjected to the splitting 
force can be expressed as

     (27)

Further, for the present load circumstance the full plastic 
condition on the cracked section is 

And
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SOLUTIONS

The theoretical model proposed in the research is aiming 
to calculate the mechanical characteristic of the cracked 
damaged brace with a circumferential through crack lies 
at its boundary when the SEMI subjected to beam wave. 
At the beginning of the solutions, basic parameters such as 
parameters of the brace of SEMI, angle of the circumferential 
through crack and the splitting force should be input for 
the solution for plastic zones, elastic zones and CTOD of the 
cracked section. 

As it’s hard to find explicit solution from Eq. (26) to obtain 
the unknown parameters of the cracked section β and γ, 
numerical method should be used in this research. Firstly, 
assume an initial β0 and initial γ0 to start the calculation. 
And then, define two more parameters F and λ according to 
Eq. (26) following from 

To guarantee to precision of the solution, verification is 
needed to see if |F|<ς is satisfied, where ς is a small specified 
quantity. If |F|<ς does not appear, the assumed initial β0 and 
initial γ0 should be modified as 

After |F|<ς is satisfied, the solution for plastic zones of the 
cracked horizontal brace is done. Then, the output of β and 
γ could be used to determine the 15 unknown parameters 
aI, bI, cI, dI, aR, bR, cR, dR, A, C, G1, G2, P, Q, S and the crack tip 
opening displacement (CTOD) can be obtained from Eq. (27) 
too. Until now, the solutions of the mechanical characteristics 
of the cracked damaged brace of SEMI with a circumferential 
through crack that lies at the boundary are done.

EXAMPLES

To illustrate the proposed model with examples, a typical 
new-generation SEMI that suitable for drilling operations 
worldwide has been selected to analyze the variation tendency 
of the cracked brace’s parameters. The geometrical dimensions 
of the main components of the SEMI are listed in Table 1.

As the ocean wave vary greatly under different wave 
frequencies. The wave frequency was considered as varying 
from 0.1 to 1.5 rad/s to reflect the actual wave frequencies 
most commonly seen in ocean areas, and an increment of 

0.05 rad/s was used in the numerical simulations. In addition, 
the ocean wave was assumed to be a combination of infinite 
regular waves in this research, and the Jonswap spectrum was 
used to characterize random waves in the ocean. 

Based on the numerical calculation, the response amplitude 
operator (RAO) of the swaying, surging and rolling of the 
SEMI under beam wave have been obtained, shown as in 
Fig. 3, Fig. 4 and Fig. 5. The RAO results obtained by the 
numerical calculation coincide with the white noise test and 
regular wave test under the beam wave.

Tab. 1. Main geometrical dimensions of the SEMI

Component Dimension(m)

Pontoon Length 114.07

Pontoon width 20.12

Pontoon Height 8.54

Distance between pontoons 58.6

Column length 17.4

Column width 17.4

Column height 21.4

Distance between longitudinal columns 58.6

Distance between transversal columns 58.6

Deck length 114.4

Deck width 74.4

Deck height 38.6

Fig. 3. RAO of swaying of the SEMI under beam wave

Fig. 4. RAO of surging of the SEMI under beam wave
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The circumferential through crack is assumed to be located 
at the boundary of the selected SEMI’s brace and geometrical 
dimensions of the brace are listed in Table 2.

Different splitting forces could be loaded on the brace when 
the SEMI encounter different wave frequencies. According 
to the response amplitude operator (RAO) and long-term 
response (LTR) of the splitting force loaded on the chosen 
SEMI, shown as in Fig. 5 and Fig. 6, the largest splitting force 
loaded on the brace is 65×106N when the beam wave frequency 
comes to 0.66rad/s.

In order to estimate the variation tendencies of the crack tip 
opening displacement of the cracked section of brace, the crack 
tip opening displacement (CTOD) of crack under different 
splitting forces have been obtained by the method proposed in 
this research. Additionally, the initial circumferential through 
cracks have been assumed to be varying from π/24 to 10/24 
with incensement of π/24 in this research to estimate the crack 
tip opening displacement of the cracked section under different 
circumferential through cracks. Shown as in Fig. 8, the values 
of the CTOD on the cracked section of brace increase smoothly 
when the cracked damaged brace loaded small splitting force 
and then increase dramatically when the brace loaded larger 
splitting forces. In addition, the cracked section of the brace has 
a larger CTOD while the brace locates a greater circumferential 
through crack at its boundary.

The variation tendency of the tensile plastic zone (β–α) on 
the cracked section of MESI’s brace is shown in Fig. 9. The 
tensile plastic zone on the cracked section increase with the 
splitting force loaded on the circumferential through crack-
damaged brace and the values of crack’s angle smoothly. 
Moreover, the cracked section of the brace with greater 
circumferential through crack has earlier appearance of the 
compressive plastic zone (parameter γ<π). 

The variation tendency of the elastic zone (γ–β) on the 
cracked section of MESI’s brace is shown in Fig. 9. Contrary to 
the variation tendency of the tensile plastic zone on the cracked 
section, the elastic zone on the cracked section decrease with 

Fig. 5. RAO of rolling of the SEMI under beam wave

Fig. 6. RAO of splitting force loaded on the brace under beam wave

Fig. 7. LTR of splitting force loaded on the brace under beam wave

Fig. 8. Variations of crack tip opening displacement of the cracked section of brace

Fig. 9. Variations of tensile plastic zone on the cracked section of brace

Tab. 2. Main geometrical dimensions of the brace

Component Dimension

Quantity of the brace 4

Diameter of the brace 2.45m

Thickness of the brace 0.1m

Poisson’s ratio 0.3

Young’s modulus 210GPa

Yield stress of the material 400MPa
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the splitting force loaded on the brace and the values of crack’s 
angle. In addition, the cracked section of the brace with greater 
circumferential through crack has sharper decrease with the 
splitting force. 

The cracked section of the brace would be in full plastic 
condition when the brace loaded a larger splitting force. 
Shown as in Fig. 11, the tensile plastic zone of the cracked 
section is much larger than the compressive plastic zone. 
However, the tensile plastic zone decrease with the angle of the 
circumferential through crack while the compressive plastic 
zone increase with the angle of the circumferential through 
crack of the brace smoothly. 

Additionally, the larger circumferential through crack of 
the brace locates, the smaller splitting force has been loaded 
on the crack-damaged brace when the cracked section of 
brace is in full plastic condition.

CONCLUSIONS

An elastic-plastic method to analyze the variations of 
the crack tip opening displacement, elastic zone and plastic 
zone of the cracked section of the horizontal brace under 
beam wave has been proposed in this article. The brace of 
SEMI is assumed to be located a circumferential through 
crack at its boundary in this research. In addition, a typical 
new-generation SEMI that is in practical use was selected 
to analyze the variation tendency of the cracked brace’s 

parameters using the proposed model and some variation 
tendency has been got: 
(1)  The values of the CTOD and tensile plastic zone on 

the cracked section of brace increase dramatically 
after a smoothly increase with the splitting force and 
circumferential through crack. In addition, the cracked 
section of the brace with greater circumferential through 
crack has earlier appearance of the compressive plastic 
zone. 

(2)  The elastic zone on the cracked section decrease with 
the splitting force loaded on the brace and the values of 
crack’s angle. In addition, the cracked section of the brace 
with greater circumferential through crack has sharper 
decrease with the splitting force.

(3)  The tensile plastic zone has a contrary variation tendency 
to the compressive plastic zone that increase with the 
angle of the crack of the brace smoothly when the cracked 
section is in full plastic condition. Moreover, the larger 
circumferential through crack of the brace locates, the 
smaller splitting force has been loaded on the crack-
damaged brace.
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OF HYDROSTATIC DRIVES WITH HYDRAULIC CYLINDER
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ABSTRACT

Energy efficiency of hydrostatic transmissions, and especially efficiencies of drives with motor speed controlled by 
throttle, as well as efficiency of hydraulic servomechanisms can in fact be higher than the efficiency values most 
frequently given by the respective literature in this field. With the progress achieved in recent years in the development of 
hydraulic systems it is becoming necessary to develop methods for precise energy efficiency calculation of such systems. 
It is difficult to imagine that more and more, better and better machines and control elements could be used without 
the possibility of a mathematical tool at our disposal to enable an accurate analysis and assessment of behavior of 
the system in which such machines and control elements have been applied. The paper discusses energy savings using 
mathematical model of losses in elements, the energy efficiency of the system. There are possibilities to reduce energy 
losses in proportional control systems (in the pump, in the throttle control unit, especially in the cylinder), and thus 
to improve the energy efficiency of the throttling manifold. The considerations allow for comparison of the loss power 
resulting from the applied hydraulic control structure of the hydraulic cylinder and the power consumed by the pump 
from the electric motor that drives it, the power necessary to provide pump-driven hydraulic cylinder. The article 
shows the impact on the output (useful) power consumed in the considered systems, and the impact on the power 
consumed of the loss power in the individual elements. The paper presents also formulas of loss power, formulas of 
energy efficiency connected with investigated hydrostatic drives, two schematic diagrams of hydraulic systems, their 
principle of operation and problems of studying losses in elements and energy efficiency characteristics of systems 
consisting of a feed assembly, control set and cylinder. It also includes a subject matter connected with an energy loss 
power of hydrostatic systems with hydraulic cylinder controlled by proportional directional control valve. Diagrams 
of loss power of two hydraulic systems worked at the same parameters of speed and load of a cylinder, which were 
different due to structure and ability of energy saving, were presented and compared. 

Keywords: energy losses, energy efficiency, hydrostatic system, control structures, proportional directional control valve, cylinder

INTRODUCTION

The hydrostatic systems play a  very important role 
in modern machines. A great number of the machines 
constructed nowadays has more or less developed hydrostatic 
or electric-hydrostatic drive systems and in many cases 
those systems are the most important parts of the machines. 
Component elements – hydraulic linear motors (cylinders) – 
are widely applied in machines used on land and aboard 
ships. Unquestioned advantages of cylinders are: capability 
of performing the translational motion, reliability, simple 

construction, the effective force to weight ratio [2]. A control 
system with a directional control servo valve or a proportional 
directional throttling control valve, controlling a linear 
hydraulic motor (cylinder) is used in the ship steering gear 
drive, in the controllable pitch propeller control, in the 
variable capacity pump control system for hydraulic deck 
equipment motors or fixed pitch propellers in small ships 
(e.g. ferries) [1].

The electro-hydraulic system as one of the fundamental 
components has been applied in many other equipment too, 
such as construction machines, agricultural machines, and 
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airplanes. Common to these applications is that high power 
is often required to perform the desired work, for example 
moving material or lifting heavy weights. The power for such 
drives is often generated by a centralized source, usually an 
internal combustion engine or a high power electric machine. 
Using fluid power systems the power is easily distributed via 
hydraulic lines to either linear or rotary drives. It is estimated 
that by the year 2000, the world market of electro-hydraulics is 
about 30–35 billion dollars per year, and is in steady growth. 
Meanwhile, energy saving concerning a hydraulic system has 
been raised with the numerical application of heavy equipment. 
The electro-hydraulic system mounted equipment often works 
around the clock and outputs high power in handling heavy 
loads. The energy consumption and the waste gas emission 
of such systems therefore stays high. Take one of the most 
popular construction machines, 20-t load sensing controlled 
hydraulic excavator as an example. Such excavator type usually 
requires a diesel engine of more than 110 kW, which consumes 
at least 33 liters fuel in an hour. The amount of NOx and CO 
emitted by this machine is considerable. But only 30% of the 
consumed energy is used for moving loads. While more than 
60% of the energy is consumed in power losses and driving 
of hydraulic systems. Therefore, even a small improvement in 
the hydraulic system efficiency will have a significant impact 
on the total energy efficiency of the machine [16].

There are uninvestigated areas connected with behavior 
of elements in hydraulic systems with different structures. 
Unawareness of proportions of the energy, volumetric, 
pressure and mechanical losses in elements is often the case. 
Problems connected with energy efficiency are essential for 
improvement of functionality and quality of hydrostatic 
drive systems, characterized by unquestioned advantages 
but also by relatively low efficiency in comparison with other 
types of drive. Energy efficiency of hydrostatic transmissions, 
particularly those with throttling control of the motor speed, 
and also efficiency of the hydraulic servo-mechanism systems 
may be in fact higher than the values most often quoted in 
publications regarding the subject. At present, for instance, 
the efficiency of a system with a servovalve is still often 
presented incorrectly. Namely, the maximum efficiency of 
such a system (with ideal pump and hydraulic motor) is 
quoted to be equal to η = 0,385 at a motor supply pressure 
equal to p = 2/3 pmax. Such an approach leads to the use of  
higher than required pump unit, operation at lower efficiency, 
increase in costs of the system itself and its operating costs. In 
too low efficiency systems there is an increase in load, mainly 
in pump load, and this can lead to a greater risk of failure, 
the necessity of repair or replacement and also to decrease 
of operating life of the system. Too low system efficiency 
resulting most often from intensive throttling of liquid flow is 
also the source of quick deterioration of operating properties, 
mainly lubrication properties of hydraulic oil, due to too 
high operating temperature of the hydrostatic transmissions. 
Possibility of calculating the real value of the hydraulic 
system overall efficiency as a function of many parameters 
influencing it, becomes a tool of complete evaluation of the 
designed system quality [3]. 

The paper presents definitions of power losses and energy 
efficiencies occurring in two hydraulic systems. It compares 
laboratory investigated efficiencies of systems with cylinder 
proportional control and efficiency of the system with 
volumetric control by a variable capacity pump. Presented 
are also two schematic diagrams of these hydrostatic systems, 
their principle of operation and problems of studying losses 
in elements of systems consisting of a feed assembly, control 
set and cylinder. The analysis was performed comparing the 
selected parameters of operation of the hydraulic cylinder 
power lines of energy losses in the elements of these structures.

In searching for the energy saving solutions, computer-
aided methods of calculating the energy efficiency of systems 
have been developed and improved.

The required speed vM and load FM of the driven machine 
are a result of its operation cycle and tasks to be performed. 
The driven machine current speed and load values are 
independent of the type and structure of the machine driving 
system. 

The current speed and load of the hydrostatic system driven 
machine have a direct or indirect impact on the mechanical, 
volumetric and pressure losses in the hydraulic motor, pump 
and other elements of the system with a given motor speed 
control structure, the losses resulting also from the hydraulic 
oil viscosity.

Laboratory verification of energy savings was concerned 
with two hydraulic systems controlled with a proportional 
directional control valve supplied with a constant capacity 
pump:
a)  with overflow valve – constant pressure structure [p=cte] 

(Fig. 1),
b)  using a  pressure-controlled overflow valve from the 

cylinders’ inlet line – variable pressure structure [p=var] 
(Fig. 2).
The most popular solution is a system (Fig. 1) where 

a throttling control valve is fed by a constant capacity pump 
cooperating with an overflow valve. This system, working 
with a constant pressure, achieves a high energy efficiency 
value η only at the point of maximum motor load coefficient 

 M and maximum motor speed coefficient  M. The pressure 
drop in the cylinder balances the load acting on the hydraulic 
cylinder. The proportional throttling valve generates two 
pressure drops at the inlet and outlet of the cylinder. The 
pump in the constant pressure system (p=cte) must generate 
pressure before the overflow valve, which will not be less 
than the pressure required by the hydraulic cylinder. The 
cylinder, which is an executive element in the system, may 
require pressure depending on its load, changing from zero 
to nominal value. When it reaches the nominal value of the 
load, the pressure drop in the throttle slots of the manifold 
tends to zero.

The unit, which consists of a pump and an overflow valve in 
constant pressure system p=cte is ready to supply the system 
at maximum pressure and maximum capacity. However, it 
is not usually used to such an extent that the cylinder at the 
moment is loaded with force which requires a lower than 
nominal pressure drop.



POLISH MARITIME RESEARCH, No 4/2018116

This system achieves high energy efficiency, equal to the 
efficiency of the system without the throttling control, only 
at the point with the maximum values of the load coefficient  

 M and the speed coefficient  M. With decreasing engine 
load, especially with engine speed dropping, the efficiency 
η decreases rapidly [6].

There are possibilities to reduce energy losses in proportional 
control systems (in the pump, in the throttle control unit and 
in the hydraulic cylinder, and thus to improve the energy 
efficiency of the throttling control valve.

The hydraulic drive system and the proportional control of 
the hydraulic cylinder can be supplied with a constant capacity 
pump cooperating with an overflow valve stabilizing a pressure 
in proportional directional control valve to the nominal 
pressure level (Fig. 1), or a pump cooperating with a pressure-
controlled overflow valve at the inlet to the receiver – hydraulic 
cylinder. The variable pressure system p=var (Fig. 2) allows 
for the reduction of losses in the pump, in the control unit 
and in the hydraulic cylinder.

In the variable pressure system p=var, the structural 
pressure losses and structural volume losses in the throttle 
control unit, mechanical losses in the cylinder and pump, 
and volume losses in the pump can be seriously reduced. 
The mathematical description of loss and energy efficiency 
is presented in the paper.

The variable pressure structure p=var represents the system 
with a constant-capacity pump cooperating with an overflow 
valve controlled by the cylinder supply pressure (Fig. 2). It is 
a cost-effective solution for both the cylinder and the pump 
as well as the entire control system. Variable pressure system 
p=var with control overflow valve SPS, the actual throttling valve 
discharge pressure to the inlet chamber of the cylinder, allows 
the pressure level in the pump discharge line to be adjusted to 
the prevailing load of the cylinder so as to limit the pressure 
loss in the discharge opening of the distributor liquid to the 
tank. In addition, this system maintains a constant piston speed 
independent of the load. This is a result of keeping practically 
constant pressure drop pDE1 in the throttle slit of the proportional 
distributor (proportional directional control valve) [15].

The following components were used in the tested systems:
•  axial piston pump with displaceable rotor HYDROMATIC 

type A7.VSO.58DR, operating with fixed theoretical 
capacity QPt=0,000805m3s-1 (48,30dm3min-1),

•  directional proportional control valve, REXROTH type 
4WRA10E60-21/G24N9K4, with identical throttling slots 
fDE1=fDE2,

•  double piston cylinder HYDROSTER type CD-63/36x500, 
piston diameter D=63mm and piston rod diameter 
d=36mm,

•  indirect operation overf low valve REXROTH type 
DBW10A3-52/315XU GE 62 4N9K4,

•  controlled overflow valve REXROTH type ZDC10PT-23/
XM (only in the variable pressure – p=var system).
The nominal pressure of the tested systems was pn=16MPa, 

the hydraulic oil Total Azola 46 was used with kinematics 
viscosity of υ=35mm2s-1 (at the temperature ϑ=43ºC) and 
volumetric mass of ρ=873,3kgm-3.

The studied structures worked at the same parameters of 
the linear hydraulic cylinder, i.e. its load FM and speed vM.

The considerations allow for comparison of the loss power 
ΔP of the individual losses resulting from the applied structure 
supply and the power PPC consumed by the pump from the 
electric motor that drives it, the power required to provide 
the unchanged useful power PMu=FM·vM for hydraulic cylinder.

DEFINITIONS OF POWER  
AND LOSS POWER OCCURRING  

IN SYSTEM COMPONENTS
Definitions of parameters of work, power and power 

of particular losses and the record of efficiency are the 
content of many articles, papers and monographs of 
prof. Z. Paszota [1÷13]. Model of loss and energy efficiency 
of a hydraulic drive with proportional control of the cylinder, Fig. 1. Diagram of the test system fed at constant pressure – structure p=cte

Fig. 2. Schematic diagram of a proportional valve system supplied  
by a constant capacity pump working with a controlled overflow 

valve in a variable-pressure system – p=var
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which would use a full description of loss and efficiency of the 
hydraulic motor itself, would become too complex. Therefore, 
pressure losses (flow resistance) in the inlet and outlet conduits 
of the cylinder are omitted, as well as negligible volume losses 
(leaks) in the cylinder.

The following describes the powers that characterize the 
operation of particular elements occurring in the tested 
hydrostatic drive systems.

The effective power of the cylinder on its piston rod is the 
product of the external load FM and velocity vM of the piston 
rod travel:

PMu = FMvM [7].         (1)

The PMc power consumed by the cylinder is the difference 
between the power of liquid in the inlet line and the power 
of liquid in the discharge line of the cylinder:

PMu = PM1 – PM2 = QMpM1 – QM2 pM2

= QM (pM1 – pM2) [7].        (2)

Power PMm mechanical losses in the cylinder is the 
product of the velocity vM of the piston and the force FMm 
of friction between the piston and the cylinder on one side 
and between the piston rod and the gland on the other hand:

PMm = PMc – PMu = QM (pM1 – pM2) – FMvM

= FMmvM [7].          (3)

The useful power of the PPu pump can be defined as the 
product of its QP capacity and pressure increase ΔpP (pressure 
pP2 when pP1 = 0):

PPu = QP · pP= QP · (pP2 – pP1)

= QP · pP2 [7].          (4)

The PPc power consumed by the pump on its drive shaft is 
the product of the moment MP and the angular velocity ωP:     

PPc = MP · ωP= 2Π · MP · nP [7].   (5)

The power loss ΔPP of the pump is the sum of the power ΔPPp 
of the pressure losses, the power ΔPPv of the volume losses and 
the power ΔPP of the mechanical losses in the pump:

ΔPP = ΔPPp + ΔPPv + ΔPPm [7].   (6)

Power ΔPPv of pressure losses in the pump:

ΔPPp = QPpPp = QP(ΔpPp1+ ΔpPp2) [7]. (7)

Power ΔPPp of volume losses in the pump:

ΔPPv = QPfΔpPi = QPf(pP2i– pP1i)  [7]. (8)

Power ΔPPm of mechanical losses in the pump:

ΔPPm = MPm ωP [7].      (9)

Power ΔPC of pressure losses in conduits:

ΔPC = QMΔpC [7].     (10)

DEFINITIONS OF ENERGY EFFICIENCIES

Problems connected with energy efficiency are of basic 
importance for improvement of functionality and quality of 
the hydrostatic drive systems, characterized by unquestioned 
advantages but also by relatively low efficiency in comparison 
with other types of drives. Publications describing the 
influence of particular design and operating parameters on 
the hydrostatic system efficiency are valuable. They make it 
possible to work out system configurations with losses reduced 
to a minimum [8].

Energy efficiency of hydrostatic transmissions, particularly 
those with throttling control of the motor speed, and also 
efficiency of the hydraulic servo-mechanism systems may 
be in fact higher than the values most often quoted in 
publications on the subject. Possibility of calculating the real 
value of the hydraulic system overall efficiency as a function 
of many parameters influencing it, becomes a tool of complete 
evaluation of the designed system quality. The capability of 
making such an evaluation is important because the hydrostatic 
control systems are used in various machines and equipment, 
and also due to increasing power of the hydrostatic drive at the 
time of constantly increasing costs of energy generation [5].

In a system with too low efficiency, the load of the pump 
increases, which leads to increased risk of failure and the 
necessary repair or replacement, as well as to a shorter service 
life. The too low system efficiency, most often resulting from 
intensive throttling of the stream of liquid, is also a source of 
rapid deterioration of operational characteristics, particularly 
the hydraulic oil lubricating properties, which is an effect, 
among other reasons, of too high temperature of the working 
liquid – the hydrostatic transmission power medium.

The energy efficiency of components and systems can be 
determined by the following formulas:

• mechanical efficiency Pm of a pump:

[13],  (11)
where:

       [13], 
• pressure efficiency Pp of a pump:

[13],  (12)
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• volume efficiency Pv of a pump:

ηPv = 1 − k1   [13].  (13)

• overall efficiency P of a pump:

[13],  (14)
where:
       [13],

• total efficiency C of wires:

[13],  (15)
• structural pressure efficiency ηstp:

[13],  (16)
• structural volume efficiency ηstv:

[13],  (17)
• structural efficiency ηst:

[13],  (18)
• overall efficiency ηM of the cylinder, equal to its mechanical 

efficiency ηMm:

[13],  (19)

• 

[13],  (20)
where:

[13],  (21)

FORMS FOR DETERMINING  
THE COEFFICIENTS “ki” AND “a”  

AT THE REFERENCE VISCOSITY “v”
Knowledge of the energy efficiency course of a positive 

displacement machine as an independent whole is not enough 

to assess its energetic behavior in a hydrostatic drive system 
with a selected structure of hydraulic motor speed control. The 
energetic behavior of the positive displacement machine in 
the system results from the conditions created by the applied 
structure of the speed change of the hydraulic motor shaft, 
so it is different in different conditions. It is also required to 
describe it in the form of the function of current parameters 
of the operating system as well as the function of the speed 
coefficient  M and load coefficient  M of the hydraulic motor 
in the system.

It is necessary to replace the previously used researches of 
energy efficiency of displacement machines with researches 
of energy losses in machines. The results of such researches 

make it possible to assess the efficiency 
of the pump or hydraulic motor as an 
independent whole, as well as to evaluate 
the efficiency of the machine used in 
the drive system. Such possibilities are 

offered by energy loss tests in the pump and in the hydraulic 
motor combined with the assessment of the coefficients of 
energy losses occurring in them. These coefficients were called 
“ki coefficients”.

Knowing the coefficients ki of energy losses occurring 
in the hydrostatic system element (in the pump, in the 
hydraulic motor, but also in the conduits and in the motor 
speed control group) allows to build mathematical models 
of losses and energy efficiency of the element working in 
the system and energy efficiency of the system as a whole 
composed of elements. Mathematical model of losses and 
energy efficiency of an element in the system must take into 

account the conditions resulting from the 
applied structure of the system, from the 
level of assumed nominal pressure, from 
the rotational speed of the engine driving 

the pump shaft, from the viscosity change of the applied 
working fluid (hydraulic oil) [11].

The coefficients ki describe the relative value of individual 
losses in the element. They allow to assess the proportions 
of losses and to assess the value of the energy efficiency of 
the element (volume, pressure, mechanical) resulting from 
losses occurring at the nominal pressure pn of the system in 
which the element is used [4].

As a result, thanks to the knowledge 
of the coefficients ki of individual 
losses, it is possible to determine losses 
and energy efficiency of components 

operating in the drive system as well as the efficiency of the 
total system with a determined structure of the motor speed 
control as a function of the speed coefficient  M and load 
coefficient  M of the hydraulic motor.

In order to compare losses and energy efficiency of two 
examined structures: constant pressure system p=cte and 
variable pressure system p=var, consisting of the cylinder, 
conduits, proportional directional control valve, overflow 
valve SP (p=cte and p=var systems) and controlled overflow 
valve SPS (only p=var system) and pumps, measurements were 
made using a laboratory computer and using the National 
Instruments LabView 6.0 program for this purpose. The 
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results of the measurements were processed in Excel program. 
The computer with measuring transducers was connected 
using a PCI 1713 Advantech measurement card. In this 
way, 4 signals from pressure transducers were recorded, the 
piston rod signal was signaled using a linear displacement 
transducer, on the basis of which its vM speed was determined, 
and the signal of the FM force loading the piston rod [14].

Each measurement cycle was started from oil heating to 
the temperature of υ=43°C, at which its kinematic viscosity 
is ν=35mm2s-1.

At the beginning, the test cylinder performed reciprocating 
movements without load. Then, after starting the pump 
supplying the load cylinder, the load was systematically 
increased. When the measurement results were repeatable, 
i.e. stable, researches were started.

Thanks to the automated work of the systems, the hydraulic 
cylinders moved in both directions without interruption, 
while during the working movement the load cylinder loaded 
the tested cylinder. In the return movement, both cylinders 
moved independently. In this way, there are no air bubbles in 
the oil filling the cylinder chambers, which would adversely 
affect the measurement results.

In order to compare two hydraulic systems, the same series 
of speed vM and piston rod loads FM were assumed when testing 
them. During the measurements, the tested cylinder was loaded 
with the force of FM equal to 0kN, 5kN, 10kN, 15kN, 20kN, 
25kN, 30kN. On the other hand, the cylinder’s piston moved 
at a speed vM equal to 0.025m/s, 0.05m/s, 0.075m/s, 0.10m/s, 
0.15m/s, 0.20m/s, 0.25m/s, 0.30m/s, 0.35m/s, 0.40m/s [14].

Thanks to the knowledge of the coefficients ki of individual 
losses, it is possible to determine the losses and energy 
efficiency of components operating in the hydraulic system.

The following is a set of definitional formulas allowing to 
determine the coefficients ki of energy losses in the elements 
of the hydraulic system and the value of the “a” coefficient 
of the overflow valve at the reference viscosity υn=35mm2s-1.

A.  THE PUMP

•  Coefficients “ki”
•  k1 – a coefficient of relative volumetric losses QPv per 

one shaft revolution of fixed capacity pump

[12],  (22)

Therefore, based on the results obtained during laboratory 
researches, the coefficient “k1” is:

[14],  (23)

•  k2 – a coefficient of relative decrease ΔnP in pump 
rotational speed (ΔnP speed decrease is related to the 
rotational speed “n” characteristic as a function of the 
torque “M” of the driving motor – e.g. electric motor):

[14],  (24)
•  k3  – a  coefficient of relative pressure losses (flow 

resistance) in internal pump ducts, at theoretical 
pump delivery QPt:

[9].  (25)

According to the above formula, the coefficient k3 of the 
tested pump is:

[14].  (26)

•  k4.1  – a  coefficient of relative mechanical losses 
MPm  |  ΔpPi=0 in the unloaded constant capacity  
pump,  at  ΔpPi= 0 (so at MPi= 0) to the nominal 
moment MPn:

[9].  (27) 

According to the above formula, the coefficient k4.1 of the 
tested pump is:

[14].  (28)

•  k4.2 – a coefficient of relative increase of mechanical 
pump losses ΔMPm | ΔpPi=pn

, at increase in pressure in 
pump working chambers:

[9].  (29)

According to the above formula, the coefficient k4.2 of the 
tested pump type A7.VS0.58.DR is:

[14].  (30)

•  Characteristics of basic pump types – approximate values 
of coefficients „ki”
It is proposed to use, in the industrial energy calculations, 

approximate values of coefficients “ki” of basic types of pumps.
For example, the approximate values of the “ki” coefficients 

of axial piston pumps are shown below (Tab. 1):

Tab. 1. The approximate values of the “ki” coefficients of axial piston pumps [1]

pn=10 MPa pn=25 MPa

k1 = 0,01 k1 = 0,02

k3 = 0,01 k3 = 0,01

k4.1 = 0,01 k4.1 = 0,05

k4.2 = 0,01 k4.2 = 0,02
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B.  THE CONDUIT CONNECTING THE PUMP  
TO THE THROTTLE CONTROL UNIT

•  k5 – a coefficient of relative pressure losses (flow 
resistances) ΔpC1 in the line joining the pump with 
throttle control unit, at theoretical pump delivery QPt:

[9].  (31)

Thus, the value of the coefficient k5 is:

[14].  (32)

The coefficient k5 represents the sum of the flow resistance 
(pressure loss) in the conduit and in the elements installed 
on this conduit (filters, check valves, connectors ...).

C.  THE CONDUIT CONNECTING  
THE THROTTLE CONTROL UNIT WITH  
THE HYDRAULIC CYLINDER

•  k6.1 – a coefficient of relative pressure losses (flow 
resistances) ΔpC2 in the line joining the throttle 
control unit with hydraulic motor, at theoretical pump 
delivery QPt:

[9].  (33)

Thus, the value of the k6.1 coefficient is:

[14].  (34)

The coefficient k6.1 represents, as above, the sum of the flow 
resistance (pressure loss) in the conduit and in the various 
elements that the conduit contains.

D.  THE OUTLET LINE FROM  
THE HYDRAULIC CYLINDER

•  k6.2 - a coefficient of relative pressure losses (flow 
resistances) ΔpC3 in hydraulic motor outlet line, at 
theoretical pump delivery QPt:

[9].  (35)

Thus, the value of the coefficient k6.2 is:

[14].  (36)

The coefficient k6.2 includes, as before, the sum of flow 
resistance (pressure loss) in the conduit and in the components 
installed on it.

E.  A HYDRAULIC ROTATIONAL MOTOR

•  Coefficients “ki”
•  k7.1 – a coefficient of mechanical losses MMm | MM = 0 in 

an unloaded hydraulic rotational motor with constant 
absorbency per revolution:

[10].  (37)

•  k7.2  – a  coefficient of mechanical loss increase 
MMm | MM = MMn in a hydraulic rotational motor with 
constant absorbency per revolution:

[10].  (38)
•  k8 – a coefficient of pressure losses ΔpMp in internal 

channels (and in the distributor, if any) of a hydraulic 
rotational motor:

[10].  (39)

•  k9 – a coefficient of volume losses QMf in a hydraulic 
rotational motor:

[10].  (40)

•  Characteristics of basic types of hydraulic rotational 
motors – approximate values of coefficients “ki”

As in the case of the pumps, it is proposed to introduce, 
for the energy calculations of hydraulic systems, approximate 
values of “ki” coefficients of losses in basic types of motors. 
For example, the approximate values of the coefficients “ki” 
of low-speed radial piston motors (with an internal cam –
eccentric) are presented below (Tab. 2):

F. THE LINEAR HYDRAULIC MOTOR – CYLINDER

A measurement of friction forces FMm in the tested cylinder, 
operating at a constant speed, were made using the indirect 
method, as there is no device enabling the measurement to be 
carried out using the direct method. This made it necessary to 
use high quality transducers for measuring force and pressure.

Tab. 1. The approximate values of the coefficients “ki”
 of low-speed radial piston motors [1]

pn =10 MPa pn =25 MPa

k7.1 =0.04 k7.1 =0.02

k7.2 =0.02 k7.2 =0.02

k8 =0.02 k8 =0.01

k9 =0.02 k9 =0.03
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•  Coefficients “ki”
•  k7.1 – a coefficient of mechanical losses in the unloaded 

cylinder:

[13].  (41)

•  k7.2 – a coefficient of mechanical loss increase in the 
cylinder: 

[13].  (42)

In the case of a cylinder, the coefficient k7.2 can be positive 
or negative; the latter case may result from the application of 
a throttle control at the outflow from the cylinder (an example 
of controlling the cylinder with a proportional directional 
control valve or servo valve).

•  k8 – a coefficient of pressure loss (flow resistance) in 
the internal channels of the cylinder:

k8 = 0.            (43)

The picture of the loss and energy efficiency of the linear 
hydraulic motor – the cylinder – is more complicated 
compared to the case of a rotary hydraulic motor.

It was decided, therefore, to consider the energy efficiency 
problem of systems with the cylinder only for the case of the 
cylinder with pressure losses (flow resistance) ΔpMp in the 
inlet and outlet channel, as well as with internal leakages 
QMf negligible.

This is the case of the majority of cylinders, in which the 
pressure and volumetric energy losses are to be neglected 
in comparison with mechanical losses, and in particular in 
comparison with the power developed by the cylinder.

• k9 – a coefficient of volume losses QMf in the cylinder:

k9 = 0.            (44)

•  Characteristics of selected varieties and sizes of hydraulic 
cylinders with lip sealing rings – approximate values of 
coefficients k7.1 and k7.2 of mechanical losses in the cylinder 
(Tab. 3)

Conditions:
• a pressure pM2 in the cylinder outlet near the zero – pM2≈0,
• the piston rod is not loaded with transversal forces.
Variations of cylinders:
K  – double-acting, with one-sided piston rod,
L   –  double-acting, with one-sided piston rod, with differential 

connection,
R  – double-acting, with double-sided piston rod.

H.  THE PROPORTIONAL DIRECTIONAL  
CONTROL VALVE

•  k11 – a coefficient of relative pressure decrease ΔpDE in 
directional control valve (servovalve, proportional 
valve) demanded by a  maximum throttling section 
fDEmax for receiving flow intensity equal theoretical pump  
delivery QPt:

[13].  (45) 
The coefficient k11 corresponds to the sum of the pressure 

drops pDE= pDE1+ pDE2 in the two slots of the throttle 
distributor. This coefficient for the proportional directional 
control valve type 4WRA 10 E60-21 / G24 N9K4 can be 
determined using equation (45). So, in this case:

[14].  (46) 

The choice of the size of the throttling valve is made in such 
a way that its nominal flow rate, while the hydraulic system is 
working, corresponds more or less to the maximum electric 
current (close to 100%). The application of this principle 

Tab. 1. The approximate values of coefficients k7.1 and k7.2 of mechanical losses in the cylinder[4]

Pulling motion

D diameter of the 
piston [mm]

ρ – ratio of active 
surfaces of the piston

type K type R

pn = 10 MPa pn = 25 MPa pn = 10 MPa pn = 25 MPa

k7.1 k7.2 k7.1 k7.2 k7.1 k7.2 k7.1 k7.2

32÷50
1,4 0.05 0.07 0.03 0.05 0.06 0.07 0.03 0.06

2 0.11 0.10 0.05 0.07 0.14 0.10 0.06 0.08

125÷200
1,4 0.04 0.05 0.02 0.03 0.04 0.05 0.02 0.03

2 0.05 0.06 0.02 0.04 0.08 0.03 0.03 0.05

400÷630
1,4 0.02 0.02 0.01 0.02 0.02 0.02 0.01 0.02

2 0.02 0.04 0.01 0.03 0.03 0.03 0.01 0.03

Push or pull movement (example):
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makes it possible to optimally use the size controlled by the 
throttling valve and their mild change during control.

If the nominal intensity of the throttling valve used is 
equal to the theoretical efficiency of the pump operating in 
the system, QDEn = QPt, then a specific numerical value of the 
k11 coefficient can be determined with the selected nominal 
pressure pn of the system. For example, the size of the servo 
valve coefficient k11, characterized by a nominal pressure 
drop ΔpDEn = 7MPa and operating in a system with a nominal 
pressure pn = 20MPa, will be equal to:

[9].  (47) 

As approximate values of the coefficient k11, we can cite [4]: 
k11 = 0.05 ÷ 0.50 in the case of a servo valve, k11 = 0.03 ÷ 0.06 
in the case of a proportional directional control valve.

J.  AN OVERFLOW VALVE

A coefficient “a” of the pressure increase pSP stabilized by an 
overflow valve (pressure limiter) in the constant capacity pump:

[9],  (48) 
where:
PSP|Q0  = QPt

– a pressure stabilized by the overflow valve at  
the flow rate Q0 in the valve equal to theoretical pump capacity 
QPt– Q0 = QPt, pSP0 [Pa] – the opening pressure of the overflow 
valve equal to the nominal pressure pn of the system – pSP0 = pn, 
obtained at the flow rate Q0 in the valve equal to 0 – Q0 = 0.
Range of change of the coefficient “a”:
a = 0 ÷ 0.20.

In order to determine the coefficient “a” of the pressure 
increase controlled by the overflow valve, installed on a test 
stand, researches were carried out. Thus, the coefficient “a” 
of the tested overflow valve type DBW 10 A3 – 52 \ 315XU 
6E G2 4N9K4 from Rexroth is:

[14].  (49) 

EXAMPLES OF LABORATORY 
VERIFICATION OF ENERGY SAVING  
IN THE SYSTEM WITH A CONSTANT 

CAPACITY PUMP IN A VARIABLE 
PRESSURE SYSTEM p=var, IN COMPARISON 

WITH A CONSTANT PRESSURE  
SYSTEM p=cte

The test results, shown in Figures 3–9, allow for a comparison 
of the energy loss power values, expressed in Watts [W], in 
the p=cte and p=var system elements.

The most significant reduction of energy losses, when 
p=cte system is replaced by a p=var system, is obtained in 
the case of the structural pressure loss power ΔPstp (Fig. 3) in 
the proportional directional control valve. With the cylinder 
load coefficient  M = 0 and speed coefficient  M =0,875, 
the loss power is reduced from approx. 9800 W to approx. 
1800W, i.e. by 7,5times. The pressure loss power ΔPstp in 
both systems equalizes in the maximum cylinder load area 
(maximum  M  values), i.e. in the area where the p=var 
system begins to operate as a p=cte system. The pressure 
structural loss power ΔPstp in both systems is then relatively 
small – below 2300W.

The volumetric structural loss power ΔPstv (Fig. 4), 
occurring in the overf low valve (p=cte system) or in the 
controlled overf low valve and the overf low valve (p=var 
system), decreases also when the p=cte system is replaced 
by the p=var system. However, the power reduction is not 
as significant as in the case of pressure structural loss 
power ΔPstp.

With the cylinder coefficient   M  =0 and speed 
coefficient  M =0,063, the volumetric loss power ΔPstv is 
reduced from ca. 12000W to approx. 2400W, ie. 5 fold. The 
volumetric loss power ΔPstv in both systems equalizes in 
the cylinder maximum load area (maximum  M  values, 
i.e. in the area of the p=var system operating as a p=cte 
system). However, the same volumetric loss power ΔPstv 
in both systems is at its maximum – it reaches 12000W 
at  M =0,063 [15].

Fig. 3. Relation between the structural pressure loss power ΔPstp (in the directional proportional control valve), in the constant pressure 
system (p=cte) and variable pressure system (p=var), and the load 

coefficient M with different speed coefficients Mof the cylinder [15]
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The structural loss power ΔPst is the sum of the structural 
pressure loss power ΔPstp in the proportional distributor 
(proportional directional control valve) and the structural 
volume loss power ΔPstv in the overflow valve or in the control 
overflow valve:

ΔPst = ΔPstp + ΔPstv       (50)

Fig. 5 shows the diagram of structural loss power ΔPst 
in constant pressure system (p=cte) and variable pressure 
system (p=var).

The structural loss power ΔPst in the p=cte system, with the 
determined values of the speed coefficient  M of the cylinder 
decreases, as the load coefficient  M increases.

With the load coefficient  M =0 and the speed coefficient  
 M =0,063 (vM=0,025m/s) of the cylinder, the loss power ΔPst 

of the constant pressure system p=cte achieves the greatest 
value of ΔPst =12700W. At the same speed value and with 
a maximum load coefficient of  M =0,988, the structural 
loss power ΔPst in the p=cte system drops to ΔPst=12000W. 
On the other hand, with the maximum values of speed and 
load of the cylinder, ΔPst of the system p=cte assumes the 
smallest value equal to ΔPst = 3815W. This 3,3 times decrease 
of ΔPst is mainly related to the decreasing pressure drop 
ΔpDE in the proportional directional control valve and to the 
decreasing flow intensity Q0 facing to the reservoir through 
the overflow valve [14].

After replacing the constant pressure system p=cte with 
the variable pressure system p=var, the structural loss power 
ΔPst is noticeable. This is due to the reduced pressure pP2 in 
the pump discharge line at lower load coefficients  M of 
the cylinder.

With a load coefficient  M =0 and a speed coefficient   
 M =0,063 (vM=0,025m/s) of the cylinder, the structural 

loss power decreases from ΔPst=12700W (p=cte) to about 
ΔPst=2400W (p=var) and therefore 5,3 times. The structural 
loss power ΔPst in both systems equate in the zone of 
maximum cylinder load (maximum values), ie in the zone 
where system p=var works as p=cte. Then the structural loss 
power ΔPst in both systems, at a minimum speed coefficient 
of   M =0,063, is high and is ΔPst=12000W.

In the p=var system, when the hydraulic cylinder is operating 
at a high speed coefficient of  M =0,875 (vM=0,350m/s), the 
structural loss power ΔPst decreases markedly, changing from 
ΔPst=1780W at  M =0 to ΔPst=3800W at  M =0,775 [15].

In summary, the advantage of replacing the constant 
pressure structure p=cte with the p=var structure is most 
evident in the representation of the structural loss power ΔPst 
in the studied systems in the aggregate diagram of these losses 
(Fig. 5). It follows that ΔPst of the p=cte structure decreases 
both with increasing speed and with increasing load of the 
cylinder. In p=var system, ΔPst increases with increasing load, 
and decreases with increasing speed of hydraulic cylinder.

RELATION BETWEEN LOSS POWER IN 
HYDRAULIC COMPONENTS AND POWER 
REQUIRED BY THE CONSTANT CAPACITY 

PUMP FROM USEFUL POWER OF CYLINDER 
IN p=cte AND p=var STRUCTURES

Test results shown in Fig. 6 allow for comparison depending 
on the amount of the loss power ΔP (expressed in watts [W]) 
occurring in the elements and the consumed power PPc by 

Fig. 4. Relation between the structural volumetric loss power ΔPstv (in the overflow valve and in controlled overflow valve), in the constant 
pressure system (p=cte) and variable pressure system (p=var), and the load

 coefficient M with different speed coefficients M of the cylinder [15]

Fig. 5. Relation between the structural loss power ΔPst in the throttle control unit (sum of structural pressure loss power 
ΔPstp in the proportional directional control valve and the structural 

volume loss power ΔPstv in the overflow valve and in the control overflow 
valve) in constant pressure system (p=cte) and variable pressure system

 (p=var) from the load coefficient M at different speed coefficients
 Min hydraulic cylinder
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the pump from the useful power PMu of cylinder controlled 
in a constant pressure system p=cte and variable pressure 
system p=var at the speed coefficient of the cylinder  M =0,875 
(vM=0,350m/s).

The graph in Fig. 6 shows that the charts of the consumed 
power PPc of the pump (at the same useful power PMu of the 
cylinder) are different for the two investigated systems. In 
the constant pressure system, the consumed power PPc is 
constant throughout range of change of the load coefficient 
and is 13380W. On the other hand, in the case of a variable 
pressure system, the power PPc varies, depending on the load 
of the cylinder, in the range of 3200W at  M =0 to 13380W 
at  M =0,875. The useful power PMu of the cylinder increases 
over the whole load coefficient range, is equal to zero at  M =0 
and 9900W at  M =0,875.

Fig. 7 shows the dependence of the power PPc demanded by 
the pump from the output useful power PMu in the constant 
pressure system (p=cte) and variable pressure system (p=var). 
The power PPc required by the pump and the power PMu of the 
cylinder are shown here as a function of the load coefficient 

 M at different cylinder speed coefficients  M.
At the smallest speed vM of the cylinder (vM=0,025m/s), the 

power PPc required by the pump is greatest in the constant 
pressure system p=cte. This is related to the operation of the 
overflow valve SP. With increasing speed vM of the cylinder, 
the pressure pP2 decreases as the overflow valve sets the lower 
pressure pSP. Consequently, the power PPc required by the 
pump decreases.

On the other hand, the useful power of the cylinder, which 
is the product of the speed vM of the cylinder and its force 
loading FM, is independent of the system. The speed and load 
of the cylinder are independent of the control structure. 

Consequently, all loss power ΔP that occur in p=cte and p=var 
systems are a function of the useful power PMu and the quality 
of these components (ie loss power in these components). The 
loss power ΔP, on the other hand, depends on the current 
useful power PMu and above all on the current load FM and 
the current speed vM of the cylinder.

The useful power must be supplied by the investigated 
systems with the same load FM and speed vM and is the same. 
The useful power PMU will increase as load and speed increase.

The power PPc demanded by the pump results from the 
useful power PMu of the cylinder and all the loss power ΔP 
occurring in the system.

In conclusion, the power PPc demanded by the pump 
depends on the useful power PMu, the structure of the 
circuit, and the loss power ΔP that are present in the system 
components.

COMPARISON OF THE ENERGY 
EFFICIENCY OF VARIOUS SYSTEM 

VERSIONS
Investigations of the efficiency of elements and systems, 

taking into account detail analysis of the sources of particular 
energy losses, may be included in the basic scope of research 
into the hydrostatic drive and control systems. 

The energy efficiency, one of the most important system 
characteristics, is defined as the ratio of, by the driven device 
currently demanded, useful power PMu of the hydraulic motor 
to the power PPc, corresponding to PMu, obtained by the pump 
on its shaft from the (electric or combustion) motor driving 
the pump. In case of improper choice of the system type, the 

Fig. 6. The loss power ΔP of the system components and the power PPc demanded by the pump in the constant pressure system (p=cte) and 
variable pressure system (p=var) from the load coefficient M at the 

hydraulic cylinder speed coefficient M=0,875 (vM=0,35m/s); The useful 
power PMu of the hydraulic cylinder is resulted from the product 

of the current load FM ( M) and the actual speed vM ( M) of the cylinder 
required by the driven device [14]

Fig. 7. Relation of power PPc demanded by the pump in the constant 
pressure system (p=cte) and variable pressure system (p=var) from 

the load coefficient M at the different speed coefficient M 
(So this is the dependence the consumed power PPc from  the useful 

power PMu of the hydraulic cylinder) [14]
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consequence may be increased hydraulic oil temperature, 
i.e. decreased oil viscosity and, in turn, lower efficiency 
of the system elements, and also an impact on the system 
run characteristics. Therefore, the energy efficiency may be 
a decisive factor for usability of a system in a specific case. Its 
detailed analysis quite often leads to design improvements 
of the system elements. However, improving the quality 
of hydrostatic systems does not consist exclusively in the 
improvements of their elements [10].

Fig. 8 and 9 present the overall efficiency η of a constant 
pressure (p=cte) and a variable pressure (p=var) system with 
proportional control and a system with volumetric control 
by a variable capacity pump (QP=var) as a function of the 
load coefficient  M  at different values of the cylinder speed 
coefficient  M .

In the case of a  system with volumetric control by 
a variable capacity pump (QP=var), increasing the cylinder 
load coefficient  M causes rapid increase of the system overall 
efficiency η (Fig. 8). However, efficiency of structures with the 
series throttling control fed by a constant capacity pump is, 
with small value of the  M coefficient, distinctly lower than 
the volumetric control efficiency with the same value of  M, 
because the structural losses are high [15]. 

Increase of the cylinder speed causes a proportional 
increase of efficiency of the p=cte and  p=var systems, but 
with an increase of the cylinder speed vM the relative increase 
of efficiency of the system fed by a variable capacity pump 
is smaller (Fig. 8).

It can be seen in Fig. 8 that a 14-fold increase of the cylinder 
speed in the investigated structures causes about 14-fold 
increase of their efficiency. As a comparison, a 14-fold increase 

of the cylinder speed in a QP=var structure causes about 
2-fold increase of its efficiency (from η=0,39 at  M=0,063 
and  M =0,875 to η=0,78 at  M =0,875 and  M =0,875).

Fig. 9 presents efficiency η of a constant pressure (p=cte) and 
a variable pressure (p=var) system with proportional control, 
with the used proportional directional valve coefficient 
k10=0,065 and with possible use of a bigger proportional 
directional valve with k10=0,010, as well as a system with 
volumetric control by a variable capacity pump (QP=var), 
as a function of  the load coefficient  M at the value of the 
cylinder speed coefficient  M=0,939 (vM = 0,380m/s) resulting 
from the maximum pump capacity QPmax [15]. 

In the maximum cylinder speed range, i.e. with the full 
use of the pump capacity, efficiency values of the p=cte and 
p=var systems with throttling control become close to the 
efficiency of the QP=var system with volumetric control.

SUMMARY AND CONCLUSIONS

There are possibilities to reduce energy losses in proportional 
control systems (in the pump, in the throttle control unit, 
especially in the cylinder), and thus to improve the energy 
efficiency of the throttling manifold. The considerations allow 
for comparison of the loss power resulting from the applied 
hydraulic control structure of the hydraulic cylinder and 
the power consumed by the pump from the electric motor 
that drives it, the power necessary to provide pump-driven 
hydraulic cylinder. Presents the impact on the output (useful) 
power consumed in the considered systems, and the impact 
on the power consumed of the loss power in the individual 

Fig. 8. Relation of the overall efficiency η of a constant pressure (p=cte) 
and a variable pressure (p=var) system with proportional control 
and a system with volumetric control by a variable capacity pump 

(QP=var) to the load coefficient M at different values of the cylinder 
speed coefficient  M (efficiency determined by simulation from 

experimentally obtained ki coefficient ; the vM = 0,350m/s ( M=0,875) 
speed was the highest cylinder speed used during the tests) [15]

Fig. 9. Relation of the overall efficiency η of a constant pressure (p=cte) 
and a variable pressure (p=var) system with proportional control, 
with the used proportional directional valve coefficient k10=0,065 

and with possible use of a bigger proportional directional valve with 
k10=0,010, as well as a system with volumetric control by a variable 

capacity pump (QP=var,), to the load coefficient M at the value 
of the cylinder speed coefficient M =0,939 (vM = 0,380m/s) resulting 

from the maximum pump capacity QPmax . Maximum ηmax values 
of the three considered systems are closer to one another [15]
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elements. Instantaneous useful power of the cylinder, which is 
determined by the product of force and speed of the cylinder rod 
is independent of all losses. There are mechanical loss power in 
the cylinder, loss power in the conduits, the structural volume 
and pressure loss power that are associated with the throttling 
control and loss power in the pump: pressure, volumetric and 
mechanical which have to be added to the useful power. As 
a result, the sum of the effective useful power and the loss power 
of all system is the instantaneous value of the power consumed 
by the pump from the electric motor that drives it.

This article presents a comparison of the loss power of 
the two systems – p=cte and p=var. Diagrams show how 
the power lines PMu of the cylinder are running, the power 
lines ΔP of the loss power in the components and the power 
line PPc taken by the pump from the motor that drives it. The 
energy gains associated with the introduction of a variable 
pressure p=var compared to the p=cte pressure system are 
also presented.

The influence of power PMu on the power PPc in the systems 
under consideration as well as the influence on the PPc of the 
loss power ΔP on the individual components are presented. The 
PMu momentary power of the cylinder, which is determined by 
the product of the force FM and the speed vM of the cylinder rod, 
is independent of all losses. For the useful power PMu comes 
the mechanical loss power ΔPMm in the cylinder, the loss power 
ΔPC in the conduits, the structural volume loss power ΔPstv, 
and the structural pressure loss power ΔPstp associated with 
the throttling control and the losses in the pump: pressure 
loss power ΔPPp, volume loss power ΔPPv and mechanical loss 
power ΔPPm. As a result of the sum of the useful power PMu and 
all loss power ΔP in the system, the instantaneous power PPc 
value that the pump requires from the electric motor driving it 
is obtained. Changing the structure from p=cte to p=var, with 
the same useful power PMu, results in a significant decrease in 
structural loss power ΔPst (Fig. 5).

The maximum achievable values of efficiency of systems 
with proportional (i.e. series throttling) control and of 
a system with volumetric control by a variable capacity 
pump are approximately similar. The compared systems 
were assembled from elements with the same ki coefficients 
of energy losses. 

By applying a variable pressure (p=var) system, a significant 
increase of the energy efficiency η can be achieved with 
smaller cylinder loads. 

With small cylinder speed values, the effect of using a p=var 
system is little, mainly due to volumetric losses connected 
with draining the excess liquid to the tank.

Optimization of hydrostatic systems means, among other 
aspects, a possibility of foreseeing the behaviour of an energy 
system in various conditions of its operation, as a function 
of speed and load of the hydraulic motor, working liquid 
viscosity, losses in the elements and particularly as an effect 
of the system structure. The common acceptance and use of 
the objective, experimentally verified methods of determining 
the system energy efficiency, looking at the efficiency of entire 
combined system, can clarify many misunderstandings, e.g. 
those pertaining to the problem of maximum efficiency of 
specific structures. 

The Author intends to carry out further investigations of 
systems with proportional control, aimed at determining 
the influence of the working liquid (oil) viscosity on the 
energy efficiency.

NOMENCLATURE

a      –  coefficient of pressure increase in the overflow valve 
or in the controlled overflow valve

cte    –  constant
fDE1     –  throttling slot at the cylinder inlet 
fDE2    –  throttling slot at the cylinder outlet 
FM       –  hydraulic linear motor (cylinder) load, current force 

required of a linear motor
FMi      –  force indicated on the piston of the hydraulic linear 

motor (cylinder)
FMm     –  hydraulic linear motor mechanical losses
FSP     –  force of spring in the overflow valve 
k1       –  coefficient of relative volumetric losses per one shaft 

revolution of fixed capacity pump
k2       –  coefficient of relative decrease in pump rotational 

speed
k3       –  coefficient of relative pressure losses (flow resistance) 

in internal pump ducts, at theoretical pump  
delivery QPt

k4.1     –  coefficient of relative mechanical losses in pump, 
at ΔpPi=0

k4.2     –  coefficient of relative increase of mechanical pump 
losses, at increase in pressure in pump working 
chambers

k5       –  coefficient of relative pressure losses (flow resistances) 
in the line joining the pump with throttle control 
unit, at theoretical pump delivery QPt

k6.1     –  coefficient of relative pressure losses (flow resistances) 
in the line joining the throttle control unit with 
hydraulic motor, at theoretical pump delivery QPt

k6.2     –  coefficient of relative pressure losses (flow resistances) 
in hydraulic motor outlet line, at theoretical pump 
delivery QPt

k7.1     –  coefficient of relative mechanical losses in hydraulic 
motor – cylinder, at a force FM=0

k7.2     –  coefficient of relative increase of mechanical losses 
in motor – cylinder, at increase of force FM

k8       –  coefficient of relative pressure losses (flow resistances) 
in internal ducts of hydraulic motor, at theoretical 
pump delivery QPt

k9       –  coefficient of relative volumetric losses in hydraulic 
motor

k10      –  coefficient of relative minimum pressure decrease 
in 2-way flow control valve, which still ensures the 
flow regulation, or coefficient of relative pressure 
decrease in 3-way flow control valve

k11      –  coefficient of relative pressure decrease ΔpDE in 
directional control valve (servovalve, proportional 
valve) demanded by a maximum throttling section 
fDEmax for receiving flow intensity equal theoretical 
pump delivery QPt
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 M    –  hydraulic motor relative load coefficient  M= FM / FMn 
p0       –  the reference pressure in the oil reservoir
p1        –  pressure at the cylinder feed proportional valve inlet
p2       –  pressure in the outlet conduit from proportional 

valve to the cylinder
p1ʹ       –  pressure in the inlet conduit to the proportional 

valve from the cylinder 
p2ʹ      –  pressure in the outlet conduit from proportional 

valve to the oil reservoir 
pn       –  nominal (rated) working pressure of hydrostatic 

transmission (hydraulic system)
pM1     –  pressure in the inlet conduit to the cylinder 
pM2     –  pressure in the outlet conduit from the cylinder
pM1i    –  pressure in the inlet chamber of the cylinder
pM2i    –  pressure in the cylinder discharge chamber
pP1     –  pressure in the pump inlet
pP2     –  pump supplying pressure
pSP     –  operating pressure overflow valve
pSP0    –  opening pressure overflow valve for (Q0=0)
pSPS    –  operating pressure overflow valve controlled by the 

receiver inlet pressure
ΔpC0    –  pressure drop in the inlet conduit to the pump
ΔpC1    –  pressure drop in the inlet conduit to the control unit
ΔpC2    –  pressure drop in the line between the control unit 

and cylinder
ΔpC3ʹ   –  pressure drop in the outlet conduit from cylinder to 

the proportional valve
ΔpC3ʹʹ  –  pressure drop in the outlet conduit of the cylinder 

from the proportional valve 

ΔpDE1  –  pressure drop in the proportional directional valve 
throttling slot fDE1 (at the cylinder inlet)

ΔpDE2  –  pressure drop in the fDE2 proportional valve throttling 
slot (at the cylinder outlet)

ΔpM    –  decrease of pressure (pressure drop) in hydraulic 
linear motor (cylinder)

ΔpMi   –  pressure drop indicated between inlet and outlet 
chamber of the cylinder

ΔpP     –  increase of pressure in the pump
ΔpPp1   –  pressure drop in the inlet channel pump (and the 

distributor, if any)
ΔpPp2   –  pressure drop in the pump outlet duct (and the 

distributor, if there is one)
Q0     –  intensity of flow directed through the overflow valve 

to the oil reservoir
QM    –  hydraulic linear motor absorbing capacity, intensity 

of flow to hydraulic linear motor
QM2    –  intensity of flow from the hydraulic linear motor 

(cylinder)
QP     –  pump delivery
η      –  energy efficiency
SM1    –  effective area of the hydraulic linear motor piston 

in its inlet chamber
SM2    –  effective area of the hydraulic linear motor piston 

in its outlet chamber
SP     –  overflow valve 

SPS    –  overflow valve controlled by the receiver inlet 
pressure

var    –  variable
vM     –  hydraulic linear motor speed

 M    –  hydraulic linear motor speed coefficient – ratio 
of instantaneous speed to the nominal one of 
a hydraulic linear motor –  M = vM/ vMn
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A CONCEPT OF DETERMINING THE RELATION BETWEEN LOAD 
AND WEAR OF TRIBOLOGICAL SYSTEMS OF SHIP MAIN SELF-

IGNITION ENGINES BY USING PROBABILISTIC APPROACH
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ABSTRACT

This paper presents a proposal of simultaneous consideration of load and wear associated with it , of tribological 
systems of ship main engines (intended for ship propulsion) . Based on results of investigations it was assumed that 
both the load Q (i.e. a cause of wear ) and the wear Z (i.e. an effect of load occurrence) considered in a given time t 
(0 ≤ t ≤ tn) are random variables Qt  and Zt ,respectively.  There was characterized operational principle of ship main 
engines in definite external conditions (WZ) as well as consequences of excessive load of engines.  Three hypotheses 
highlighting relations existing between load and wear of the above mentioned systems, have been proposed. The first 
of them deals with explanation of stochastic relation between load and wear, the second highlights why it is possible 
to assume that the load Qt  and the wear Zt are positively correlated , and the third – why it is possible to assume that 
coefficient of correlation between Qt  and Zt may be taken  close to one. 

Keywords: combustion engine load, probability, stochastic process, self-ignition engine, random variable, statistical relation, stochastic relation

INTRODUCTION

Durability and reliability of any ship main engine depend 
first of all on wear of its crucial tribological systems such 
as main and crankshaft bearings as well as friction pairs of 
pistons and cylinder liners. Many factors affect such systems, 
but thermal and mechanical load applied to them [5, 11, 12, 
13, 16, 18, 28, 29] are most important. Especially unfavourable 
effect onto wear of the systems results from excessive load 
generated during ship voyage in stormy weather conditions. 
Such loading may lead to extensive failures of the tribological 
systems of ship main engines in question, called damages [4, 
12, 18, 27, 29]. It mainly concerns pistons and cylinder liners 
when the engine is forced to work with maximum output as 
well as main and crankshaft bearings in case when maximum 
combustion pressure values reach 18MPa and more and the 

mean pressure rate of rise (φp(śr)) exceeds 1,2MPa/°OWK 
[18. 21, 22]. There is possible to predict an excessive wear of 
elements of the engines in question and consequently their 
failures by applying appropriate diagnosing systems intended 
for the generating of complete diagnoses, i.e. such which cover 
also a forecast of their technical state. The working out of such 
forecast requires a. o. to determine loads which may appear 
during service of the engines. Today the loads of combustion 
engines are usually analyzed by using deterministic approach, 
and less often – probabilistic one. In the last case they are very 
simplified and as a rule limited only to statistical analyses 
with application of point estimation of their expected values 
[1, 2, 11, 14, 17, 18, 23]. However, loads on ship combustion 
engines are random variables appearing in determined 
instants t which are not random variables. Therefore the 
loads considered in subsequent instants t (0 ≤ t ≤ tn) as the 
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random variables Qt form the loading process {Q(t) : t ≥ 0}. 
Hence during their examination it is necessary to take into 
account that the loads following in succession form the 
stochastic process {Q(t) : t ≥ 0} whose values are the above 
mentioned random variables Qt [1, 2, 4, 16, 29, 30]. Taking 
into consideration the random features of loads on ship 
combustion engines it is worthwhile initiating actions leading 
to determination of probabilistic relations between load and 
wear of the tribological systems in question, resulting in 
consequence of acting loads. Hence, the wear of such systems 
should be considered to be the stochastic process {Z(t) : t ≥ 0} 
whose values in arbitrary instants t (0 ≤ t ≤ tn) are the random 
variables Zt. As results from investigations, it is not possible 
to unambiguously determine values of wear (random variable 
Zt), if value of random variable Qt is known. It is necessary 
to assume that a stochastic relation exists between randomly 
varying loading (Qt) and wear (Zt), in an arbitrary instant t. 

CAUSES AND CONSEQUENCES 
OF RANDOM VARIABILITY OF LOADING

The ship main engine (1) is able to transfer, by the propulsion 
shaft (2), kinetic energy from the screw propeller (3) whose 
task is generating the demanded thrust force T (Fig. 1). 
The force depends on the effective power (Ne) produced by 
the engine (1), and its rotational speed (n), hence also – on the 
rotational speed of screw propeller and ship hull resistance 
[20, 24, 25, 29]. The resistance overcome by the propeller 
thrust force T depends on the external conditions WZ (Fig. 2) 
randomly varying in a given instant t, and formed by such 
random factors as [6, 19, 25, 29]: 
1) hydro-meteorological conditions: wind force and direction 

as well as sea state (height, length, speed and propagation 
direction of waves),

2) features of water area: its breadth and depth, the lay and 
kind of seabed (rocky, sandy),

3) kind of ship voyage: free moving, towing a ship,
4) ship hull position against water surface: draught, trim, heel,
5) state of underwater surface of ship hull: fouling of hull 

surface and its wear.

 

 3 
 1 

 2 

T 

WZ 

n Ne 

Fig. 1. Image of a ship propulsion system without reduction gear: 1 – ship main 
combustion, self-ignition engine, 2 – propeller shaft, 3 – screw propeller,  

Ne –effective power of the engine, n – rotational speed of the engine,  
WZ – external conditions, T – thrust force.

Energy conversion in working spaces of the ship main 
engine is aimed at developing the demanded effective 
power Ne as well as the rotational speed n of the engine 
and reaching such value of the propeller thrust force T in 
a given external conditions as to ensure a demanded speed 
of the ship. Large values of loads Q (mutually implicating 
thermal and mechanical ones) of engine tribological systems 
are then generated. The loads depend on ship speed and 
external conditions (mainly hydro-meteorological) in which 
transport tasks of the ship are executed. With increasing the 
rotational speed (n) of the engine and its effective power (Ne) 
and getting the external conditions (WZ) worse, the load on 
the engine increases. It is clearly illustrated in Fig. 2 where 
main engine speed characteristics (external, screw-propeller 
and governor ones) are presented. They made it possible 
to show an example change in the effective power (Ne) of 
the engine and its rotational speed (n) in accordance with 
the governor characteristics (NRnom = idem). According to 
the characteristics, the power Ne and speed n will undergo 
a change from the point A to point B when the external 
conditions get worse from the state WZ2 into WZ3. In the 
case when the conditions (WZ) get better from the state WZ2 
into WZ3, the engine power Ne and its rotational speed n 
will be determined by the point C. The above mentioned 
screw-propeller characteristics may be interpreted as follows: 
the external conditions WZ3 are deemed the heaviest ones 
(stormy weather), WZ2 – deal with less harsh ones, and WZ1 
– favourable conditionswhich may be formally written in the 
form of the inequality: WZ3 > WZ2 > WZ1. Both the engine 
power Ne, and its rotational speed (n) are random variables 
which characterize its loading [6, 7, 25, 29].

Fig. 2. Example characteristics of the main engine, which illustrate changes in 
engine load according to the governor characteristics NRnom = idem:  

Ne – engine effective power, n – engine rotational speed, WZ – external 
conditions (WZ3 > WZ2 > WZ1), NRmin – minimum setpoint of the governor, 
NRnom – nominal (rated) setpoint of the governor, NRmax – maximum setpoint 

of the governor, hmax – maximum setpoint of the injection pump,  
hnom – nominal (rated) setpoint of the injection pump, hmin – minimum setpoint 

of the injection pump, nnom – nominal (rated) rotational speed of the engine.

In external conditions (WZ) varying from the most 
favourable (WZ1) up to stormy ones (WZ3), engine-propeller 
interaction within the range shown in Fig. 2 will run from 
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the point B to A and back in compliance with the governor 
characteristics NRnom = idem [4, 20, 24, 25, 29,]. 

Ships very rarely sail in calm water. Usually during voyage 
ship rolling appears due to wind and wave action and in 
consequence many unwanted and dangerous phenomena 
follow, such as: drop of ship’s speed and rise of ship hull 
resistance in waves, shipping of water, screw propeller 
emerging etc. This leads to increasing load on main engines 
and often their overloading which results in failures of 
their tribological systems, especially the cylinder liner- 
piston systems and rings as well as crankshaft bearings and 
crossheads [12, 30, 31]. Examples of such failures in ship main 
slow-speed large-output engines are presented in Fig. 3 ÷ 6.

Fig. 3. shows the damaged surface of piston and its sealing 
rings due to excessive friction wear of piston ring surface and 
significant damage of piston rings. 

Fig. 3. Image of a piston damaged due to excessive friction wear of piston ring 
surface and significant damage of piston rings [30]

Fig. 4. shows the damaged surface of cylinder liner due to 
an excessive friction wear resulting from the seizing of piston 
in the cylinder. 

Fig. 4. Image of the damaged surface of cylinder liner due to an excessive 
friction wear resulting from the seizing of piston in the cylinder [30]

Fig. 5. presents the damaged surface of crosshead pin 
resulting from an excessive wear due to friction and corrosion. 

Fig. 5. Image of the damaged surface of crosshead pin resulting from an 
excessive wear due to friction and corrosion [30]

Fig. 6. illustrates the damaged surface of sliding coat of 
crank-end bearing sleeve due to its excessive friction wear.

Fig. 6. Image of the damaged surface of sliding coat of crank-end bearing sleeve 
due to its excessive friction wear [30] 

Such damages endanger safety of ship at sea, especially 
when it executes transport tasks in stormy weather conditions. 
In the conditions extensive waving occurs, that makes keeping 
the proper course by the ship difficult. Therefore, the damages 
of the so crucial tribological systems as the crankshaft and 
crosshead system bearings and piston-ring-cylinder – liner 
friction pairs are, do not allow to deliver an appropriately 
large amount of power to the screw propeller. As a result, the 
screw propeller is not able to produce the demanded thrust 
force T. Lack of the force leads first to loss of course keeping 
(ship’s capability of ensuring desirable direction of motion, 
e.g. perpendicular to wave direction) and then to its possible 
capsizing and sinking. Such situations may be prevented only 
in case of application of appropriate algorithms for prediction 
of technical states of the above mentioned tribological systems. 
However, such algorithms must have programs containing 
relations between wear of tribological systems of main engine 
and its load [3, 15, 28, 30].

RELATION BETWEEN WEAR 
OF TRIBOLOGICAL SYSTEMS OF MAIN 

ENGINE AND ITS LOAD
During ship voyage the external conditions WZ are varying 

(Fig. 2), and in extreme case, stormy weather conditions 
may be encountered. Fig. 7 illustrates such heavy weather 
conditions in which a ship continues navigation. 

Fig. 7. Illustration of sea state in which a ship continues navigation
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Random features of load and wear of a. o. tribological 
systems of ship main engines and their impact onto change 
of their technical state are generally presented in [8]. There 
was possible to demonstrate that the theory of semi-Markov 
processes may be applied to working out a four-state model 
of changes in technical states of the engines in question, which 
are crucial for safety of the entire ship. However, for diagnostic 
purposes to present more strict relations between load and 
wear of the engines is necessary. First of all, to formulate 
such relations there should be taken into account the fact 
that between the load Q and the wear Z mutual cause-effect 
relations do exist. For instance, the load Q (as a cause) results 
in the wear Z (i.e. an effect), but when it is important not 
to allow for occurrence of a failure in a tribological system 
(hence in the engine itself), then the wear Z (being now 
a cause) forces the engine’s operator to mitigate the load 
Q (being now an effect). Because of the randomness of the 
load, the wear Z of tribological systems shows also random 
nature [9].

Interpretation of the wear occurring in such systems is 
presented in Fig. 8, based on Lorence curve [8, 28].

In Fig. 8. there are presented with thin lines various wear 
realizations z(t) of five tribological systems, according to 
the publications [3, 9, 10, 12, 16, 23, 27]. As results from this 
figure, in an arbitrary instant t the wear of such systems is 
the random variable Zt. Therefore, to every instant t, the 
random variable Zt of the expected value E(Zt), depending on 
t-value, can be attributed. It means that the wear considered 
in function of time t is the random function Z(t) forming 
a set of the random variables Zt. The function is hence the 
stochastic process {Z(t): t ≥ 0}. The expected value E[Z(t)] 
of the process is distinguished with bold line in this figure. 
The value is determined by a set of the expected values E(Zt) 
for every instant t. Worth mentioning that the expected value 
E[Z(t)] of the stochastic process {Z(t): t ≥ 0} depends on the 
time t, because the values E(Zt) are different for different 
instants t. However, it is not possible to take the expected 
value E[Z(t)] to be random function since for a given value t 
the values E(Zt) are constant, i.e. for a definite value t the 
value E(Zt) = const [2, 4, 14, 16, 17].

tgn tgd 

zgd 

z(t) 

t

zgn 

z 

0

f(z
) 

E
(Z

) 

Fig. 8. Example interpretation of tribological system wear: z – wear;  
zgn –impermissible limit wear; zgd – permissible limit wear; tgd – time 

to occurrence of zgn; tdn – time to occurrence of zgd; t – operational time 
of tribological system, f(z) –density function of wear, E(Z) – expected value 

of wear

The loading process of the tribological systems of the engine 
{Q(t): t ≥ 0} on which the mentioned process {Z(t) : t ≥ 0} 
depends, may be considered in a similar way [9].

In case if it were possible and reasonable to take into 
account all factors affecting the load Q and wear Z resulting 
from it, then the relation between Z and Q could be described 
by algebraic equations. Then the dependence of Z on Q would 
be a functional relation. 

However such case is not possible to occur for the following 
reasons, a. o.:
– not all the factors affecting load and wear of engine’s 

tribological systems are known and not all – measurable 
quantities,

– the taking into account a large number of factors may 
complicate considerations to such a degree that it would be 
impossible to carry out them even with using contemporary 
computer technique. 
In this case a combined consideration of the load Q and 

wear Z implicated by it, requires to consider the random 
variable U which is a two-dimensional random variable (Q, Z). 
In view of that measurements are conducted from time to 
time only the random variables Q and Z are step like (not 
continuous), whose realizations are q and z, respectively. Hence, 
the pair (q, z) is the realization of the random variable (Q, Z). 
Therefore the variable takes values (q, z) with a definite 
probability p(q, z), i.e. the probability of simultaneous 
occurrence of the events: Q = q and Z = z.

The set of the mentioned probabilities p(q, z) constitutes the 
two-dimensional distribution of the random variable (Q, Z), 
which satisfies the following condition [1, 9, 1]:

(
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The boundary distribution of the random variable Q is 
the following:

(
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j
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1
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And, the boundary distribution of the random variable Z 
has the following for:

r

i
zqpzp

1
),()( (3)

In view of that the load (Q) and wear (Z) considered in the 
instant t (0 ≤ t ≤ tn) are random processes it can be concluded 
that a stochastic relation between their values Qt and Zt should 
be expected. In order to highlight the relation, the following 
hypothesis H1 may be formulated: „a stochastic relation exists 
between the load Qt and wear Zt of an arbitrary tribological 
system of ship main engine because definite variants of one 
of the random variables are accompanied by different 
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variants of the second variable”. Hence it can be concluded 
that the relation between the load Q(t) and wear Z(t) cannot be 
described by algebraic equations. The conclusion deems to be 
true as the load depends on a large number of factors including 
also those which cannot be measured [4, 5, 13, 16, 18, 26]. 
A degree of dependence between the variables essential in this 
case, i.e. intensity (strength) of stochastic reIation between 
Q and Z can be determined by using Czuprow convergence 
coefficient (4). Therefore during empirical investigations the 
strength of the stochastic relation between Q and Z may be 
determined by making use of the following relation [1]:

)1)(1(

2
22

−−
χ==

lkN
TT CMMC  (4)

where:
k – number of variants of the variable Q; l – number of variants 

of the variable Z, N – limit number of variants of the 
variable Q or Z, χ2 – a value calculated from the chi-square 
formula, T(·)

2 –Czuprow convergence coefficient.It can be 
proved,[14], that TMC takes values from the interval [0,1]. 
The coefficient is equal to zero (TMC = 0) when there is no 
relation between values (Q and Z) of the process, while the 
coefficient equal to one (TMC = 1) demonstrates that such 
relation exists. To state if the random varaiables Q and Z 
are dependent is possible by examining the probabilities 
defined by the formulae (1) ÷ (3).
The necessity of searching for stochastic relation between 

Z and Q may be substantiated also graphically by using the 
example stochastic relation between the load q and wear z, 
presented in Fig. 9.

qmax qmin 

z 

q 

zutp 

Fig. 9. Graphical interpretation of the example stochastic relation between the 
load q and wear z; zutp – wear (small) resulting from oxidation during liquid 

friction, qmin – minimum load, qmax – maximum load

Investigation of a stochastic relation between load (Q) 
and wear (Z) may be very difficult when their distributions 
(also conditional ones) greatly differentiate to each other by 
variability, concentration and asymmetry. In such case it is 
better to examine a statistical relation between Qt and Zt. 
Then it is possible to assign, to particular values of one of the 
variables, mean value of the other variable [14].

Analyzing values of states of the processes {Q(t): t ≥ 0} and 
{Z(t): t ≥ 0} in an arbitrary instant t, one is able to state that 
there exists stochastic relation between value (state) of the load 
Qt and value (state) of the wear Zt (being random variables in 
the instant t). The fact that such relation between the random 
variables exists does not mean that knowing a value of the 
random variable Qt (cause) one is able to unambiguously 
determine a value of the random variable Zt (effect). Such 
unambiguous dependence could be stated only in the case 
of existence of a dependence of these variables in usual sense 
or by assuming that Qt and Zt are random variables which 
constitute values (states) of the deterministic processes Q(t) 
and Z(t), i.e. those having prediction error equal to zero.

A stochastic dependence between the variables Qt and Zt 
should be meant as an influence of one of the variables, e.g. 
Qt on distribution of the other variable, i.e. Zt or vice versa, 
namely – an influence of the variable Zt on distribution of the 
variable Qt. It means that a correlation between the random 
variables exists. 

In the case if the random variables Qt and Zt were not 
independent then their boundary distributions would not 
differ from conditional ones. In view of that the load Qt 
and the wear Zt are measurable in an arbitrary instant t 
(0 ≤ t ≤ tn), they can be considered to be step-like random 
variables. They can be considered this way because both 
the measurement operations performed to find their values 
and the measuring instruments make it possible to obtain 
discrete values from the measurements. In view of that, to 
state independence of the random variables Qt and Zt it is 
possible to use conditional probabilities and unconditional 
ones by employing the following relations [1, 14, 17]:

)()();()( jijiji zpqzpqpzqp ��  (5)

hence

)()()( jiji zpqpzqp  (6)

Therefore in case if the random variables Qt and Zt fulfil 
the condition (6) it will mean that they are stochastically 
independent random variables, otherwise they must be 
considered stochastically dependent, i.e. correlated. 

The random variables Qt and Zt may be also considered 
continuous random variables. Then, in case of their 
independence, the following formulae are obtained [1, 14, 17]:

)()/( qfzqf )()/( zfqzf (7)

hence

)()(),( zfqfzqf  (8)
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and

dqzqfzf ),()(
∞

=
β

 (9)

where 

The conditional expected values for a definite instant 
t: : E(Q/z) and E(Z/q) are then equal to the unconditional 
expected values, namely [1, 14, 17]:

ZQ mZqZmQzQ 11 )(E)/(E;)(E)/(E  (10)

Also, the conditional variances D2(Q/z) and D2(Z/q) are 
then equal to respective unconditional variances, i.e.:

222222 )(D)/(D;)(D)/(D ZQ ZqZQzQ  (11)

And, the convariance is then equal to zero, i.e.:

0)(E)(E),(E),(K),(Cov ZQZQZQZQ  (12)

Making use of the formulae (6) and (8) one can show that 
when the random variables Q and Z are independent to each 
other, then:

 )(E)(E),(E ZQZQ (13)

i.e. according to the formula (12):

 0),(K ZQ  (14)

When the random variables Q and Z are independent 
then, taking into account their features, one can also write 
that [1, 16]:

)(D)(D)(D 222 ZQZQ  (15)

The relations (12)÷(15) may be also applied in the case when 
value of the wear Z is signalled by a diagnostic symptom of the 
wear which is a physical quantity not susceptible to changes in 
values of the load Q. When the conditions (6) and (12) are not 
fulfilled, i.e. when the conditional distributions of the random 
variables Q and Z are differ from the boundary distributions, 
then it means that the random variables are correlated to 
each other (i.e. a stochastic relation exists between them). In 
such case the conditions (10) and (11) are also not fulfilled. 
Therefore, the following relations exists:

)()/(E zFzQ  (16)

)()/(E qFqZ  (17)

2222 D)/(D;D)/(D qZzQ  (18)

0)(E)(E),(E),(K ZQZQZQ  (19)

The relation (16) is a regression equation of the variable Q 
against the variable Z, whereas the relation (17) is a linear 
equation of regression of the variable Z against the variable Q. 
In the case of the maximum coupling of the random 
variables Q and Z their regression lines coincide. If they are 
straight lines (i.e. when influence of the load Q on conditional 
expected value of the wear Z is constant), they form one 
straight line of the slope factor 

Q

Z . In the case when 
the  variables Q and Z are independent then 
the regression lines (being straight lines) are parallel to 
coordinate axis and cross the point of the coordinates (m1Q, 
m1Z). Fig. 10 shows an example course of the regression lines.

Fig. 10. Graphical illustration of the course of regression straight lines: m1 – 1st 
order zero moment (expected value), m1Z = E(Z), m1Q = E(Z), respectively; 

E(Q/Z=z) – expected value of the variable Q dependent on the value z 
of the variable Z, E(Z/Q=q) –expected value of the variable Z dependent 
on the value q of the variable Q, z – realization of the variable Z (wear), 

q – realization of the variable Q (load).

As a correlation measure (mutual dependence) of the 
random variables Q and Z the correlation coefficient rQZ (i.e. 
covariance of the standardized random variables Q* and Z*) 
determined by using the relation [1, 3, 14, 17], may also serve:

ZQ
QZ

ZQr
σσ

),(K
=  (20)

and:

ZQ

ZZZQQQ )(E,)(E **

The use, in addition, of the correlation coefficient makes 
it possible to determine whether the correlation is positive 
or negative. As results from the presented considerations it 
should be positive.

In the case when the random variables Q and Z are 
independent, then rQZ = 0. For the random variables Q and Z 
the coefficient takes values from the interval (0, 1], i.e.:

10 ≤< QZr (21)
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if generally increasing value of the wear Z is associated with 
increasing values of the load Q. The occurrence of such case 
means that a positive correlation between the load Q and 
the wear Z exists. 

Hence, the following hypothesis H2 may be postulated: 
the load of an arbitrary tribological system of engine, in 
the time t, constitutes the random variable Qt positively 
correlated with its wear, i.e. the random variable Zt, because 
with the load increasing the wear of the engine grows. 

The presented hypothesis may be considered equivalent 
to the following hypothesis H3: the wear of a tribological 
system of engine and its load are, in an arbitrary instant 
of its working time (t), random variables between whose 
such relation exists that the correlation coefficient rQZ ≈ 1, 
because the engine wear increases first of all with increasing 
the load.

As results from the considerations, correlation (stochastic 
dependence) between random variables which stand for the 
load Q and the wear Z may be determined by using:
a) regression lines which illustrates the dependence of mean 

value of one of the variables on value of the other of the 
variables in question, i.e.: E(Q/Z = z) and E(Z/Q = q);

b) correlation coefficient defined by the relation (20).
Achievement of zero-value of the correlation coefficient 

(ρQZ = 0) is a prerequisite, but not a sufficient condition to deem 
the random variables Q and Z to be independent on each other 
if their distributions are different from normal. Zero- value 
of the coefficient does not prove that the random variables 
are independent if they do not have normal distributions. 
Possession of zero-value of the correlation coefficient ρQZ is 
the sufficient condition for considering random variables 
independent only if their distributions are normal [2, 14, 17].

FINAL REMARKS AND CONCLUSIONS

In this paper there was undertaken an attempt to determine 
relation between load and wear of tribological systems of an 
arbitrary ship main engine (intended for ship propulsion) 
by applying probabilistic approach. It was justifed that 
application of such approach is necessary in view of a random 
character of load exerted on ship main engine by ship screw 
propeller driven by the engine. There were presented examples 
of excessive wear suffered by selected tribological systems 
of such engines, in consequence of their loading in highly 
unfavourable (stormy weather) conditions. It was signalled 
that the load depends on many factors, mainly hydrological 
conditions, which results in that a stochastic relation between 
load and wear of the mentioned tribological systems, exists. 
For examination of intensity (force) of the stochastic relation 
it was proposed to use Czuprow convergence coefficient. 

In this paper it was proved that in investigations 
of tribological systems of an arbitrary ship main engine 
in an arbitrary instant t it should be strived to express 
probabilistically relations which occur between their load 
Q and wear Z. 

It was proposed to consider the load Q and wear Z to be 
a two-dimensional random variable (Q, Z) by assuming 
that the variables Q and Z are step – like (non-continuous) 
variables or continuous random variables; however it was 
also mentioned that to examine a relation between step-like 
variables is simpler. 

In the presented considerations it was proved that load 
and wear in an arbitrary instant t should be considered to 
be realizations of the load process {Q(t): t ≥ 0} and the wear 
process {Z(t): t ≥ 0}. The realizations (Qt and Zt) should be 
examined assuming that they are random variables. In the 
case of the process {Q(t): t ≥ 0} its realizations are the random 
variables Qt of the expected value E(Qt) and variance D2(Qt), 
while in the case of the process {Z(t): t ≥ 0} its realizations 
are the random variables Zt of the expected value E(Zt) and 
variance D2(Zt). Hence, the variables are values (states) of 
these stochastic processes.

There were proposed the hypotheses highlighting the 
facts that a stochastic relation between load and wear exists 
and that it is possible to assume that the load Qt and wear 
Zt are positively correlated to each other with a correlation 
coefficient whose value may be taken close to one. 
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ABSTRACT

Typical tripod foundations are designed using deterministic computational models according to relevant standards and 
codes. However, for more cost-safety balanced design, uncertainties in significant parameters should be considered in 
preliminary design to ensure meeting a specific probabilistic safety target in the context of the complex configuration of 
a tripod structure. In this article, uncertainties associated with design parameters and modelling errors are considered 
using Monte Carlo simulations, in order to determine the key structural design parameters, and to determine the 
optimal balance between design parameters and design requirements. A Spearman rank-order correlation based 
analysis is carried out to understand the effects of design variables on maximum deformation, total weight, and 
natural frequency, and to have insight about important design parameters for improvement of a preliminary design. It 
is found that the tower diameter has the most significant effect on the maximum displacement on the hub as validated 
through engineering case studies. In addition, a statistical framework, which identifies influential design parameters 
and provides reliability evaluation, is proposed for the structural design of a tripod OWT system. The design cases 
considered in this study indicate that a simple deterministic design check cannot guarantee the required reliability 
level of the structure, and the cost-safety balance can be achieved by a reliability analysis with the consideration of 
the uncertainties in the structure.

Keywords: Offshore wind turbine; tripod foundation; serviceability limit state; statistical correlation analysis; reliability analysis

INTRODUCTION

An offshore wind turbine (OWT) is the main device to 
generate energy in wind farms. It consists of a long slender 
column, a heavy mass, and a rotating mass at the top. The 
foundation is a supporting structure for an OWT, which 
transfers all loads from the OWT to the ground with allowable 
deflection. The allowable deflection is considered in the 
serviceability limit state (SLS) in the design of an OWT, 
and the tilt at the hub lever should be controlled according 
to the allowable limit stipulated in engineering codes such 
as DNVGL-ST0126 [1] and API [2]. If the tilt exceeds the 
allowable limit, an OWT needs to be shut down. 

Foundations for OWTs are generally classified into fixed 
and floating types, and most of the currently installed and 
operating turbines are mounted on a fixed foundation [3]. The 
fixed foundation includes gravity-based, mono-pile, tripod, 
jacket and suction bucket. Among them, tripod foundations 
show good potential for OWTs due to their good stability and 
overall stiffness in water depth ranging from 20 to 40 m. For 
example, they were successfully installed in Borkum West 2, 
Global Tech 1, and Alpha Ventus wind farms [4]. 

To achieve a  cost-safety balance for the structural 
design of the foundations of OWTs, a significant amount 
of studies in terms of analysis and design of tripods have 
been carried out in recent years including the following 
studies: Haskell et al. [5] adopted a pseudo-static analysis 
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method to explore the effects of statistical variation of the 
model parameters on the predicted pile response by means 
of sensitivity analyses. Lozano-Minguez et al.  [6] used 
a systematic assessment methodology to select the most 
preferable configuration among a mono-pile, a tripod, and 
a jacket considering environmental and economic aspects. 
In order to minimize the damage to a tripod type OWT-
substructure caused by collisions with a boat, the influence 
of impact on the structure and the performance of a rubber 
fender for impact prevention were investigated by Lee [7]. Yu 
et al. [8] conducted a group of earthquake centrifuge tests on 
a physical model of a wind turbine with tripod foundation. 
They mentioned that the tripod foundation can provide 
better resistance in the lateral displacement and structural 
settlement under earthquake loading. Yeter et al. [9] carried 
out a spectral fatigue damage prediction and an assessment 
of tripod offshore wind turbine support structure subjected 
to combined stochastic waves and winds.

It is unavoidable to consider uncertainties in the design 
of a support structure, which exist in the strength and 
stiffness due to natural randomness of materials, in the 
resistance prediction model, and in the environmental loads. 
The modeling of uncertainties can be achieved by using 
fully probabilistic approaches [10] or semi-probabilistic 
approaches [11]. Consequently, the structural response of 
the support structure needs to be probabilistically analyzed 
or, at least, it is desired to investigate the effects of uncertain 
input parameters, to determine the most significantly 
affecting parameters [12, 13], and to reduce the number 
of uncertain variables which leads to improving design 
efficiency. In this regards, Andersen et al. [14] developed 
a methodology considering the uncertainties of the soil 
properties to estimate the natural frequency of a simple 
OWT model on a mono-pile foundation. Nour El-Din and 
Kim [15] investigated the sensitivity of the seismic response 
with respect to the uncertain modeling variables of a jacket 
platform using Tornado diagram and first-order second-
moment techniques. Lee et al. [16] presented a reliability-
based optimization method for a mono-pile transition piece 
in an offshore wind turbine system. Yang et al. [17] proposed 
a  reliability based design optimization methodology 
for a  tripod of OWTs considering dynamic response 
requirements to decrease weight and cost of a foundation. 
Vahdatirad et al. [18] considered the uncertainties regarding 
soil properties and proposed an asymptotic sampling 
method to estimate the probability distribution of stiffness 
for the OWT on a mono-pile foundation. However, the 
uncertainties related to the model and structural properties 
were not considered in that study.

By practically extending these previous studies on 
reliability analysis and deterministic parameter prioritizing 
analysis to the structural design of an OWT, this study 
proposes a statistical framework for a structural design 
of a tripod OWT foundation system, which includes the 
reliability evaluation of the structure and the statistical 
correlation analysis for design parameters. The proposed 
framework highlights a reasonable engineering judgment 

and understanding for structural design of tripod foundation. 
This study is a significant extension of a preliminary study in 
Zhang et al. [19], which combined nonlinear finite element 
method and Monte Carlo simulations to perform sensitivity 
analysis of key design parameters on the mechanical behavior 
of a tripod foundation.  

DESCRIPTION OF SUPPORT STRUCTURES

TRIPOD GEOMETRIES

Fig. 1 shows a sketch of a tripod structure for a 3MW OWT. 
The tripod structure is analyzed at a water depth of 20 m, and 
it consists of a central column, three pile sleeve legs, three top 
braces, and six mud braces. Piles are installed at the legs to 
anchor the tripod to the seabed. The tripod top and bottom 
are 10 m and –20 m above the mean sea level (MSL). The base 
of the tripod has the area of 22 m × 22 m. The upper conical 
tower mounted on the tripod is 79.5 m high, and the hub 
elevation is 89.5 m above the MSL. The turbine is modeled 
according to the conventional upwind, variable speed, and 
collective pitch horizontal axis.

UPPER TOWER STRUCTURE

For convenient transportation and erection, the entire 
tower is designed as an assembly of four sections, as shown 
in Fig. 1(c), which shows four pieces of thin-wall cylindrical 
and conical parts. The pieces have diameters of 4740 mm 
at the base and 2860 mm at the top. The diameters linearly 
vary along the height. Each piece has a different thickness as 
indicated in Fig. 1(c). Circular stiffeners are placed at regular 
intervals along the height of the tower, and they are welded 
together along their perimeters. 

(a)plane (b) elevation (c) The tower sections 

Fig. 1. Sketch map of tripod foundation
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FINITE ELEMENT MODELING

A Finite Element (FE) model of the tripod is created in 
a commercial nonlinear FE code ANSYS, as shown in Fig. 2. 
Pipe 59 element is chosen for pile sleeve, mud brace, top brace, 
and central column. Beam 188 is chosen for the tower part; 
and Mass element is chosen for nacelle and rotor. Young’s 
modulus, yield strength and Poisson’s ratio of steel are 210 
GPa, 355 MPa and 0.3 respectively. The pile-soil interaction 
(PSI) is simulated using Combine  39 element and soil-
pile springs, along the pile penetration length. The model 
simplifies the interaction between soil and pile by assuming 
that there is no dependency between the displacements of 
springs. The lateral soil stiffness is modeled using the p-y 
curve approach, which is described in API [2]. In this curve, 
the nonlinear relationship between lateral soil reaction (p) and 
lateral pile displacement (y) can be established and defined in 
Combine 39 element by force-deformation (F-D) relationship 
where F is the total force applied along the length of the pile. 
The lateral stiffnesses of soil from –8m to –14 m depth are 
calculated using p-y curves as shown in Fig. 3.

APPLIED LOADS

OWTs are often exposed to the harsh marine environment, 
and load combinations required for limit states such as 
ultimate limit state (ULS) and serviceability limit state 
(SLS) need to be rigorously considered in the design phase. 
Essential information regarding the selection of characteristic 

loads is described in standards and regulations such as 
DNVGL-ST0126 [1] and IEC [20]. In this study, the primary 
loads including wind load, wave, current load, and gravity 
are considered, and load simplifications have been made as 
provided in the following sub-sections. 

Wind loads 
Wind loads include loads on the rotor and the tower. The 

wind loads on an impeller can be obtained from the blade 
element theory and dynamic stall, dynamic wake model. 
Aerodynamic properties of blades were obtained from 
reference [21]. 

The wind loads distribution along the altitude of the tower 
is expressed as follows:

   (1)

where ρ is the density of air, which is 1.225 kg/m3, Cd is drag 
coefficient, D is the diameter of the tower, and V(z) is wind 
speed (in meters per second) at height z (in meters) and can 
be calculated using the following formula:

   (2)

where V(zref) is the known wind speed at the reference height 
z; the exponent m is an empirically derived coefficient that 
varies depending on the stability of the atmosphere. In this 
study, m is taken to be 0.143.

Wave loads
For a slender structure such as a pile in a tripod, a diffraction 

effect is negligible for waves, and the Morison formula can be 
applied to the wave force. The horizontal force applied to the 
element of the cylinder at level z is expressed as:

   (3)

where the first term (dFm) is an inertia force, and the second 
term (dFd) is the drag force. Cm and Cd are the inertia and 
quadratic drag coefficients, respectively. ρ is the water density, 
and D is the diameter of a structural member. w and uw are 
the horizontal acceleration and velocity of water, respectively. 
The positive force direction is the wave propagation direction. 
The resulting force can be derived by integrating the force 
over the length of the structure from the seabed to the MSL. 
In this study, Cm = 1.0 and Cd = 2.0.

Current loads 
The current loads are affected by the angle between the 

wave and current directions, and the wave and current loads 
reach the maximum values when the wave and current are 
in same directions [21]. In this study, the maximum current 
is considered.

Fig. 2. FE model of the tripod

Fig. 3. P-Y curve for soil between –8m and –14m
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Gravity
The weight of each of nacelle, rotor, and turbines is 

simplified to a mass point, and the point is located 2.5 m 
away from the center line of the tower, as shown in Fig. 4. 
The mass of the tower and foundation is considered to have 
a gravity acceleration of 9.8 m/s2.

DETERMINISTIC ANALYSIS  
AND RESONANCE CHECK

In the phase of preliminary design, the dimensions 
of the tripod and the tower are determined based on the 
requirements in codes of practice such as DNV and API 
and experts’ experience. The details of the dimensions are 
listed in table 1.

First, to check the occurrence of resonance, a modal 
analysis is performed to get the natural frequencies of the 
structure. Fig. 5 shows the three modes shapes for the support 
structure system. The deformation and natural frequency are 
computed using ANSYS.

A constant speed for the turbine is assumed in the analysis. 
The constant rotational speed is the first excitation frequency, 
and the second excitation frequency is the blade passing 
frequency NP, in which N is the number of rotor blades. In 
this study, a three-blade V90-3 MW (Vestas) wind turbine 
has an operational interval between 8.6 rpm and 18.4 rpm. 
The rotor frequency (termed 1P) lies in the range of 0.143 Hz 
to 0.306 Hz, and the corresponding 3P frequency lies in the 
range of 0.429 Hz to 0.920 Hz. The DNVGL-ST-0126 code [1] 
suggests that the first natural frequency should not be within 
the 10% of the 1P range and the 10% of the 3P range. It is 
confirmed from Fig. 5 that the first natural frequency in the 
designed tripod is not within 10% of 1P and 3P ranges, and 
the structure does not resonate. In the support structure, the 
bending is predominant in vibration.

One of the main aims of the support structure is to transfer 
all the loads from the wind turbine to the ground bearing 
allowable deformation to assure a safe operation of turbines. 
The DNVGL-ST-0126 code [1] specifies a 0.25 degree limit 
on tilt at the hub level in SLS criteria. Fig. 6 shows the total 
rotation vector of the support structure. It is seen that the 
maximum rotation on the hub level is 5.825 × 10–3rad, that 
is, the tilt of 0.33 degree, which is greater than the allowable 
title of 0.25 degree specified in DNV. 

In summary, the natural frequency of the support structure 
preliminary design lies outside of the excitation frequencies, 
which avoids resonance. However, the deformation at the 
hub level exceeds the required threshold value. Therefore, it 
is required to refine the design by increasing the stiffness of 
the support structure to meet the deformation requirement. 
It requires the selection of key parameters that mostly affect 
the performance of the structure. The statistical correlation 
analysis and the reliability based design procedure introduced 
in the next sections are necessary for this process.

Tab. 1. Schematic diagram of mass point

Components Size (diameter × thickness) Unit 

Pile ø 2000 × 40 mm

Pile sleeve ø 2200 × 30 mm

Mud brace ø 1500 × 30 mm

Top brace ø 2200 × 40 mm

Central column ø 4500 × 40 mm

Tower ø 2860 × 20 to ø 4740 × 50 mm

Nacelle and rotor 163.3 ton

Fig. 4. Schematic diagram of mass point

Fig. 5. First three mode shapes of tripod structure
(a) 1st frequency=0.342Hz; (b) 2nd frequency=2.065Hz; (c) 3rd frequency=3.891Hz

Fig. 6. Deformation of support structure
(a: the total rotation vector; b: total displacement vector)

a b b

a

c
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STATISTICAL CORRELATION ANALYSIS 
FOR KEY DESIGN PARAMETER SELECTION

STATISTICAL PARAMETER SELECTION USING  
THE CONCEPT OF A CORRELATION COEFFICIENT

This section proposes to use a statistical correlation analysis 
that helps to identify the statistical relation between the design 
parameters and the structural performance. In this study, the 
randomness of the design parameters is considered, and its 
effect on the structural performance is measured using the 
statistical correlation coefficient.

The structural response of the target tripod can be 
expressed as follows:

Y = g(x1, x2, x3... xn)       (4)

where Y is the structural response such as deformation, 
stress, and natural frequency; x1, x2, x3... xn are input variable; 
and g is the function, which represents the analysis carried 
out by the finite element model in this study. In this study, 
the Spearman rank-order correlation coefficient (SROC) is 
chosen to represent the statistical correlation between the 
structural response and the design input variables. The SROC 
is calculated to be 

      (5)

where COV(X, xi) is the covariance of Y and xi, and σxi and σY 
are the standard deviations of xi and Y, respectively. SROC 
represents the degree of a linear statistical relationship 
between two variables. The values of SROC range between 
–1 and +1, and the absolute value of SROC represents the 
strength of the relationship. As the absolute value of SROC 
approaches 1, the relation between two variables becomes 
a  linear deterministic relation. As the value of SROC 
approaches 0, the relation between two variables becomes 
purely random. The sign of SROC indicates the direction of 
the linear relationship, and the positive sign indicates that 
an increase in one variable is associated with an increase 
in the other variable, while the negative sign indicates that 
an increase in one variable is associated with a decrease in 
the other variable.

Among various methods for estimating SROC, the Monte 
Carlo simulation (MCS) is chosen in this study due to its 
straight-forwardness in implementation and its accuracy 
upon the convergence of the result. Latin Hypercube Sampling 
[22] is a representative advanced MCS method to reduce the 
number of iterations required for the crude MCS.

In this study, applied loads including wind, wave and 
current are considered for extreme cases. Considering 
that loads are already based on a conservative assumption, 
the uncertainties of the resistance of the structure are of 
interests. In MCS analysis, geometric parameters including 
the thickness and diameters of structural components and 
material property parameters are considered as design 

variables. These variables are considered as random variables, 
and their statistical distributions are provided in Table 2 
with references. The maximum displacement at the hub level 
Dmax and the frequencies are taken as output variables. From 
a convergence test, the sample size of 5000 was selected in 
this study. 

ANALYSIS RESULTS AND DISCUSSIONS

The statistical correlation analysis results using SROC are 
shown in Fig. 7(a), where the SROC between the maximum 
lateral deflection and the parameters for structural geometry 
and material property are provided. It is seen that the diameter 
of the tower bottom (TD1) has the most significant effect to 
the lateral deflection of the hub showing the SROC of –0.88. 
The negative value means that the increase in the diameter 
of the tower bottom results in the decrease in displacement. 
The other parameters having a significant effect include the 
elastic modulus (EM), the diameter of the central column of 
the tripod (D1), and the thickness of tower segment 2 (TT2). 
The other parameters such as D2, T1, D5, TT3, T2 and D4 
have a little influence to the maximum deflection.

Tab. 2. Random input variable specifications 

Random input 
variables Symbol Mean C.o.v Distribution 

type Ref. 

Elastic modulus 
(GPa) TM 210 7.6% Normal

[23]
Yield strength  

(MPa) YS 355 6.8% Lognormal

Outer diameter 
of central column 

(mm)
D1 5200 10% Normal

[24]
[25]

Thickness of central 
column (mm) T1 60 10% Normal

Outer diameter of 
top brace (mm) D2 2200 10% Normal

Thickness of top 
brace (mm) T2 40 10% Normal

Outer diameter of 
pile sleeve  (mm) D3 2000 10% Normal

Thickness of pile 
sleeve (mm) T3 30 10% Normal

Outer diameter of 
mud brace (mm) D4 1500 10% Normal

Thickness of mud 
brace (mm) T4 30 10% Normal

Outer diameter of 
anchorage pile (mm) D5 1800 10% Normal

Thickness of 
anchorage pile (mm) T5 38 10% Normal

Outer diameter of  
tower bottom  (mm) TD1 4700 10% Normal

Thickness of tower 
segment 1 (mm) TT1 60 10% Normal

Thickness of tower 
segment 2 (mm) TT2 38 10% Normal

Thickness of tower 
segment 3 (mm) TT3 30 10% Normal

Thickness of tower 
segment  4 (mm) TT4 24 10% Normal
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To consider the effect of each design parameter to the 
total cost, the SROC between each parameter and the total 
weight is estimated. The weight is chosen as a cost measure 
as it is related to the amount, transportation, and installation 
of construction material. Fig. 7(b) shows the SROC between 
each of the parameters and the total weight. It shows that the 
design variable with the greatest effect on the total weight is 
TD1, and the variable with the second greatest effect is the 
diameter of the central column of the tripod, D1. Variables 
TT2, TT3, TT4, T3, D3 and TT1 have a negligible contribution 
to total weight.

Compared to traditional offshore structures, OWT 
foundations impose a stricter requirement for the natural 
frequency to avoid resonance, and therefore, it is important 
for designers to know the correlation of natural frequency and 
design parameters. Fig. 7(c) presents the SROC of the first-
order natural frequency of the tripod foundation to diameter, 
thickness and elastic module of the structure. The natural 
frequency of tripod is highly dependent on the thickness 
of tower bottom (TD1) and elastic module (EM). In other 
words, an adjustment of the thickness of the tower bottom is 
recommended if natural frequency of foundation structure 

does not meet the design requirements. On the other hand, 
TT1, T2, D3, T3, D4, T4, D5 and T5 show no significant 
effect on the first-order natural frequency, and they do not 
significantly affect the design.

A statistical correlation analysis helps to identify important 
parameters, and it is also useful in reducing the size of 
problems with a large number of random variables because 
only a few variables generally have a significant effect on 
the structural response. For instance, there are 17 random 
variables in the probabilistic structural analysis, and only 8 
variables have effects on the deflection (Fig. 7(a)) from which 
3 variables (TD1, D1 and D2) whose SROCs are greater than 
0.2, other variables have insignificant effects on maximum 
deflection and they can be neglected in preliminary design.

VALIDATIONS OF STATISTICAL  
CORRELATION ANALYSIS RESULTS

The results of the statistical correlation analysis are 
summarized in Table 3 for ranks 1–4 and 13–16. In addition, 
the variation rates of the maximum deflection, the total weight 
and the 1st natural frequency are provided according to the 
10% increase of TD1, D1, TT1, which show good agreement 
with the results of SROC. It is seen from Fig. 8 that the 
maximum deflection, the total weight, and the 1st natural 
frequency change by 17.5%, 12.1% and 3.0%, respectively, 
when increasing the 10% of TD1, while they change by 2.9%, 
2.6% and 0.2% when increasing the 10% of TT1. It means 
that, when the deflection or natural frequency does not meet 
the code requirements, it is effective to modify parameters 
that are highly dependent on the structural response and to 
neglect insignificant parameters.

Tab. 3. Ranks of sensitive design parameters

Rank Maximum 
deflection Total weight 1st natural 

frequency

1 TD1 TD1 TD1

2 EM D1 EM

3 D1 T1 D1

4 TT2 D4 TT2

13 D3 T3 TT1

14 T5 D3 T4

15 TT1 TT1 T5

16 T4 EM TT4

Fig. 8. Variations rate of structural responses due to changing a design variable

Fig. 7. SROCs of design variables to maximum deflection 
(a) total weight (b) and the first natural frequency (c)
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RELIABILITY ANALYSIS

RELIABILITY ANALYSIS USING MCS

After identifying significant parameters for the 
improvement of structural design, it is necessary to perform 
a reliability analysis and check if the proposed design provides 
the best cost-safety balance meeting the target reliability level. 

In this study, for reliability analysis, the MCS method is 
used because it does not involve the calculation error due 
to approximation, and the computational cost of MCS is 
affordable especially for serviceability reliability analysis 
as the target reliability level for the serviceability limit state 
is not too high. The reliability is often represented by the 
reliability index β that is related to the probability of failure  
Pf in the following relation:

β=–Φ–1(Pf)          (6)

where –Φ–1(.) is the inverse standard normal cumulative 
distribution function [25]. Although Pf  can be estimated 
using either approximations or statistical simulations, 
approximations such as the first-order reliability method 
have limitations in handling highly nonlinear limit state 
functions. According to MCS, the probability of failure is 
estimated as follows:

     (7)

where Nf is the number of simulations in the failure domain, 
and N is the total number of random simulations. The 
accuracy of the simulation depends on convergence that 
is represented by the coefficient of variation (C.o.v) of the 
estimated probability of failure as follows [26]: 

     (8)

In this study, Latin hypercube sampling (LHS) has been 
used to get improved convergence using a stratified sampling 
technique [26].

RELIABILITY ANALYSIS  
FOR THE TARGET STRUCTURE 

This study mainly considers a serviceability limit state 
because it directly affects the operation of OWTs and has more 
frequency than the ultimate limit state. The serviceability 
criteria are defined based on the tolerance requirements for 
the operation of the wind turbine. Typically these tolerances 
are specified in some codes of practice (e.g. DNV) or a design 
specification supplied by turbine manufactures. Examples of 
the specific requirements are as follows: the limiting value 
for lateral deflections for a cantilever beam is given as H/100 
in the DNV GL-ST-0126 code [1], which is related to the 
straight line joining the support. Here, H is the projecting 

length. The limiting lateral deflection is also advised to be 
controlled within 1/200 ~ 1/125 of tower height H based on 
their operating experience [27].

In this study, five thresholds values for lateral deflection 
including H/200, H/175, H/150, H/125 and H/100 are 
considered in the reliability analysis to investigate the effect 
of a range of threshold values, which are determined based 
on a combination of the provisions of design standard and 
practical engineering experience. Simultaneously, to investigate 
the effect of modeling error, parameter ε is introduced and 
multiplied to the variation of Ex to amplify the variation of the 
overall result. Thereby, the 10% increase in the value of ε results 
in roughly 10% decrease in the variation of the deflection.

Table 4 lists the probability results for the five different 
threshold values for deflection. The analysis results are 
computed by the combination of Finite Element Method 
(FEM) and the LHS method. 

Effects of thresholds
From the results provided in table 4, it is apparent that 

failure probability decreases for greater thresholds. It is 
also observed that the selection of SLS criteria impacts the 
foundation design and costs. The threshold value should be 
carefully chosen considering the balance in the operation 
cost and safety.

Effects of Ex
To see the effect of additional uncertainties such as the 

modeling uncertainties, additional variations are put to the 
important parameter Ex manually. The additional variation has 
been multiplied to the C.o.v of Ex. From the data in table 4, it is 
apparent that failure probability increases with increasing the 
Elastic Module Ex variation. As an example, for the threshold 
H/200, the failure probability changes from 2.0906 × 10–1 to 
2.6987 × 10–1 when Ex factor changes from 1 to 1.1.

Tab. 4. Probabilistic results of different thresholds in 5 cases (5,000 MCS)

Case Factors 
of  Ex(ε) Threshold Failure 

probability Pf

Reliability 
index β

1 1

H/200 2.0906×10–1 0.8097

H/175 1.1095×10–1 1.2215

H/150 4.6992×10–2 1.6747

H/125 1.5439×10–2 2.1586

H/100 3.9230×10–3 2.6586

2 1.05

H/200 2.5910×10–1 0.6461

H/175 1.3862×10–1 1.0865

H/150 5.7291×10–2 1.5779

H/125 1.8729×10–2 2.0807

H/100 4.7086×10–3 2.5965

3 1.1

H/200 2.6987×10–1 0.6132

H/175 1.4112×10–1 1.0753

H/150 5.8688×10–2 1.5659

H/125 1.9463×10–2 2.0650

4.7145×10–3 2.5961
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In addition, it is also noted that some of the serviceability 
criteria do not meet the reliability level specified in current 
international codes. The target reliability index for the 
serviceability limit state provided in international codes 
including EN 1990 [28] and ISO 2394 [29] are 1.5. That 
corresponds to the failure probability of 6.6807 × 10–2. For 
example, for Case 1, the calculated failure probability of 
H/200 is 2.0906 × 10–1, which is greater than the target failure 
probability 6.6807 × 10–2. However, in the deterministic 
analysis in section 2.5, it is shown that the maximum lateral 
deformation of the structure is 327 mm (H/243) in Fig. 6, 
which satisfies the deflection limit H/100 in DNVGL-ST-0126 
[1]. This example shows that the optimal cost-safety balance 
can be achieved by a careful reliability analysis rather than 
a simple deterministic check.  

PROPOSED RELIABILITY BASED  
DESIGN FRAMEWORK

This study proposes to use a reliability based framework 
to design an OWT structure by combining the statistical 
correlation analysis procedure and the reliability analysis 
procedure presented in the previous sections. A f lowchart 
for this framework is presented in Fig. 9, which includes 
the following four stages: structural configuration, 
deterministic analysis, statistical correlation analysis, 
and reliability analysis. In the preliminary design of 
the tripod, first, the structural configuration including 
tower and foundation geometries is determined based on 
the estimations of design conditions and the engineers’ 
experience. Generally, the tower height is decided by the 
wind turbine diameter and the speed at the tower height 
in the wind farm and the foundation height is related 
to the water depth. The base layout (the distance of the 
anchored pile) should consider the structural stability to 
avoid overturning subject to horizontal loads including 
wind, wave, and current loads. Since the diameters and 
thicknesses of the components in a tower and a foundation 
are massive and are difficult to be determined directly 
from engineering estimations, they need to be determined 
through some iteration processes. For their initial 
approximate values determined based on engineering 
experience, the structural responses such as stress and 
deformation need to be estimated using an FE analysis to 
check SLS stipulated in code and practice. If the results 
are satisfied, a further step of the reliability analysis needs 
to be carried out, where the target probability in MCS is 
taken as criteria for judging the response whether the 
reliability requirements are met. In the reliability analysis, 
the uncertainties of geometry and material properties 
need to be considered. If the results do not meet the 
reliability requirement, the important design parameters 
identified from the statistical correlation analysis need 
to be altered to improve the structural design to meet the 
design requirement. The iterations updating the tripod 
model are repeated until the final robust design is obtained.

Case study
As can be seen from the deterministic analysis results in 

case 1, the failure probability for threshold H/200 is greater 
than the target value of 6.6807 × 10-2, while that for H/100 
is smaller than the target value. These two cases indicate 
that the structure is conservative or unsafe. In either case, 
to achieve the target probability, the deformation should be 
controlled by adjusting important parameters identified from 
the statistical correlation analysis until meeting the target 
reliability level. It should be also mentioned that the natural 
frequency and total weight of new design will also change 
according to the change of design parameters.

To demonstrate the proposed framework, we take 
threshold H/200 in Case 1, and the failure probability for 
the current design proposal is 2.0906 × 10–1. This means 
that the support structure stiffness is not sufficient, and 
the design parameters need to be adjusted to increase the 
stiffness of the structure. According to the steps in the flow 
chart, to reach target failure probability Pf = 6.6807 × 10–2, 
the preferred options for adjusting design parameters based 
on the statistical correlation analysis results in Section 3 are 
to increase TD1, to increase D1, or to increase TT2. For these 
three options, the variation rates of total weight and the 1st 

natural frequency due to updating TD1 are summarized 
in Table 5.

Table 5 describes the changes of the values of the three 
parameters TD1, D1 and TT2. In the three options, TD1 has 
the most significant effect on the deflection of the support 
structure. To satisfy the deflection criterion in terms of the 
reliability level, the diameter of TD1 is increased by 10%. It 
should be noted that to obtain a similar level of reliability, 
D1 and TT2 need to be increased by 150% and 195%, 
respectively. The order of the effectiveness of the change of 
these parameters exactly agrees with the order obtained in 
the statistical correlation analysis results. 

Fig. 9. SA flow chart of reliability based preliminary design of tripod in SLS
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In addition, while making the change in the values of these 
three parameters, the total weight and natural frequency will 
change due to the changes in diameter and thickness. Among 
them, option 1 gives the smallest weight and the natural 
frequency that is still outside of the 10% of 1P and 3P ranges. 
Therefore, changing the most significant parameters TD1 is 
the most effective and economical option for the design of 
the target structure. 

CONCLUSIONS

A reliability based structural design framework for a 3 
MW OWT tripod foundation was proposed in this study. The 
proposed framework combined the statistical correlation 
analysis and the reliability analysis, which were carried 
out based on a finite element model. First, the statistical 
correlation analysis was based on the Spearman rank-
order correlation analysis to give insight into important 
design parameters in a preliminary design phase. It was 
found that the diameter of the tower bottom, the material 
properties, and the outer diameter of the central column 
showed a strong effect on the maximum displacement of 
the tower in the order of significance. These parameters 
showed a  considerable impact on the improvement of 
structural design compared to the other not-important 
parameters. Second, in the reliability analysis, the MCS 
with Latin Hypercube sampling technique was used to 
consider the uncertainties in structural geometries and 
modeling errors. The effects of thresholds and uncertainties 
were discussed through multiple reliability analyses. The 
reliability analysis results showed that a simple deterministic 
analysis result does not guarantee the achievement of the 
required reliability level of the structure, and it is necessary 
to perform reliability analysis to achieve the best cost-safety 
balance in a structural design. 
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DEGRADATION OF THE CONCRETE RAILWAY TRACK BED 
LOCATED IN THE VICINITY OF THE LOADING WHARF
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Gdańsk University of Technology, Faculty of Civil and Environmental Engineering, Poland

ABSTRACT

The following article describes the damages of the concrete railway track bed at the place of unloading petroleum 
products located in the immediate vicinity of the cargo berth. The concrete of the track bed has been a subject to 
degradation as a result of many years of exploitation resulting, inter alia, in its cyclical flooding of petroleum products 
during the unloading and loading of rail tankers. Repairs carried out in the previous period involving the reprofiling 
of the top part of the board proved to be ineffective. Methods of repairing existing damages have been proposed. Due 
to the need to limit the time of excluding the track from operation, the repair works were divided into two stages - ad 
hoc, intended for urgent implementation, and target, to be carried out as a major overhaul.

Keywords: concrete corrosion, damage to the concrete substructure, concrete repair

INTRODUCTION

Petrochemicals have a negative effect, both on the natural 
environment resulting in contamination of the area [3], 
[7]-[19], [21] -[23], as well as a destructive one on concrete 
structural [1], [4], [20], [24] and finishing elements of building 
objects. It should be noted that the reasons for the destruction 
of the concrete structure by petroleum substances are very 
complex and until now have not been not fully understood and 
explained. In the technical literature four basic mechanisms 
of concrete destruction are defined: biological (1), chemical 
(2), physical (3) and physicochemical (4). In most cases, these 
mechanisms occur simultaneously, however, their quantitative 
share in the process of concrete destruction is diversified.

The purpose of the article is to describe the influence of oil 
derivatives known as so-called heavy hydrocarbons, on the 
properties of concrete and the impact of said changes on the 
technical condition of the track bed. The article also presents 
a proposal for repairing existing damages.

GENERAL INFORMATION

The 100 m long reinforced concrete track bed was located in 
the vicinity of the wharf and used for loading and unloading 
petroleum materials for rail tankers. The railway track was 
laid on a reinforced concrete track bed. The plate consists of 
three elements: the main part of the track bed, the drainage 
channel and the sewage tray (Fig.1 and Fig.2).

In the past, the reinforced concrete track bed, in the middle 
part at the length of ~ 40 m has undergone repair works, 
consisting in reprofiling and securing the top surface of the 
track bed with PCC mortars.

In addition, a sectional reconstruction of the outflow 
channel was carried out, replacing damaged concrete channels 
and damaged steel drains.
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DESCRIPTION OF DAMAGE TO THE 
CONCRETE RAILWAY TRACK BED

The most intense damage occurred at the length of the 
middle part of the track bed with a length of about 40 m. In 
this part the most damaged element was the middle section 
of the plate located between the rail heads (Fig.3a and Fig.3b). 
In the main part of the track bed the following damage to 
the upper surface of the board was found: separation of 
the PCC layer from the cracking ground, scratches and oil 
saturation of the concrete slab and PCC. Made in the past                                   
(~ 2 years ago), the layer was intensely fractured and carried 
traces of freezing (frosty scratches). Open pits ascertained 
that oil-based liquids gathered (by inflowing) from the sub-
surface of the subgrade due to unloading of railway tanks 
(Fig. 3c). The depth of damage to the concrete layer was up 
to 6 cm, and structural reinforcement bars were visible. The 
drainage channel located along the road, located between the 
main part of the track bed and the drainage tray (Fig.2) was 

deformed in an intensive manner. The concrete had extensive 
damage along drainage grates - a sectional drainage channel 
was replaced ~ 2 years ago as part of the works related to the 
reprofiling of the substrate. Despite the application of systemic 
repair solutions (built-in reinforced concrete, prefabricated 
elements of linear drainage) along the channel, the joints of 
the channel profiles were found to be broken and the surface 
layer of the concrete damaged (Fig.3d).

ANALYSIS OF THE TECHNICAL 
CONDITION OF THE CONCRETE RAILWAY 
SUBGRADE IN TERMS OF THE EXTENT OF 

ITS DAMAGE

The approximate mechanism of biological (1) and chemical 
(2) destruction (corrosion) of concrete lies in the destructive 
action of acids and bacteria. Often, both mechanisms are 
described together due to their simultaneous occurrence. 

Fig. 1. The design solution of the concrete railway subgrade-cross-section (based on archival project documentation)

Fig. 2. Diagram of the concrete structure of the railway subgrade-stocktaking
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In oily concrete, bacteria (aerobic and anaerobic) develop in 
the presence of water, while organic acids, hydrogen sulphide 
are produced and the pH of the water decreases. In oiled 
concrete durability decreases compared to the condition 
before oil formation - there is the phenomenon called concrete 
softening, and the long-term impact of organic acids results in 
a decrease in the mass of concrete, as a result of the dissolution 
of the cement binder and increase in its porosity. As a result 
of the dissolution of the binder, the durability of the concrete 
decreases significantly. The drop in concrete strength depends 
on the type of oil and the time of exposure of the concrete 
to oiling [3-4] (Fig.4).

The physical (3) and physicochemical (4) mechanism of 
destruction (corrosion) of concrete, which took place in 
the analyzed substructure, is related to the destruction of 
the concrete structure by the freezing water located in the 
concrete pores. The change in the pore pressure leads to the 
formation of micro-scratches in the concrete, which over time 
lead to the formation of macro-scratches and destruction of 
the concrete structure.

Fig. 4. Change in compressive strength of concrete (vertical axis-%) 
contaminated with diesel oil versus (horizontal axis-time (days)) (Błaszczyński 

1995)

In order to extend the durability of concrete exposed 
to petroleum products, it is necessary to apply mineral-
structural, surface-as well as structural protection. On the 
surface of the concrete it is necessary to use a multi-layer 
external coating, e.g. epoxy, acrylic, alkyl, vinyl, chlorinated 

Fig. 3. Track with track bed: a) general view, b) damage to the main part of the track bed, c) open pit in the middle of the track between the rails, d) damage to the 
drainage channel, e) open pit - control hole, f) the interior of the control hole
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rubber or oil-resin. An important parameter affecting the 
durability and effectiveness of protection is the thickness 
of these coatings, which should depend on the expected 
mechanical factors and it is recommended that it should not be 
less than 0.15÷0.20 mm for elements with low mechanical load 
and > 3,0 mm for components loaded with high mechanical 
load. The effectiveness of surface restorations, eg with PCC 
mortars, depends to a large extent on the adhesion of the 
selected repair system (resin) to the substrate (concrete).

In the described case of a concrete railway subgrade, soil 
saturation with petroleum products was found, based on the 
conducted ground tests. The soil did not soften despite the 
contamination. The homogeneity of concrete in the made-
out pits was sufficient for surface repairs - the concrete had 
a compact structure [2], [5]-[6]. Also on the concrete surface, 
after removing the damaged PCC trip layer, no crayfish or 
caverns were found (Fig.3e and Fig.3f). The maximum depth 
of damaged concrete was 6 cm.

The direct cause of damage to the concrete substructure 
structure, including the PCC repair mortar layer, was the 
poor quality of the works performed and the use of materials 
not intended for use in the aggressive operating environment 
(with agents negatively affecting the concrete). The repair 
materials used did not provide the designed durability and 
resistance of the concrete railway sub-floor.

THE PROPOSED METHOD OF REPAIRING 
THE CONCRETE RAILWAY SUBGRADE

Due to the range of damages, renovation works had to be 
carried out in the STAGE system.

STAGE 1 (for urgent implementation) included: 
I) ad hoc removal of loose fragments of the PCC and 

concrete, 
II) initial geodetic surveying of rectilinearity and 

inclination of the track rails as well as running control 
measurements of the subgrade at regular intervals. It was 
recommended to perform geodetic measurements at intervals 
of 4 weeks in winter and at intervals of 2 weeks in the spring 
and summer. During the measurements, particular attention 
should be paid to the measurement of linearity, verticality and 
inclination of the heads of the rails with respect to each other, 

III) sub-division of the subgrade to working plots and 
execution of works including: 

a) pressure washing with water and detergents, 
b) priming washed concrete surface: for matt-damp 

concrete applying a protective layer of epoxy resin for oily 
floors and sprinkling it with quartz sand (annealed with fire), 

c) making buffer layer of epoxy resin and sprinkling it 
with quartz sand, 

d) reprofiling the upper surface a mortar based on epoxy 
resin mixed with quartz aggregate, 

e) applying a support layer of resin resistant to petroleum 
products. 

At the same time, work related to the repair of dilatation 
had to be carried out in parallel with the work related to the 
construction of the strain, buffer and putty layers.

STAGE 2 (for the final implementation during the overhaul) 
included reconstruction of the main part of the track bed 
and the sewage tray based on systemic prefabricates made of 
polymer concrete resistant to oil-based liquids - in the newly 
designed subgrade layer system horizontal damp insulation 
was to be designed, also fulfilling the role of anti-oil insulation 
laid on the foundation layer of lean concrete B15 (C12 / 15). 
As insulation material, it has been recommended to use, for 
example, oil and bitumen protective foil with a minimum 
thickness of 2 mm..

CONCLUSIONS

The concrete platform bed exposed to a prolonged exposure 
of petroleum liquids (diesel oil, gasoline, rapeseed oil, alcohol, 
fatty acid esters), despite the repairs carried out in the past, 
was quickly destroyed. The direct cause of the damage 
occurred was the long-term operation period and the lack 
of periodic repairs carried out regularly, as well as the lack of 
major overhaul of the track and track bed. The lack of damp 
proofing which would fulfill the role of anti-oil insulation 
under the board resulted in concrete moisture caused by the 
phenomena of capillary moisture rising from the ground 
substrate, which contributed to the increase of damage and 
soil contamination.
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