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ABSTRACT

One of the fundamental states of the sea surface is its heave. Despite of years of the intense scientific inquiry, no clear
understanding of the influence of this aspect on the dynamics of the sea environment has emerged. The separation of
two nearby fluid elements which one may observed for example as a free floating of small objects on the sea surface
(rescuers on the rough sea or small research vessels) is caused by the interaction of different components. On the other
hand one may say that the heave of the sea is also a summary interaction of a few components describing the dynamics
of the sea. Therefore it is the most important aspect, which influenced the dispersion phenomenon. This observation
has important consequences for many different problems as for example conducting Search and Rescue missions and
using unmanned ships. We would like to present results of our experiment focused on finding the answer to question
about nature of the heave of the sea and its influence on safety of Unmanned Surface Vessels (USV).

Keywords: hypothesis testing, nonlinearity, sea dynamics, USV

INTRODUCTION
Heave of the sea is one of the most important factors that
influenced the ship’s movement especially at the open sea
but also at the shallow waters. We may see its influence on
the behavior of small boats, research vessels and unmanned
surface vessels doing bathymetric tasks, laser scanning of the
cliffs or infrastructure of harbor facilities [7,9,11,14,17,18].
The mathematical description of that phenomenon gives
us the possibility to improve the quality of the data [22]
dedicated to the spatial information systems and electronical
navigational charts [16,20] integrating information about shore
infrastructure, shape of the sea bottom and waterways in the
vicinity of the ports [12,13,15,21].
One may say that it is the fusion of different components

like sea currents, wind, atmospheric pressure, salinity,
water temperature and so on. It influenced such a complex
phenomenon like dispersion of small objects on the high seas.
If this kind of behavior has a deterministic component then
we may use deterministic methods like time series analysis to
investigate its influenced on process of small objects dispersion.
If it is not true then the heave of the sea might be considered
simply as a disturbance, which influenced dispersion as a
stochastic component.
Measuring of the heave of the sea is very difficult there are
no clear and simple recording methods of this phenomenon.
By using semiconductor accelerometer we have attempt a trial
of collecting some measurements describing different states
of natural sea environment. As a result of our experiment we
POLISH MARITIME RESEARCH, No 4/2016
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have obtained a collection of time series of acceleration in three
dimensions. When looking at this time series immediately one
critical question has emerged - are there any deterministic
components? If the distribution of this accelerations is totally
random then heave of the sea should has also stochastic
component and all the attempts to investigate this phenomenon
by using deterministic methods must fail due to the stochastic
nature of this process. If otherwise, searching for deterministic
signatures we can answer the question about the nature of
the heave of the sea and then, this would substantiate using
nonlinear time series analysis methods to investigate such
important phenomenon. So far many attempts have been made
to detect behavior characteristic for deterministic systems
in the data coming from the real world. Finite number of
points as well as finite resolution of those kind of data makes
this investigation difficult to obtain satisfactory results.
In this particular case we would like to use the method of
surrogate data [5,6,19], which provides statistical test for the
null hypothesis that the data has been generated by a linear
stochastic process. If this null hypothesis cannot be rejected,
then results of using nonlinear methods of analysis are not
correct. This kind of test is based on comparing the value
of nonlinear measure for the original data and a number of
surrogates.
In this paper we will present results of applying such a
test to seek for signatures of determinism in the samples of
accelerations measured at high seas by the accelerometer
mounted on small drifter.

Fig. 2. Acceleration in Y direction

EXPERIMENT DESCRIPTION
The null hypothesis, which is suitable for our investigation,
states that the interesting us data was generated by a stationary
Gaussian linear stochastic process. Computing nonlinear
observable on the data allows distinguishing deviations
from the null hypothesis, our main purpose is to show that
the original data , differs significantly from the surrogates
which are realizations of the null hypothesis. Our original data
consists of samples of accelerations recorded in 3-dimensions

Fig. 1. Acceleration in X direction
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Fig. 3. Acceleration in Z direction

while the drifter was moving on the sea surface. We have used
system of drifters equipped with GPS and radio link with
the main station on board the research vessel. This technique
has been used for the first time for tracking the position of
drifters in order to find the distribution of the sea currents.
The laboratory equipment consist of 5 drifters with mass
about 80 kg each one. We may assume that the dimensions
of the drifters are small comparable to the open sea. During
our previous experiments we have come to the conclusion
that the distribution of the sea currents in the Baltic Sea is
extremely difficult to describe. w. The heave of the sea is one
of the most important factors when considering dynamics of
the sea environment. By recording the accelerations we tried
to described the specific state of the interested us environment.
When talking about the analysis, first we have to answer the
question about the nature of collected data. Is it deterministic
or not? If yes, then we may use all the methods coming from
the time series analysis in particular some methods form
deterministic chaos. In our search for nonlinearity in those
data we used method of surrogate date.
The surrogate data is a set of data which mimic the original
one, however consistent with the null hypothesis. For a given
conjecture we generated
surrogates of the

specific type, in our case they should be realization of the
Gaussian linear stochastic process.
As an example of the data, Fig. 1, 2, 3 presents the
accelerations recordings, this particular segment comes from
the first sea trial. The Fig. 4 presents an example of surrogate
data created to mimic accelerations in X direction.

We decided to apply two types of nonlinear statistics
1. As a first one, nonlinear prediction error with respect
to a locally constant predictor F defined by

The prediction is performed over one time step and
it is done by averaging over the future values of all
neighboring delay vectors closer than in m dimensions.
2. The second quantity it is cross-prediction errors, which
can be expressed by the following formula

where:
- number of delay vectors,
and F zero-th order model as it is proposed in the Ref. 7].

Fig. 4. Surrogates of the data presented on the Fig. 1

When creating tests for nonlinearity we should take into
account two parameters. The first one, is its size α, which is
the probability that the null hypothesis is rejected although it
is in fact true. And the second, called level of significance 1 − p
(usually the value of p is specify a priori, and then test is design
with accordance to its value).

TESTING FOR NONLINEARITY WITH
SURROGATE DATA
The null hypothesis which is suitable for our investigation
states that the data was generated by a stationary Gaussian
linear stochastic process. Computing nonlinear observable
on the data allows distinguishing deviations from the null
hypothesis, our main purpose is to show that the original
data , differs significantly from the surrogates which are
realizations of the null hypothesis. Our original data (Fig.
1, 2, 3) consists of samples of accelerations measured on the
high seas. Recordings were done on the standard PC computer
equipped with the RS-232 card and downloaded into the hard
disk as a .txt files. We have collected recordings from 4 sea
trails. Each one of them consists of about 300.000 samples.
Due to the length of the recording, we split it, and for further
considerations we have used only segments of length 10000
points. We decided to choose this length, due to stationarity
requirement.

MEASURES OF NONLINEARITY
There exists several examples of different statistical methods
(see for instance Ref. [1,2,6]) which have been developed in
order to reveal the nature of the considered time series.

Calculating those nonlinear observable require using
time delay embedding according to the following scheme,
where embedding vectors in m dimensions are created by:
, - τ is the delay time.

RESULTS
We generated the surrogate data according to the null
hypothesis which states that a Gaussian linear stochastic
process has generated the data. This is the simplest description
of a purely stochastic process, therefore we decided to applied
this hypothesis. The method is based on the phase randomized
surrogate series
which has the same
power spectrum as the time series
.
The temporal correlations in the original data are not preserved
in the surrogates. The surrogate is obtained by determine
the Fourier transform of the original data X , randomizing
the phases, and inverting the transform. The probability
distributions of the nonlinear statistic
remains
unknown to us, therefore we applied a non-parametric, rankbased test. If the data deviates from the surrogates in a specific
direction then we can reject the null hypothesis (one-side test).
According to the size of the test α, we create
surrogate sets and then compute the test statistic t0 on the
original data and on each of the surrogates
For the prediction error, we expect nonlinearity in the data
to appear in the lower values. Thus in this case we perform
one-sided tests. All tests were carried out at the 95% level of
significance, it means that for one-sided test we have created 19
surrogates. Our data is a typical example of field measurement,
it is strongly contaminated by the noise. In this particular case
the nature of noise can have dual substance, the first source is
a measurement noise, and the second one as we have already
said is the influence of for example wind.
Assuming that the second type of noise and the samples
of accelerations can be well described by the Gaussian linear
POLISH MARITIME RESEARCH, No 4/2016
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stochastic process [3] we can expect that those features should
be reflected in the results of the test. Simply in the presence
of the stochastic components in our data test for nonlinearity
should fail. Conducted tests reveal that for one-sided test we
achieved the 95% level of significance each time, results of one
of the tests are presented on the Fig. 5.

As we have seen there are two clusters and one of them
singled out the one element, which contain the original data.

CONCLUSION
We applied two nonlinear statistics in order to reveal the
possible nature of considered signals. Taking into account
results of conducted tests we can conclude that the null
hypothesis can be rejected because original data cannot be
well described by the Gaussian linear stochastic process. It
means that our assumption about the nature of samples of
accelerations influenced the move of experimental drifter is
false, thus its distribution can be predicted due to deterministic
nature of that process.
The null hypothesis, which has been chosen, in fact is the
simplest one, however in our opinion it presents the main
drawback in the field of investigation such a complicated
phenomenon like dynamics of the sea environment. The
possibility to reject the hypothesis of stochastic nature of that
signals opens the way to extract the most important features
of the considered object by means, for example nonlinear time
series analysis. This will allow us to characterize sea surface
dynamics by the set of suitable parameters.

Fig. 5. Prediction error for the series of accelerations in X direction.

In order to precise our results we decided to apply method
based on the clustering algorithm. The main idea of using this
algorithm in the test for nonlinearity is to classify the total
set of surrogates and original data, say K into two groups,
from which one has only 1 element. As a dissimilarity measure
cross-prediction errors were used. For conducting the test we
used 9 surrogates and the original data, thus the probability
that if the algorithm turned out the original data is 1 » K =
0.1, if it is true then we can reject the null hypothesis with the
1 1 » K *1 0 0 = 90% of significance. For each combination
of surrogates and original data from the set of 30 segments
we obtained the rejection of the null hypothesis with the 90%
level of confidence. An example of the answer given by the
clustering algorithm is presented on the Fig. 6.
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APPROXIMATING THE ADDED RESISTANCE COEFFICIENT FOR
A BULK CARRIER SAILING IN HEAD SEA CONDITIONS BASED
ON ITS GEOMETRICAL PARAMETERS AND SPEED
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ABSTRACT

The article presents the mathematical function to calculate the added wave resistance transfer function for bulk
carriers. Based on this function, the statistical mean added wave resistance generated by an irregular head wave with
arbitrary statistical parameters can be forecasted. The input parameters are: waterplane area, waterplane coefficient,
ship speed, and frequency of the regular wave. The model has been developed based on the theory of artificial neural
networks. The presented function can be used in design analyses, and for planning shipping routes in situations when
basic geometrical parameters of the hull are only available and not the full technical documentation. The article
presents sample cases of use of this function to calculate the added wave resistance transfer function and the statistical
mean added wave resistance. Another presented application refers to waterplane coefficient optimisation taking into
account the added wave resistance at the stage of preliminary bulk carrier design.
Keywords: bulk carrier; resistance; added wave resistance; added resistance coefficient; regular wave; irregular wave; ship designing; preliminary
design stage; artificial neural networks; approximation; forecasting; speed; waterplane area; waterplane coefficient, sample case, task, designing

INTRODUCTION
Assumptions concerning the design of a floating object
designed for arbitrary purposes usually include two basic
groups of requirements, which are [9]:
• economic requirements,
• technical requirements.
Meeting the first group of requirements usually means
realisation of ship function at minimal financial costs of
building and maintenance of the object, while meeting the
other group is equivalent to object’s ability to keep afloat and
possess other technical features which will secure safety of
the performed operations. To meet the above requirements, a
so-called design goal and design constraints are formulated.
For bulk carriers, the design goals are mainly the result
of the transport study. According to [17], basic design goals
for the bulk carrier refer to:
1. mass of the cargo to be transported,
8
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2. operating speed of the ship, shipping route, and the
distance between transhipment ports.
Reaching the assumed operating speed by the bulk carrier
depends, among other factors, on operating parameters and
conditions of the propulsion system, the efficiency of the
propulsion system and hull, and the total hull resistance.
Among other components, the total hull resistance includes
the added wave resistance, which [3, 10]:
• is connected with ship navigation in storm waves,
• can contribute to about 30-50% of total ship resistance,
• leads to remarkable drop of operating speed,
• depends on, among other factors, hull dimensions and
shape.
That is why forecasting the added wave resistance of the
ship is a considerable challenge for ship designers, due to
economic aspects of selection of ship propulsion parameters
and assessment of fuel consumption and time of voyage, as

well because of the need to improve energy efficiency of ship
operation.
Forecasting the added wave resistance is also an important
element of various shipping route planning systems. When
the detailed data on ship resistance-propulsion characteristics
taking into account the added wave resistance and hull
geometry are missing, these characteristics are to be forecasted
using simplified methods.

calculate the resistance contribution only from a so-called
statistical wave.
In [7], in turn, a simplified method is presented which
enables to calculate the added wave resistance coefficient as
a function of design parameters of the ship. In this method,
the added resistance coefficient is initially parameterised
based on the simplified model [7]:
(3)

THE ADDED WAVE RESISTANCE
Accounting methods used to assess the added wave
resistance are limited to resistance calculations for the head
wave. These methods base on the assumption that the added
resistance has the nature of wave resistance and does not
depend on the calm water resistance [10]. The mean added
wave resistance is calculated using the function which initially
describes the resistance contribution from a regular (sine)
wave, R AW (ZE). Then, applying the superposition principle
to the spectral distribution of the irregular wave (given by
function S]](ZE)), the increase of the statistical mean resistance
Rw in irregular (statistical) wave is calculated as [10]:
1)

where:
Rw – statistical mean wave resistance increase,
R AW – added resistance from the regular wave,
ZE – encounter frequency of the harmonic wave,
]a – amplitude of the regular wave,
S ]] – wave energy spectrum density function.
The proportionality of the added resistance R AW to the
square of the regular wave amplitude ]a makes it possible to
FDOFXODWHWKHGLPHQVLRQOHVVDGGHGZDYHUHVLVWDQFHFRHI¿FLHQW
UAW [10]:
(2)

where:
ρAW – dimensionless added wave resistance coefficient,
B – ship breadth,
L – ship length,
U– seawater density,
g – acceleration due to gravity.
The added resistance from regular wave is calculated using
various methods, most frequently the Gerritsma–Beukelman
method [12] or the Boese method [10].The former method
is simpler and provides results which are relatively well
in line with the experiment [10]. However, calculating the
dimensionless added wave resistance coefficient with the aid
of this method requires the use of numerical calculations and
the knowledge of the geometrical shape of the hull.
Simplified methods to calculate the added wave resistance
which are presented in [3,4,15] can only be applied to a given
hull. They enable to calculate the added resistance from an
irregular wave. In turn, the methods presented in [5,6,8] omit
the effect of ship speed on the wave resistance and enable to

where:
UAW – approximated dimensionless added wave resistance
coefficient,
Z – wave frequency,
a, b, Z0 – parameters depending on geometrical parameters
of the ship hull.
The results obtained using this method allow to assess,
within the linear theory of rolling, statistical values of the
added resistance from an arbitrary irregular wave described
by the wave energy spectrum density function.
7KHGLPHQVLRQOHVVUHVLVWDQFHFRHI¿FLHQWLVFDOFXODWHGXVLQJ
the method [7] in two stages:
1. calculating the values of the coefficients a, b, Z0 in model
(3) in such a way that the function (3) best fits the reference
data,
2. calculating the functions which approximate the
parameters a, b, Z0 based on the design parameters of the
ship.
Since the approximation is done in two stages, its accuracy
is relatively low while the calculation model is complicated.
Moreover, the method does not take into account the effect of
speed change on this coefficient and only refers to container
ships within a narrow range of dimensions.
APPROXIMATING THE ADDED WAVE RESISTANCE
COEFFICIENT
Taking into account the above discussed aspects, the
goal of the research reported in the article was to develop
an approximating function for the added wave resistance
which will depend on:
• encounter frequency of the regular wave,
• ship speed,
• basic design parameters of the hull.
As the first step, making use of the method [12], the
reference values of the added resistance coefficient were
calculated for the group of hulls of bulk carriers collated
in Table 1. The calculations were performed using the code
SEAWAY which, based on the theory of 2D flow, calculates
the ship motion in regular an irregular wave. The results
presented in [13] testify to high accuracy of this code and
compliance with the results of measurements recorded in
the model basin.
The calculations were performed under the following
assumptions:
POLISH MARITIME RESEARCH, No 4/2016

9

• geometrical shape of each bulk carrier is given by
theoretical lines,
• ship speed range is within: v = 0 – 8 m/s,
• wave frequency is: w = 0,25 – 0,95 s-1.
Table 1. Parameters describing hulls of bulk carriers for which the reference
values of the dimensionless resistance coefficient were calculated: Lpp – length
between perpendiculars, B – breadth,
T – draught, Fw – waterplane area, CWL – waterplane coefficient,
D – mass displacement.
Lp

Lpp [m]

B [m]

T [m]

Fw [m 2]

CWL [-]

D [t]

1
2
3
4
5
6
7
8
9
10
11

185
140,1
185
187
167
172
132
173
210
175,4
160

24,4
22,3
25,3
29
22,86
23,1
21
25,3
32,26
32,2
25,3

11,01
10,95
10,65
10,95
10,87
7,86
8,53
10
10,5
12
10

3938
2921
3987
4693
3381
3398
2309
3526
5622
5067
3298

0,8725
0,9348
0,8518
0,8653
0,8856
0,8553
0,833
0,8056
0,8299
0,8971
0,8148

41849
25379
40837
48395
34334
26109
18446
30385
46818
56232
27935

The reference data set created in the above way was used,
along with various approximation methods, to develop the
function approximating the added wave resistance coefficient.
The above function depends on:
• waterplane area and waterplane coefficient,
• ship speed,
• regular wave frequency.
The approximation was done using the following methods:
linear regression,
nonlinear regression,
artificial neural networks.
The approximations making use of linear and nonlinear
regression turned out too inaccurate.
More accurate results were obtained using the method
based on the theory of artificial neural networks. In many
research activities in the fields of hydromechanics and ship
designing [1, 2] for instance, this method brought very good
solutions.
The tested neural network types included:
• multilayer perceptron MLP,
• generalized regression neural network GRNN,
• radial basis function network RBF,
• linear networks.
From among all those network types, the best solution was
obtained using the neural network MLP having the following
structure: 4 neurons in the input layer, 9 neurons in the hidden
layer, and 1 neuron in the output layer. The structure of this
network is graphically shown in Fig. 1, while its mathematical
form is given by the following relations:


ɏ = ,ଽଷ

(4)

where:
UAW – the approximated dimensionless added wave
resistance coefficient [-],

10

POLISH MARITIME RESEARCH, No 4/2016

c – the variable calculated from the relation:
ܿ=
[4,2231 െ3,8588
 ܣ+ 0,1322

െ0,7112

െ1,7356

1,0448

0,1661

0,9618

െ0,9952

1,0022] ×

(5)

where:
A – column matrix:
ଵ

 ۍଵା షೌభ ې
 ێଵ ۑ
 ێଵା షೌమ ۑ
 ێଵషೌ ۑ
య
 ێଵାଵ ۑ
 ێଵା షೌర ۑ
 ێଵ ۑ
ێ = ܣଵା షೌఱ, ۑ
 ێଵ ۑ
 ێଵା షೌల ۑ
 ێଵ ۑ
షೌ
 ێଵାଵ ళ ۑ
 ێషೌఴ ۑ
ଵା
 ێଵ ۑ
 ۏଵା షೌవ ے

(6)

where:
ܽଵ
0,0486
ܽۍଶ  ۍ ې0,5403
ܽێଷ  ێ ۑ1,3183
ێ ۑ ܽێ
 ێସ  ێ ۑെ1,431
ܽێହ ێ = ۑെ1,0826
ێ ۑ ܽێെ0,3303
ێ ۑ ܽێെ1,8584
ێ ۑ ଼ܽێെ1,8994
ܽۏଽ  ۏ ے0,2652

0,1848
0,2205
െ2,1168
1,7161
1,4126
െ0,3019
0,375
0,3979
െ0,6208

3,024
2,6284
1,100
0,636
1,4063
2,075
1,5476
0,7193
െ0,828

10,2767
17,7772
 ۍ11,284 ې
18,8042 ې
ێ
ۑ
2,102 ۑ
3,0319
ܾଵ
ێ
ۑ
ۑ
െ0,3537ۑ
ێെ2,1791ۑ
ܾଶ
2,968  × ۑ൦ ൪ െ ێെ0,7662ۑ
ܾଷ
0,2037 ۑ
ێെ1,8044ۑ
ܾସ
0,5624 ۑ
 ێ0,0735 ۑ
ێെ0,0256ۑ
2,5233 ۑ
 ۏെ0,626 ے
1,4015 ے

:(7)

where:
ܾଵ=ܨ௪ή0,0003െ0,697

(8)

ܾଶ=ܮܹܥή7,7399െ6,2353

(9)

ܾଷ=ܸή0,0667

(10)

ܾସ=߱ ாή1,4229െ0,3486

(11)

where:
Fw – waterplane area [m2],
CWL – waterplane coefficient [-],
V – ship speed [w],
ZE – wave encounter frequency [1/s],
Table 2 presents statistical parameters of the developed
approximation with respect to the reference data, broken
down by:
• data used for network teaching – teaching set,
• data used for network validation during its teaching –
validation set,
• data used only for network testing – test set.

Table 2 Statistical parameters of artificial neural network described by
Equation (4)
Teaching
set

Validation
set

Test set

Mean absolute error [-]

0,39

0,46

0,39

Correlation coefficient [-]

0,96

0,95

0,96

7
6
tƐƉſųĐǌǇŶŶŝŬĚŽĚĂƚŬŽǁĞŐŽŽƉŽƌƵ-]

Of particular significance here are the statistics for the test
values. The statistic values shown in Table 2 testify to high
anticipatory ability of this network, even for test data which
were not used for network development.

5
4

obliczone V = 2,5 m/s

3

obliczone V = 5 m/s

2

obliczone V = 7,5 m/s

wzorcowe V = 2,5 m/s

wzorcowe V = 5 m/s

wzorcowe V = 7,5 m/s
1
0
0,2

0,4

-1

CWL

Figure 2 compares the reference data with the values
calculated using formula (4), while Fig. 3 presents the reference
values of the added resistance coefficient, calculated for the
bulk carrier No. 4 from Table 1 and the values calculated
using formula (4) within a wide ship speed range. Figure 4,
in turn, compares the reference values of the added resistance
coefficient obtained from formula (4) and using the methods
[11,16] presented in the publication [14] for the bulk carrier
“Stara Platina” having parameters: Fw = 4779 m2, CWL =
0,9 and the Froude number Fr = 0.2. It results from these
diagrams that the approximation (4) reveals relatively high
accuracy as compared to other methods, in particular to the
method [16].
12

10

8

6

4

2

0
4

6

8

10

12

tƐƉſųĐǌǇŶŶŝŬĚŽĚĂƚŬŽǁĞŐŽŽƉŽƌƵ-]

8,00

Fig. 1 Structure of the artificial neural network described by Equation (4): Fw
– waterplane area, CWL – waterplane coefficient, V – ship speed, ZE –
encounter frequency, UAW – added resistance coefficient.

tĂƌƚŽƑĐŝŽďůŝĐǌŽŶĞƌſǁŶĂŶŝĞŵ;ϰͿ

ǌħƐƚŽƑđƐƉŽƚŬĂŶŝŽǁĂĨĂůŝϭͬƐ

9,00

ZE

2

1

UAW

V

0

0,8

Fig. 3. Reference values of the added wave resistance coefficient vs. results
obtained from Equation (4) for the bulk carrier having the parameters: Fw =
4693 m2, CWL = 0,8653

Fw

-2

0,6

7,00
6,00
5,00

ŽďůŝĐǌĞŶŝĂŵĞƚŽĚČ
Faltinsena wg [11]

4,00

ŽďůŝĐǌĞŶŝĂŵĞƚŽĚČ
Salvesena wg [16]

3,00

ŽďůŝĐǌĞŶŝĂǌĂƉŽŵŽĐČ
ǌĂůĞǏŶŽƑĐŝ;ϰͿ

2,00
1,00
0,00
0,00

0,50

1,00

1,50

2,00

2,50

>ͬO-]

Fig. 4. Comparing the added wave resistance coefficient values obtained from
Equation (4) and using methods [11,16] presented in publication [14] for the
bulk carrier “Stara Platina” having the parameters: Fw = 4779 m2, CWL =
0,9, Froude number Fr = 0.2

The further part of the article presents examples of practical
use of the developed formula (4) for:
• calculating the added wave resistance coefficient ρAW for
constant encounter frequency ωE= 0,5 s-1 – case 1,
• calculating the statistical mean wave resistance increase
– case 2.
The calculations were performed under the following
assumptions:
• the ship length between perpendiculars Lpp = 187 m,
• ship breadth B = 29 m,
• waterplane coefficient CWL = 0,85
• ship speed V = 15 w.

tĂƌƚŽƑĐŝǁǌŽƌĐŽǁĞ-]

Fig. 2. Reference values of the added wave resistance coefficient vs. results
obtained from Equation (4).
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Case 1. Calculating the added wave resistance coefficient UAW for constant
encounter frequency ZE = 0,5 s-1

In the first stage, using formulas (8) – (11) the values of
coefficients b1, …, b4 were calculated as:
(12)

Case 2. Calculating the statistical mean wave resistance increase

Making use of the superposition principle applied to
spectral representation of the irregular wave and transforming
formulas (1) and (2) we can calculate the increase of the
statistical mean wave resistance Rw coming from an irregular
wave. For this purpose, we use the following formula:
ܴ௪ = ߩ ή ݃ ή

ܾଶ =  ܮܹܥή 7,7399 െ 6,2353 = 0,85 ή 7,7399 െ 6,2353 = 0,3436

(13)

ܾଷ = ܸ ή 0,0667 = 15 ή 0,0667 = 1,0005

(14)

ܾସ = ߱ா ή 1,4229 െ 0,3486 = 0,5 ή 1,4229 െ 0,3486 = 0,3629

(15)

Then, using formula (7), the values of coefficients a1, …,
a9 were calculated as:
ܽଵ
0,0486
ܽۍଶ  ۍ ې0,5403
ܽێଷ  ێ ۑ1,3183
ێ ۑ ܽێ
 ێସ  ێ ۑെ1,431
ܽێହ ێ = ۑെ1,0826
ێ ۑ ܽێെ0,3303
ێ ۑ ܽێെ1,8584
ێ ۑ ଼ܽێെ1,8994
ܽۏଽ  ۏ ے0,2652

0,1848
0,2205
െ2,1168
1,7161
1,4126
െ0,3019
0,375
0,3979
െ0,6208

െ0,7031
10,2767
17,7772
 ۍ11,284 ۍ ېെ1,3839ې
18,8042 ې
ۑ
ێ
ێ
ۑ
0,2758 ۑ
2,102
3,0319
ێ ۑ
ێ
ۑ
ۑ
0,6859
െ0,3537ۑ
ێെ2,1791 ێ ۑ2,2952 ۑ
0,3436
2,968  × ۑ൦
൪ െ ێെ0,7662 ێ = ۑ2,9931 ۑ
1,0005
0,2037 ۑ
ێെ1,8044 ێ ۑ3,624 ۑ
0,3629
0,5624 ۑ
 ێ0,0735  ێ ۑ0,5332 ۑ
ێെ0,0256 ێ ۑ0,4949 ۑ
2,5233 ۑ
 ۏെ0,626  ۏ ے0,2748 ے
1,4015 ے

3,024
2,6284
1,100
0,636
1,4063
2,075
1,5476
0,7193
െ0,828

(16)

Placing the values of coefficients a1, …, a9 calculated using
formula (16) to formula (6), we got the single column matrix
A in the form:
ଵ

ۍଵା ష(షబ,ళబయభ)ې
ଵ
ۑ
ێ
ێଵା ష(షభ,యఴయవ)ۑ
0,3311
ଵ
ۍ ۑ0,2004ې
ێ
ଵା షబ,మళఱఴ
ێ ۑ0,5685ۑ
ێ
ଵ
ۑ
 ێଵା షమ,మవఱమ ێ ۑ
ێ ۑ0,9085ۑ
ێ
ଵ
 ێ = ܣଵା షమ,వవయభ ێ = ۑ0,9523ۑ
ଵ
 ێ ۑ0,974 ۑ
ێ
 ێଵା షయ,లమర ێ ۑ0,6302ۑ
ଵ
ێ ۑ0,6213ۑ
ێ
షబ,ఱయయమ
ۏ ۑ0,5683ے
 ێଵା ଵ
 ێଵା షబ,రవరవ ۑ
ۑ
ێ
ଵ
 ۏଵା షబ,మళరఴ ے

െ3,8588

െ0,7112

െ1,7356

1,0448

0,1661

(20)

where:
Rw – statistical mean wave resistance increase,
ZE – encounter frequency of the harmonic wave,
S ]](ZE) – wave energy spectrum density function,
UAW (ZE) – added wave resistance transfer function,
B – ship breadth,
L – ship length,
U– seawater density,
g – acceleration due to gravity.
The added wave resistance transfer function UAW(ZE) was
calculated in the same way as in Case 1, assuming that the
encounter frequency values range within ZE = 0,4 – 1,0 s-1
with the step of 0,05 s-1.
The function S ]] was calculated under the following
assumptions:
• wave parameters:
– significant wave height Hs = 3 m,
– characteristic wave period T1 = 8 s,
• wave energy spectrum, according to ITTC:
ܵ (߱) = ି߱ܣହ ݁(ݔെି߱ܤସ )

(21)

where:
=ܣ

(17)

ଵଷήுೞ మ
்భ ర

=ܤ

Then, making use of Equation (5) we got the value of
coefficient c:
ܿ=
[4,2231

మ ஶ
ߩ ௐ (߱ா ) ή ܵ (߱ா )݀߱ா
 

0,9618

െ0,9952

1,0022] ×

ଽଵ
்భ ర

=

=

ଵଷήଷమ
଼ర

ଽଵ
଼ర

= 0,38

22)

(23)

= 0,169

The calculated values of: the added wave resistance transfer
function UAW(ZE), the wave energy spectrum density function
S ]](ZE), and the product of these functions
are
given in Table 3. Additionally, Fig. 5 shows graphically the
transfer function UAW(ZE).

(18)

8,000
7,000

and making use of formula (4) we finally got:

6,000
5,000

UAW [-]

0,3311
ۍ0,2004ې
ێ0,5685ۑ
ێ
ۑ
ێ0,9085ۑ
ێ0,9523 ۑ+ 0,1322 = 0,4903
 ێ0,974 ۑ
ێ0,6302ۑ
ێ0,6213ۑ
ۏ0,5683ے

(19)

The formula (17) represents the value of the added wave
resistance coefficient for the assumed encounter frequency
equal to ZE = 0,5 s-1.
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4,000
3,000
2,000
1,000
0,000
0,4

0,5

0,6

0,7
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1

ZE [s-1]

Fig. 5. The added wave resistance transfer function calculated for Case 2. Ship
parameters were the following: length between perpendiculars Lpp = 187 m,
breadth B = 29 m, waterplane coefficient CWL = 0,85, speed v = 15 w.

Table 3. Sample results of calculations of: the added wave resistance transfer
function UAW, the wave energy spectrum density function S]],
and the product UAW×S]] The calculations were performed under the following
assumptions: ship length between perpendiculars Lpp = 187 m, ship breadth B
= 29 m, waterplane coefficient CWL = 0,85,
ship speed V = 15 w, significant wave height HS = 3 m,
characteristic wave period T1 = 8 s.
ωΕ[1/s]

0,4

(2)

ρAW [-]

(3)

S ζζ [m 2s]

(4) ρAW×S ζζ [m 2s]

0,45

0,5

0,55

0,6

0,65

0,7

0,75

0,8

0,85

0,9

0,26

1,91

5,27

6,86

4,46

2,34

1,47

0,05

0,33

0,81

1,19

1,33

1,27

1,12

0,01

0,63

4,27

8,16

5,93

2,97

1,65

1,05

0,95

1

1,12

0,95

0,85

0,94

0,77

0,62

0,80

0,79

0,82

0,50

0,40

0,73

0,53

0,32

0,40

0,32

0,26

Then, making use of formula (20) and the values of
UAW×S ]]from line (4) in Table 3, the statistical mean value
of the added wave resistance Rw was calculated using the
trapezoidal method:
ܴ௪ = 1,025 ή 9,81 ή
0,4 + 0,32 +

,ଶ
ቁή
ଶ

ଶଽమ
ଵ଼

,ଵ
+
ଶ

ήቀ

0,63 + 4,27 + 8,16 + 5,93 + 2,97 + 1,65 + 1,05 + 0,73 + 0,53 +

0,05 = 121,1 ݇ܰ

(24)

Case 3. The use of the developed method for waterplane
coefficient optimisation taking into account the added wave resistance
at the preliminary bulk carrier design stage.

This example presents the use of the method for finding, at
the preliminary bulk carrier design stage, an optimal value of
the waterplane coefficient which takes into account the added
wave resistance. In the calculations the following assumptions
were adopted:
• ship speed V = 15 knots,
• length between perpendiculars Lpp = 187 m,
• breadth B = 29 m,
The aim of the design task was to calculate the waterplane
coefficient value CWL within the range from 0,85 to 0,93 for
which the wave resistance reaches the minimum.
The formula (20) allows to calculate the added wave
resistance from a single wave of arbitrary statistical
parameters. However, waves of different parameters can occur
on the ship navigation route. To evaluate the ship design in
a comprehensive way which takes into account a variety of
waves, coefficients reflecting certain wave distributions are
frequently used. An example of such a coefficient and its use
in ship designing is given in [17].
In the present case the wave resistance was described using
the coefficient RI which, like in [17], was defined as:
ܴ = ܫσ଼ୀଵ ܴ௪ (ܪ௦ = 3 ݉, ܶଵ (݅)) ή

 ()
ଵ

Table 5 presents sample results of RI calculations for the
assumed data and for the waterplane coefficient equal to
CWL = 0,85.
Then the RI values were calculated for other CWL values
ranging from 0,85 to 0,93 with the step of 0,1. The results are
graphically shown in Fig. 6.
It results from the diagram in Fig. 6 that the optimal
CWL value taking into account the added wave resistance is
CWL = 0,90. For this value the RI coefficient is the lowest.
Table 4. Incidence rates fT of waves of characteristic periods T1 adopted in
calculations. The data for the North Atlantic taken from [10, p. 373, Table 6.4]
No.
1
2
3
4
5
6
7
8

Characteristic wave period T1 Incidence in 1000 observations
[s]
fT [-]
5
118,97
5–7
345,43
7–9
358,72
9 – 11
138,59
11 – 13
29,05
13 – 15
5,65
15 – 17
0,92
17
2,69

Table 5. Sample results of RI calculations for CWL = 0,85: HS – significant
wave height, T1 – characteristic wave period, Rw – statistical mean added wave
resistance, fT – incidence rate of the wave of a given characteristic period.
No. (i)
1
2
3
4
5
6
7
8

Hs
[m]
3
3
3
3
3
3
3
3

T1
[s]
5
6
8
10
12
14
16
17

Rw [kN]
15,3
38,4
121,2
144,3
110,1
74,1
47,9
39,6

fT/1000
[-]
0,119
0,345
0,359
0,139
0,029
0,006
0,001
0,003
RI = ∑

Rwx fT/1000
[kN]
1,82
13,25
43,51
20,06
3,19
0,44
0,05
0,12
82,4

0,91

0,93

83
82

(25)

where:
Rw – statistical mean added wave resistance, calculated
according to formula (20) (and the sample formula (24)),
HS – significant wave height,
T1 – characteristic period of the wave having parameters
from Table 4,
f T – incidence rate of the wave of given period T1. Its value
was taken from Table 4, showing the data for the Atlantic
[10, p. 373, Table 6.4]
i – No. of line in Table 4.

81
tƐŬĂǍŶŝŬZ/ŬE

(1)

• significant height Hs = 3 m,
• characteristic period T1 = 5 – 17 s,
• different incidence rates.

80
79
78
77
76
75
74
73
0,85

0,87

0,89

Fig. 6. RI vs. CWL in sample design task

The RI coefficient represents the statistical mean added
wave resistance from the statistical wave having the following
parameters:
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SUMMARY
The method and function presented in the article can be
used to calculate the added wave resistance coefficient for
bulk carriers having the following geometrical parameters:
• displacement D = 18 500 – 56 000 t,
• length between perpendiculars Lpp = 132 – 210 m,
• breadth B = 21 - 32,2 m,
• draught d = 7,8 – 12 m,
• waterplane area Fw = 2300 – 5600 m2,
• waterplane coefficient CWL = 0,8 – 0,93,
within a wide range of ship velocities V = 0 – 8 m/s.
The parameters which are needed to calculate this function
are basic parameters of the bulk carrier design, such as:
• waterplane area,
• waterplane coefficient,
and ship speed.
Within the linear theory of rolling, this function allows
to calculate the mean added wave resistance for an arbitrary
irregular head wave described by an arbitrary energy
spectrum.
Thanks to that the developed function can have a wide
range of applications, such as for instance:
• preliminary designing of bulk carriers: to take into account
the added wave resistance in the resistance-propulsion
characteristics,
• planning the navigation route: to work out speed
characteristics of the bulk carriers with waves taken into
account,
• calculating the weather factor in the energy efficiency
design index, EEDI.
The article presents samples of practical use of the
presented method to illustrate its applicability for calculating,
for instance:
• the added wave resistance coefficient for a given encounter
frequency,
• the added wave resistance transfer function,
• the statistical mean added wave resistance,
and optimising the waterplane coefficient with respect to
the added wave resistance at the preliminary bulk carrier
design stage.
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ABSTRACT

The paper presents the results of numerical simulations of ship propeller operation bearing the name of Propeller
Open Water (POW) Tests. The object of tests was a sample ship propeller (PPTC1), the geometrical and kinematic
data of which are available, along with the results of model tests, on the official page of the research centre involved in
the measurements. The research aimed at verifying the correctness of results of numerical simulations performed in
the model and real scale. The results of numerical analyses performed in the model scale were confronted with those
measured in the experiment. Then, making use of dimensionless coefficients which characterise propeller’s operation,
the recorded model data were extrapolated to real conditions and compared with corresponding results of simulations.
Both the numerical simulations and the experimental research were performed for the same propeller load states. The
reported research is in line with other activities which aim at developing advanced numerical methods to support the
process of ship propeller designing. .
1 Potsdam Propeller Test Case: http://www.sva-potsdam.de/pptc-smp11-workshop/

Keywords: CFD, model tests, POW Test, propeller, validation

INTRODUCTION
Intensive development of computational fluid dynamics
(CFD) methods allows nowadays to model the operation
of a ship propeller in homogeneous velocity field in order
to determine its hydrodynamic characteristics (similar to
so-called propeller open water tests performed experimentally).
The hydrodynamic open-water characteristics of a ship
propeller have the form of dimensionless thrust coefficient
KT and torque coefficient KQ as functions of the advance
coefficient J for constant pitch ratio P/D. Determining ship
propulsion characteristics, i.e. diagrams of propeller thrust,
torque, and power as ship speed functions for constant
propeller revolutions is essential for determining the propeller
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operation point. Selecting an optimal advance speed for the
given power passed to the propeller at its nominal revolutions
results in more efficient fuel consumption. The hydrodynamic
characteristics, applicable in propeller designing, are obtained
from model tests which precisely maintain geometric
similarity of the model and real propeller, as well as the
similarity of water flow in the vicinity of the model and real
propeller (referred to as kinematic similarity). These tests
can have the form of open water propeller model tests or
self-propelled ship model tests.
The use of advanced numerical methods, verified on
the results of model tests, is a significant step towards full
modelling of phenomena which accompany ship propeller
operation in real conditions. It is noteworthy, however, that
attempts to improve the level of accuracy of the performed

numerical simulations, for instance by modelling real and not
simplified geometry of the propeller, or taking into account
real cavitation phenomena, should always be followed by
experimental verification of the obtained results.
The experimental results which are most frequently used
to validate numerical methods are usually obtained from
in-house tests, or those performed by other research centres
and made available for international comparison tests.
Based on the results of the in-house tests, a methodology of
numerical analyses has been developed in the Ship Design
and Research Centre (CTO SA) which allows to assess and
predict cavitation on a ship propeller [12]. The developed
methodology was verified on the results of cavitation which
was experimentally measured on the propeller CP4691 in
the CTO SA cavitation tunnel. The results of verification
were presented at the international conference on advanced
measurement techniques in Istanbul, Turkey [7]. The results
of cavitation observation were complemented by analyses
of hydroacoustic effects accompanying the modelled
phenomenon. Finally, the results of numerical analyses and
experimental measurements were compared. The result of
the performed comparison was satisfying.
International comparison tests make it possible to compare
results of in-house examination with those obtained in
other research centres using different simulation codes
and methodologies. This way was used to verify a valuable
numerical method for ship propulsion analyses which was
developed in CTO [3, 5]. The company Bota Technik sees
considerable benefits coming from the use of this method,
which manifest themselves, among other aspects, in increased
efficiency and reliability of the ship propulsion design process.
This method can be widely implemented and practically used
by Bota Technik in realisation of design tasks, as well as in
research and development activities.
The propeller used as the object of numerical and model
examination has been designed to meet the needs of an
international comparison test (benchmark test) and does
not exist in real scale. The hydrodynamic characteristics of
the sample propeller were generated as a result of standard
tests performed in the model basin to validate numerical
methods. The here examined propeller was designed in such
a way as to allow the open water propeller to be tested within
a wide velocity range of parameters of the approaching flow,
including developed cavitation conditions. The experimental
measurements were performed in the model basin and in
the cavitation tunnel owned by the SVA Centre, Potsdam,
Germany [2, 15].
In that experiment the propeller was tested in conditions
corresponding to the tow test, with shaft immersion equal
to 1.5 of propeller diameter D. In the resent research, to
obtain open water propeller characteristics the simulation
calculations were performed for the following values of the
advance coefficient J: 0.6, 0.8, 1.0, 1.2 and 1.4. The range of
analysis usually includes the design operation point, i.e. the
parameter for which the propeller has been designed. In the
1 Ship propeller CP469 is a four-blade adjustable pitch propeller of the Polish
training and research vessel „Nawigator XXI”.

paper, the results of experimental and numerical examination
of the propeller are shown in the form of dimensionless thrust
and torque coefficients as functions of rotational speed n and
diameter D of the propeller, and water density ρ (1-4) [6]:
The propeller thrust coefficient:
(1)

The propeller torque coefficient:
(2)

Speed (advance) coefficient:
(3)

Propeller efficiency:
(4)

where: T – thrust [N]; Q – torque [Nm]; VA – advance
speed [m s-1]

DESCRIPTION OF THE EXAMINED OBJECT
The object of the analysis was a five-blade propeller
identified as VP1304 (or PPTC), with the designed pitch
coefficient P0.7/D = 1.635. This is a right-handed adjustable
pitch propeller with the diameter D = 0.25m in the model
scale. The adjustment system affects the structure of propeller
blades near the hub (a gap of 0.3 mm in width between the
hub and the blade root), as well as the leading and trailing
edges [1, 11]. The propeller geometry is schematically shown
in Fig. 2. Geometric data of the propeller for real conditions
were obtained by proper scaling. Moreover, the forecast of
propeller operation in real conditions, used for comparison
with the results of numerical calculations, was obtained as
extrapolation of the model data. Such forecasting is a standard
procedure, which bases on available results of model tests.
The propeller diameter in the real scale, calculated using the
scale coefficient, was equal to 3m. Water parameters (density,
viscosity) corresponded to real values, characteristic for given
basin conditions. Basic geometric data of the propeller are
collated in Table 1.
Table 1. Basic data of propeller VP1304
Symbol

Unit

Real scale

Model scale

No. of propeller
model

–

–

Type of propeller

–

–

Diameter

D

m

Design pitch
coefficient for
r/R=0.7

P0.7 /D

–

1.635

Expanded blade
area ratio

AE /A0

–

0.779

VP1304
CPP
3

0.25
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Hub coefficient
Number of blades

Symbol

Unit

dh /D

–

0.300

Z

–

5

Direction of
rotation

–

Scale coefficient

λ

–

Real scale

Model scale

VP1304

Right-handed
1

12

BOUNDARY CONDITIONS AND
CALCULATION METHOD
The calculations which made the basis for hydrodynamic
characteristics of the examined propeller in model and real
scale were performed using the code STAR CCM+. The
flow past the propeller was modelled using the unsteady
flow model based on the Reynolds-Averaged Navier-Stokes
(RANS) equations and the two-equation “SST k-omega”
turbulence model. Flow modelling with the aid of RANS
equations enables to obtain reliable results, at the same time
preserving acceptable calculation times, due to the use of
a simpler equation to close the basic system of Navier–Stokes
equations. The applied turbulence model, recommended
for the here examined type of flow, links together main
advantages of basic k-ε and k-ω models, and introduces
a term which limits overproduction of kinetic energy of
turbulence in the areas with high pressure gradients. The
k-ε model well models the turbulence in the free flow area
and reveals low susceptibility of quantities describing the
turbulence to inlet conditions. In turn, the k-ω model much
better models the flow in the boundary layer, but is very
susceptible to free-stream turbulence values. The applied
combined model, transformed from the k-ε form to the
equations for k and ω, was complemented by introducing
a SST (Shear Stress Transport) term which limits principal
stresses in the flow [13].
The flow past the propeller VP1304 was modelled in a
cylindrical domain having the following dimensions,
expressed as multiples of propeller diameter D: 5D forward,
10D rearward, and 10D in diameter, see Fig.1. A homogeneous
flow field was assumed at inlet. Table 2 collates basic data
adopted as conditions for calculations in the both scales. The
model scale reflects conditions of model propeller operation
in the model basin, while the full scale corresponds to
standard sea conditions. In both cases the calculation time
step was assumed in such a way that it corresponded to the
same fraction of full propeller revolution in both scales.

Fig. 1. Computational domain of the propeller VP1304
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Table 2. Basic data assumed in calculations
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Parameter

Unit

Model scale

Real scale

Water density

kg m-3

999.00

1025.87

Kinematic viscosity of water

m2 s-1

1.139E-6

1.188E-6

Propeller revolutions

s-1

15.00

4.33

Propeller revolution per time
step

º

3

3

The computational domain was discretised using the
finite volume method (FVM), which consists in dividing the
computational domain into a finite number of small elements
bearing the name of control volumes and integrating the
conservation equations over these elements. The method
adapts to each type of grid and therefore is well applicable to
the complex geometry of the examined propeller. The shape
of the control volume can be arbitrary, which is a reason why
this method is so popular and frequently used to solve fluid
mechanics equations [8].
The calculations were performed on an unstructured
polyhedral grid with the boundary layer surrounding the
entire propeller (Fig. 2). Cell dimensions were adapted locally,
based on the resultant values of Y+, a parameter defining the
way in which the equations are solved within the boundary
layer [14]. As a result of domain discretisation, the grid
consisting of over 5.5 million of finite volumes was obtained.
Proper grid refinement on the propeller surface was needed
to model properly the complicated geometry of propeller
blades with sharp leading and trailing edges. Additional grid
refinement in other space sections provided opportunities for
better flow modelling near the propeller [4].
The calculation grid for the real scale cannot be generated
via direct multiplication of node coordinates from the model
scale by the scale coefficient. In general, surface elements on
the outer walls of the propeller and volumetric elements of the
major part of the computational domain can be scaled in this
way, but direct scaling of dimensions of the cells composing
the boundary layer is incorrect. The relative thickness of
the boundary layer decreases with the increasing Reynolds
number, i.e. is smaller for the real scale. Moreover, the
boundary layer is related with the turbulence scales, which
also change in proportion to the changing dimensions of
the object. Proper modelling of flow phenomena requires
adapting grid elements in the boundary layer to the nature
of the flow, which in practice means decreasing the relative
thickness of elements in the direction normal to the object’s
walls. The phenomena taking place in the boundary layer
heavily affect the hydrodynamic drag of objects moving
in the fluid, therefore their proper modelling is of primary
importance for the performed analyses.
The propeller revolution was modelled using the model
with steady reference frame (SRF), which simulated real
propeller revolution in the domain, taking into account the
grid motion. The water flow was in the direction of the X-axis.

analyses were performed using the available geometry with
sharp trailing edges, which in fact, for technological reasons,
have limited radiuses in the real propeller version used in
model tests.
Table 3. Experimental results for model scale
EFD
model scale

J
KT,EFD

10KQ,EFD

ηO, EFD

0.6

0.629

1.396

0.430

0.8

0.510

1.178

0.551

1.0

0.399

0.975

0.652

1.2

0.295

0.776

0.726

1.4

0.188

0.559

0.749

Table 4. Numerical results for model scale
CFD
model scale

J
KT,CFD

10KQ,CFD

ηO, CFD

0.6

0.622

1.422

0.417

0.8

0.496

1.187

0.532

1.0

0.375

0.961

0.621

1.2

0.263

0.742

0.677

1.4

0.152

0.509

0.665

Table 5. Comparing experimental and numerical results for model scale
Fig. 2. Grid visualisation: a) on propeller, b) in propeller circle cross-section

RESULTS AD DISCUSSION
The results of the numerical analyses, performed within a
wide range of parameters, are collated in Tables 3-11, while the
open water propeller characteristics are shown in diagrams
in Fig. 3-5. Thrusts and torques were calculated only for
propeller blades, and read after the forces have reached a
proper convergence level. In each case (calculation point)
the computing time was not the same.
Tables 3-5 collate numerical results (labelled as CFD)
obtained from propeller calculations performed in the
model scale. These results are compared with widely available
experimental results (labelled as EFD) of examination of the
same sample propeller. When the propeller load decreases
(with the resultant increase of the advance coefficient J), the
difference between calculations and experiment increases,
both for the thrust coefficient KT and the torque coefficient
10KQ. As a consequence, the difference between the values of
propeller efficiency ηO calculated and measured for the same
load also increases. In Fig. 3 we can clearly see underestimation
of operating parameters of the propeller for lower loads, for
which the obtained coefficient values are becoming smaller.
This is reflected in efficiency changes, as it depends on the
both coefficients. The obtained values can also be affected
by the quality do the modelled geometry. The numerical

Difference
(EFD mod-CFD mod)

J
ΔKT

Δ10KQ

ΔηO

0.6

0.007

-0.026

0.013

0.8

0.014

-0.009

0.019

1.0

0.024

0.014

0.031

1.2

0.032

0.034

0.049

1.4

0.036

0.050

0.084

Fig. 3. Comparing experimental data and numerical results for model scale

Tables 6–8 collate numerical results (marked CFDS) obtained
from propeller calculations performed in the real scale. These
results are compared with widely available experimental
POLISH MARITIME RESEARCH, No 4/2016
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results (marked EFDS) of examination of the same sample
propeller.
For lower propeller loads, mainly corresponding to the
advance coefficient values J>0.8, the difference between the
calculated and measured values of the thrust coefficient KT
increases. Moreover, the calculated values move from the
area of slight overestimation to the area of underestimated
values. Nevertheless, the shape of the curve is very close to
that expected within the analysed operation range. The curve
of the torque coefficient 10KQ is more inclined, as compared to
the reference curve. The advance coefficient J=1.05 is the point
of intersection of the both curves. From this point on, the
numerical values are underestimated for lower propeller loads
(J > 1.05) and overestimated for higher loads (J < 1.05). The
values of propeller efficiency ηO are underestimated within the
entire operating range, and the difference between the results
of measurement and calculations increase with the decreasing
load. In Fig. 4 the abovementioned relations between the
numerical and experimental results are clearly visible.
Table 6. Experimental results for real scale
EFDS
real scale

J
KT,EFD S

10KQ,EFD S

ηO, EFD S

0.6

0.631

1.386

0.435

0.8

0.512

1.168

0.558

1.0

0.401

0.965

0.662

1.2

0.297

0.766

0.740

1.4

0.190

0.549

0.770

Table 7. Numerical results for real scale
CFDS
real scale

J
0.6

KT,CFD S

10KQ,CFD S

ηO ,CFD S

0.636

1.430

0.424

0.8

0.511

1.196

0.544

1.0

0.390

0.970

0.640

1.2

0.280

0.753

0.709

1.4

0.170

0.522

0.726

Table 8. Comparing experimental and numerical results for real scale
Difference
(EFD real-CFD real)

J
0.6
0.8

Δ10KQ

ΔηO

0.005

0.044

-0.011

0.001

0.028

-0.014

1.0

-0.011

0.005

-0.022

1.2

-0.017

-0.013

-0.031

1.4
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ΔKT

-0.020

-0.027

-0.044
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Fig. 4. Comparing experimental data and numerical results for real scale

Tables 9–11 collate differences between numerical
and experimental results for the model and real scale. In
experimental conditions, the difference is kept at a constant
level for both the trust coefficient KT and the torque coefficient
10KQ, which results from the fact that the results for the real
scale were obtained from extrapolation of the model results.
However, the propeller efficiency difference ΔηO increases
with the decreasing propeller load. As for the numerical
results, the differences between them are not kept precisely
at the same level, but take similar values for both the thrust
coefficient KT and the torque coefficient 10KQ. The propeller
efficiency difference ΔηO increases with the decreasing
propeller load. It can be seen in Fig. 5 that despite similar
trends in coefficient differences in both cases, the efficiency
difference for the numerical case significantly increases with
the increasing advance coefficient. This tendency is likely
to be related with the scaling effect, as the extrapolation of
model basin results (KT and 10KQ) is clearly kept at a constant
level, while the efficiency ηO calculated from these quantities
reveals a similar trend to that of the numerically obtained
difference curve.
Table 9. Comparing experimental results for model and real scale
Difference
(EFDS real-EFD mod)

J
ΔKT

Δ10KQ

ΔηO

0.6

0.002

-0.010

0.005

0.8

0.002

-0.010

0.007

1.0

0.002

-0.010

0.010

1.2

0.002

-0.010

0.014

1.4

0.002

-0.010

0.021

Table 10. Comparing numerical results for model and real scale
Difference
(CFDS real-CFD mod)

J
ΔKT

Δ10KQ

ΔηO

0.6

0.014

0.009

0.007

0.8

0.015

0.009

0.011

1.0

0.015

0.010

0.019

Difference
(CFDS real-CFD mod)

J
ΔKT

Δ10KQ

ΔηO

1.2

0.017

0.012

0.032

1.4

0.019

0.014

0.062

Table 11. Comparing differences between numerical and experimental results
for model and real scale
Difference
(EFD - CFD)

J
ΔKT

Δ10KQ

ΔηO

0.6

-0.012

0.001

-0.002

0.8

-0.013

0.001

-0.004

1.0

-0.013

-0.020

-0.009

1.2

-0.015

-0.022

-0.018

1.4

-0.017

-0.024

-0.041

tests and not from measurements, which raises the question
whether the observed differences reflect real nature of the
simulated phenomena or are a consequence of the adopted
extrapolation method.
The methodology of numerical simulations which was
applied in CTO SA allows to obtain results, the quality of
which is similar to those presented by other major research
centres [9, 10, 11]. The developed method is similar to those
quoted in the references and models the nature of the
examined phenomena with the accuracy which is sufficiently
high to recommend it for practical use.
Due to high convergence of the performed analyses, and
the resultant high credibility of the obtained results, the use
of the presented method by the design office of Bota Technik
will considerably enhance their capacity in selection and
design of ship propellers. The company Bota Technik will
be able to offer the ship owner a properly selected propeller
with its full characteristics. This ability will make a clear
added value for the ship owner, and will allow the company
to strengthen its competitiveness on the demanding market
of ship propellers.
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ABSTRACT
In the current paper, a mathematical model is developed for performance prediction of hard-chin boats which can
be used in both semi-planing and planing regimes. The proposed model bases on the 2D+T theory and implements
pressure distributions over the length of the hull in order to compute the forces. To determine the forces in the semiplaning range, a function is proposed for the non-dimensional length at which the transom effect appears. Three drag
components, which are: frictional drag, induced drag, and spray drag, are considered in the computations performed
using an iterative method to satisfy two equilibrium equations. The validity of the proposed method is verified by
comparing the predicted trim angle and resistance against the available experimental data. Based on this comparison,
it is observed that the proposed method reveals satisfying accuracy in both semi-planing and planing regimes. The
method is then used to study variation of hydrodynamic and hydrostatic forces as the hull makes a transition from the
semi-planing regime to the planing regime. In addition, different components of the resistance are analyzed.

Keywords: hard-chine vessels, planing and semi-planing regimes, performance prediction, 2D+T theory

NOMENCLATURE
B
c
c
c*
CF
CΔ
Dp
Ds
L
LC
LK
LM
LCB
LCHD
LCG
FB2D
FB
fHD2D
FHD
FnB
Gξζ

Boat beam
Half-wetted beam of 2D section (m)
Time rate of half-wetted beam of 2D section (m/s)
Lateral position reached by whisker spray (m)
Frictional resistance coefficient
Load Coefficient
Drag acting on pressure area (N)
Drag acting on spray area (N)
Lift force (N)
Chine wetted length (m)
Keel wetted length (m)
Mean wetted length (m)
Longitudinal center of hydrostatic force (m)
Longitudinal center of hydrodynamic force (m)
Longitudinal center of gravity (%L from transom)
2D hydrostatic force (N/m)
Hydrostatic force (N)
2D hydrodynamic force (N/m)
Hydrodynamic force (N)
Beam Froude Number
Body fixed coordinate

MB
MHD
OXZ
p
R
Re
Sp
SS
t
tCW
tf
U
w
x
y
α’
β
Δ
ρ
τ

Hydrostatic moment (N-m)
Hydrodynamic moment (N-m)
Moving coordinate
Pressure (Pa)
Reduction function
Reynolds Number
Pressure area (m2)
Spray area (m2)
Time (s)
Chine wetting time (s)
Final time of solution (s)
Vessel speed (m/s)
Water impact speed (m/s)
Distance of section from water intersection (m)
Lateral distance from wedge apex
Non-dimensional position at which reductions appear
Deadrise angle (°)
Weight (N)
Water density (Kg/m3)
Water impact flow potential
Trim angle (deg)
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INTRODUCTION
Nowadays, hard-chine hulls are broadly used for
recreational, sport, and military purposes. The presence of
a chine in the transverse section of the hull results in flow
separation from the chine and generation of the hydrodynamic
force. This hydrodynamic force supports the boat weight and
leads to the reduction of the wetted surface of the boat, thus
dramatically diminishing the wave making resistance. All
these together help the boat reach a high-speed. An important
problem regarding the hydrodynamics of a hard-chine vessel
is computation of its resistance and trim angle in steady
motion. It can be solved through establishing the dynamic
equilibrium. Overall, all earlier models focusing on the
performance prediction in calm water have highlighted the
planing regime. In the current paper, a model is introduced
which predicts performance of the boat in both, the semiplaning and planing regimes.
The first model to predict the performance of a planing
boat was presented by Savitsky (1964) who introduced some
empirical relations for hydrodynamic and hydrostatic lift
forces, as well as for the center of pressure of the hard-chine
planing boat. This model was further developed three times
by Savitsky. Firstly, Savitsky and Brown (1974) modified it to
consider the effects of trim tabs and non-monohedral hull
form. Later, Savitsky et al. (2007) presented new relations for
considering the whisker spray drag in the initial model (1964).
Finally, Savitsky (2012) widely studied a warped hull form
by modifying his early model. Overall, the Savitsky method
was not introduced to analyze the pre-planing regime and its
use is only limited to the planing regime. Since the Savitsky
method is empirical and the equations are valid for Froude
numbers suitable in the planing regime, this method cannot
be used for modeling both planing and semi-planing regimes.
In order to analyze these two regimes simultaneously, some
other options should be taken into account. It is noteworthy
however, that some empirical methods for modeling hardchine boats in semi-planing regimes are already known.
Mercier and Savitsky (1973) presented empirical relations for
determining the resistance of semi-planing hulls, in which
they used curve-fitting. Some other research activities related
to the prediction of dynamic equilibrium of planing hulls have
been conducted with the emphasis on warped hull planing
hulls ((Bertorello and Olivero (2007); Schachter et al. (2016)).
In recent years, Radojcic et al. (2014a and 2014b) developed
relations for the resistance of such a hull by applying artificial
neural networks.
Computational fluid dynamics (CFD) schemes can be
considered a good approach for determining the dynamic
equilibrium of the planing hull and may provide adequate
accuracy (Brizolla and Sera (2007)). Different researchers
have achieved good accuracy in predicting the trim angle
of the planing hull by using CFD (Brizzolara and Villa
(2010); Garu et al. (2012); Mousavirad et al. (2015); Jiang et
al. (2016)). However, it should be pointed out that while the
accuracy of CFD solutions is good and reasonable, they are
time consuming and cannot be easily used in the early stage
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design. Therefore, mathematical methods are considered
a good alternative and viable option.
On the other hand, the 2D+T theory and the water entry
problem together have received huge attention from the
researchers. Applying this theory can help solve different
hydrodynamic problems, ranging from steady motion
(Vorous (1996); Savander (1997); Zhao et al. (1997); Xu and
Troesch (1997); Katayama et al. (2006); Brogolia and Iafrati
(2010); Ghadimi et al. (2016a)) to unsteady motions in waves
(Martin (1976a,b); Zarnick (1978,1979); Akers (1999); Garme
and Rosen (2003); Sebastiani et al. (2008); Faltinsen and Sun
(2011); Kanayoo et al. (2015) ; Haase (2015a); Ghadimi et a.
(2016b, c)).Beyond this, in some of the recent research works,
forces and moments acting on a planing hull exhibiting roll
(Tavakoli et al. (2015); Ghadimi et al. (2016d)) and yawed
motions (Tascon et al. (2009); Morabito et al. (2015)) have also
been analyzed. The potential of the 2D+T theory for modeling
different motions and conditions has been realized because
of recent advances in studying the water entry problem. The
initial point in this regards refers to the early research of von
Karman (1929) who proposed using momentum variation of
a wedge entering the water for finding the normal force acting
on it. Later, such research workers as Wagner (1932) made
attempts to modify the von Karman (1929) study. In the last
two decades, different researchers have presented innovative
approaches for compaction of forces in different conditions,
with the emphasis on their applications for hydrodynamic
modeling of planing hulls. For example, Korobkin (2013)
mentioned that his work had been motivated by the 2D+T
theory. Another example is the research by Tassin et al. (2014)
who mentioned that their method had been developed in
such a way that the hydrodynamic force acting on a planing
hull is determined using the 2D+T theory. The works by Xu
et al. (1999), Judge et al. (2004), Riccardi and Iafrati (2004),
and Fairlie-Clarke and Tvietnes (2008) are other examples
in this regard. In the recent years, Sun and Faltinsen (2012)
determined the forces acting on a boat in a semi-planing
range. On the other hand, Kim et al. (2013) predicted the
performance of the round bilge boat in a semi-planing regime
using the2D+T theory.
In the current paper, the 2D+T theory is used to compute
the performance of a hard chine boat in both semi-planing
and planing regimes. The hydrodynamic forces are computed
using the pressure distribution over the body. The boundary
condition is implemented in each section in order to find the
half wetted beam. The pressure is integrated and subsequently
the hydrostatic pressure is taken into account. The performance
of the boat is determined using two equilibrium equations.
To consider the semi-planing regime in the computations,
it is proposed to use a specific function for the longitudinal
position, in which the transom effect appears. The validity of
the proposed method is assessed by comparing the computed
trim angle and resistance against the published experimental
data. Also, a worked example is included as Appendix A,
which explains in more detail particular solution steps to
the analyzed problem.

THEORETICAL APPROACH
PROBLEM DEFINITION
It is assumed that a hard chine boat is moving forward
with a speed U in steady condition and it has no oscillatory
motion, as shown in Fig. 1. By assuming that the boat speed
is categorized in both semi-planing and planing regimes,
the boat is free to have a dynamic trim angle (τ) and rise up
(ZCG). In this situation, the boat has the keel wetted length
(LK) and the chine wetted length (LC), which can be observed
in the top view of the boat.

where the first equation refers to the equilibrium in Z direction
and the second equation indicates the equilibrium of the pitch
moments about CG. To find the equilibrium condition, it is
necessary to determine these forces. In the current paper
they are determined using the 2D+T theory.
2D+T THEORY
It is assumed that the boat has no oscillatory motion and
passes through a transverse plane, as illustrated in Fig. 3.
The problem can be changed to a water entry problem with
speed of w which can be found by

w U tan W ,

(2)

Fig. 1. Steady motion of a hard-chine boat in semi-planing
and planing regimes.
Fig. 3. Illustration of application of the 2D+T theory for solving the steady
problem related to a hard chine boat in semi-planing and planing regimes.

MOTION EQUATION
To establish the motion equation, two coordinate systems
are considered. One of them is the body-fixed coordinate
system (Gξζ) located at the center of gravity (CG).The ξ-axis
is parallel to the base line and positive forward. The ζ-axis is
normal to the base line and positive downward. The second
system (OXZ) is a right-handed coordinate system moving
with the forward speed of the boat and has no motion. The
origin of this coordinate system is located at the intersection
of the calm water surface by the normal line to the water
passing through CG. The X-axis is parallel to the calm water
surface and positive forward, while the Z-axis is normal to
the calm water surface and positive downward.

The flow around the wedge sections can be solved through
different approaches, making use of numerical methods
(Zhao et al (1993); Maki et al. (2011); Ghadimi et al. (2012);
Piro and Maki (2013); Ghadimi et al. (2013); Ghadimi et al.
(2014a); Abraham et al. (2014); Farsi and Ghadimi (2014a
and b); Facci et al. (2015 and 2016); Farsi and Ghdimi (2015);
Shademani and Ghadimi (2016); Nguyen and Park (2016);
Feizi Chekab et al. (2016)), and analytical methods (Mei et
al. (1999); Yottu et al. (2007); Ghadimi et al. (2011); Tassin et
al. (2014)). In the current paper, the analytical methods are
utilized. By assuming that the fluid is perfect, the solution of
the water entry problem can be written in the form:

I

w c2  y 2 ,

(3)

where c is the transverse position of the spray
root and y is the lateral distance from the apex, as
displayed in Fig. 4.
Fig. 2.Illustration of the coordinate systems and forces acting
on the hard chin boat.

Forces and moments acting on the boat are shown in Fig. 2.
They include the hydrodynamic force (FHD), the buoyancy
force (FB), and their moments (MHD and MB). After considering
that the drag and thrust forces have no contribution in the
motion equation, the motion equation in steady condition
can be written as

¦F
¦M

0

Z
G

o W  FHD  FB

0 o M HD  M B

0,

Fig. 4. Schematic of the wedge section entering the water.

Using the Bernoulli equation, the pressure acting on the
section may be found as

ª

0
(1)

p

U«
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w2 y 2 º
».
2 c2  y 2 »
¼
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To determine the pressure, the values of c and are required.
It is considered that the wedge experiences two phases, with
dry chine or wet chine, as presented in Fig. 5. During the dry
chine phase, these two parameters are found by

S wt
,
2 tan E
S w
c
,
2 tan E

c

(6)

2
ºº
§ b · ª3 ª § B ·
¨ ¸  « « w ¨ ¸ (t  tCW ) » » ,
© 2 ¹ «¬ 2 ¬« © 2 ¹
¼» »¼

2

c

w
2

(7)

2

§B·
c c2  ¨ ¸
©2¹

B
2

U g ( ) 2 tan E .

f B2 D

(12)

THREE DIMENSIONAL FORCES
The three dimensional forces are computed by expanding
2D forces over the whole length of the vessel. The force due
to hydrodynamic pressure is determined by

³ R([ ) f

FHD

2D
HD

cos W d[ ,

(13)

LK

2

,

(8)

where tCW is the time spray root reaching the knuckles and
can be found by

tCW

(11)

while after chine wetting, it can be estimated by

2

§B·
¨ ¸
©2¹

U gc 2 tan E ,

f B2 D

(5)

As the chines become wet, these two parameters are
computed from the equations proposed by Algarin and
Tascon (2014) as:

c

(1964); Morabito (2010, 2014); Ghadimi et al. (2015b)), and
also in the semi planing regime (Sun and Faltinsen (2012);
Kim et al. (2013)). Before the chine is wetted, this force may
be determined by

B
tan E
2
.
w

where R(ξ) is the transom reduction function, explained in
Section 2.5. The pitch moment due to hydrodynamic pressure
is obtained by

M HD

FHD .LCHD ,

(14)

where LCHD is the longitudinal position of the center of
hydrodynamic force, determined by

³ R([ ) f

(9)

LCHD

2D
HD

[ d[

LK

³ R([ ) f

2D
HD

d[

.

(15)

LK

The buoyancy force is determined by
Fig 5. Illustration of phases in solving the steady problem.

FB

It should be mentioned that Equations (7) and (8) are
established by implementing the boundary condition at
chines, as proposed by different researchers, for instance
Korobkin and Malenica (2005).
The vertical hydrodynamic force () acting on each section
may be found by integrating the pressure over the wedge
wall as follows:
2D
f HD

³ p cos E dy,
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2D
B

d[ ,

(16)

LK

and its pitching moment can be computed by

MB

FB .LCB ,

(17)

where LCB denotes the center of buoyancy force and can be
determined by

³ R([ ) f

(10)

The 2D hydrostatic force () acts on the section which may
be computed using the wetted area of each section. This force
can be considered in the fully planing regime through the
2D+T theory (Sun and Faltinsen (2011); Akers (2014); Kanyoo
et al. (2015); Haase et al. (2015)) and through empirical
equations (Korovin Kroukovski et al. (1949); Savitsky et al.

³ R([ ) f

LCB

2D
B

[ d[

LK

³

LK

R ([ ) f B2 D d [

.

(18)

TRANSOM REDUCTION

RESISTANCE

Equations (13) through (18) compose the transom
reduction function. With the aid of this reduction function
the forces can be predicted more accurately. The aim of using
this function is to reduce the forces near the transom. In
previous publications on the subject, Garme (2005) proposed
a transom reduction function which can be used for 2D
sections, while Morabito (2014) derived a new equation
for the transom reduction function which may be used in
longitudinal sections. Morabito (2015) has also emphasized
the need for considering the transom reduction function
when applying the 2D+T theory. It should be mentioned that
in some classical works, a 3D dimensional correction factor
has been used for correcting the integration of 2D force in
such a way as to include transom effects. Examples of this
type of correction can be found in the works of Mayo (1945),
Milwitzky (1948), Schnitzer (1952), and Martin (1976a,b).
Since the current research makes use of the 2D+T theory, it
is preferred to use the transom reduction function proposed
by Garme (2005),which can be written as

R([ )

ª 2.5
º
tanh «
( LK  [ ) » ,
¬ D ' BFn B
¼

(20)

while the second function, proposed for the hydrodynamic
force, is

1  0.66(Fn B  1)
¯0.34

D' ®

1<Fn B  2
Fn B ! 2,

(22)

Subsequently, the drag forces acting on the pressure area
and the spray area can be computed, respectively, as

DP

1
U CFU 2 S P ,
2

(23)

DS

1
U CFU 2 S S .
2

(24)

and

(19)

1<Fn B  2
Fn B ! 2,

0.075
.
(log10 Re 2) 2

CF

Here, SP is the pressure area and may be computed by
integrating the wetted length of each section as

where α’ is the non-dimensional longitudinal position
(from the transom) in which the reductions appears. Garme
(2005) proposed that α’ be set to 0.34 for the planing range.
Alternatively, Kim et al. (2013) proposed α’ to be equal to 0.6
in their research which deals with the semi-planing range.
In the current paper, two new functions are proposed for .
After assuming that the hydrodynamic forces appear at FnB=1,
two linear functions are proposed for α'. The first function is
proposed for the hydrostatic force and has the form:

0.34(Fn B  1)
D' ®
¯0.34

The resistance of the boat is assumed to be a combination of
frictional and hydrodynamic forces. The frictional resistance
acts on both the pressure area, and the spray area. The
frictional coefficient is computed from the ITTC 57 formula as

(21)

³ c d[ ,
*

SP

(25)

L

where

c*
°
® *
°c
¯

c

t  tCW

B
2

(26)

t ! tCW .

The drag force may also act on the spray area (Savitsky
and Morabito (2011); Ghadimi et al. (2014b)). The spray area
is computed using the method proposed by Savitsky et al.
(2007). The resistance acting on the boat is determined by

R

D
DP
 S  FHD sin W
cos W cos W

(27)

where the final term refers to the induced drag (drag due to
the hydrodynamic force).
CHINE WETTED LENGTH

Variation of α’ as a function of the beam Froude number
is displayed in Fig. 6.

The chine wetted length of the boat is determined using
the relation

LC

(t F  tCW )U ,

(28)

where tF is the final time for solving the water entry problem,
computed based on the keel wetted length. The mean wetted
length of the boat is determined by

Fig 6. α' as function of FnB.

LM

LK  LC
.
2
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COMPUTATION PROCESS

FRIDSMA SERIES OF PLANING HULLS

In order to solve the steady motion of a hard-chine boat
in both semi-planing and planning regimes, two systems
of Equations (1) need to be satisfied. This is done using
an iterative method. First, the trim angle (τ) and the keel
wetted length (LK) are guessed and then the impact velocity is
computed using Equation (2). Subsequently, the time duration
is determined as

tF

LK cos W
.
U

(30)

The Fridsma series has always been considered an
important benchmark for validation purposes and several
researchers, Akers (1999) for instance, have validated
their results against the data reported by Fridsma (1969).
Accordingly, the proposed method was also firstly validated
on the results measured by Fridsma (1969). In the current
paper, eight cases of the Fridsma series are considered. The
cases were selected in such a way that they represent different
load coefficients (CΔ), L/B, deadrise angles, and LCG, intended
for computation purposes. The principal characteristics of
these cases are collated in Table 1.

The problem is solved from 0 to tF and the hydrodynamic
pressure is computed. Because of the utilization of the 2D+T
theory, each solution time is converted to a longitudinal
position by applying

[

vt ·
 §¨ LK 
¸  LCG.
cosW ¹
©

(31)

At this stage, it is checked whether or not the heave equation
is satisfied. If not, the keel wetted length should be modified
and re-guessed. Subsequently, it is also checked whether
or not the pitch equation is satisfied. If not, the trim angle
should also be re-guessed. A schematic of the computational
process is shown in Fig. 7. Also, to facilitate understating of
the proposed method, a worked example of application of the
proposed method and its successive steps are demonstrated
in Appendix A.

VALIDATION
The proposed method was validated by comparing the
computed trim angle and resistance against the available
experimental results. Accordingly, three steps were considered
for assessing the accuracy of the method. To begin with, the
planing hull series tested by Fridsma (1969) were considered,
for which the trim angle and the resistance were computed.
The obtained values of these parameters were compared
against the experimental results in order to assess how
accurately the proposed method can model these parameters
for the prismatic planing hull series. In the second step, the
USA coast Guard planing hull series was used as another
reference for validating the obtained results. The experimental
work dealing with the performance of a prismatic planing
hull series was conducted by Metcalf et al. (2005). It can be
considered a modern experimental effort. In addition, this
planing hull series has different principal characteristics from
those of the Fridsma series (1969). Finally, a planing hull
with varied deadrise angle in its longitudinal direction was
modeled. Positive validation of the proposed model through
this step has made the precision in predicting calm water
performance of a realistic (non-prismatic) hull form with
the aid of the proposed model more convincing.
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Fig. 7.The proposed algorithm for determining the performance of a hardchine boat in semi-planing and planing regimes.

Table 1. Principal characteristics of Fridsma series planing hulls.
Case

1

2

3

4

5

6

7

8

CΔ=Δ/ρgB3

0.304

0.608

0.608

0.304

0.912

0.608

0.304

0.912

Length / (m)

1.143

1.143

0.914

1.43

1.143

1.371

1.143

1.143

Beam / (m)

0.228

0.228

0.228

0.228

0.228

0.228

0.228

0.228

LCG / (%L from transom)

30

35

40

30

40

35

25

30

β

10

10

20

20

20

20

30

30

The predicted trim angles for the eight considered cases
are displayed in Fig. 8. For each case, a plot of τ vs. FnB is
presented. The targeted computations were performed for
FnB>1,to help to assess the validity of the proposed method
for determining the desired parameters for both semi-planing
and planing regimes. Based on the plots related to Case 1, the
proposed method has revealed good accuracy in predicting
the trim. Relatively speaking, the predicted trend for the
trim angle is similar to that observed in the experimental
results. Good accuracy observed in this case shows that the
proposed method can reliably predict the performance of
a hard-chine vessel with the deadrise angle of 10 degrees and
light load (CΔ=0.304) at FnB>1. The trim angle predicted in
Case 2 indicates that the precision of the current method is
lower, as compared to Case 1 (This comparison is justified, as
in both cases the deadrise angles are similar). The predicted
trim angle at 1<FnB<2.85 is not as good as that in Case 1.
Larger weight in Case 2 (CΔ=0608) denotes that the weight
increase of a hard-chine vessel may decrease the accuracy at
FnB<2.85. It is noteworthy that the reliability of the method
increases dramatically when the beam Froude number exceeds
2.85. The plots in Cases 3 through 6 correspond to the hulls
with the deadrise angle of 20 degrees. Each plot shows the
accuracy of the method in one particular aspect. To begin
with, Case 3 represents the hard-chine hull of L/B=4 and
load coefficient 0.608. According to the plots related to this
case, a relatively good accuracy in predicting the trim angle
is observed. Also, the behavior of the predicted trim angle as
a function of the Froude number is relatively similar to the
trend observed in the experimental data. Good accuracy of
trim angle estimation in Case 3 indicates that the proposed
method may precisely determine the trim angle of a 20
degree hard-chine hull with small L/B (L/B=4) and moderate
load (CΔ=0.608) at FnB>1. Case 4 refers to the hard-chine
boat with L/B=5 and light load (CΔ=0.608). Comparing the
predicted results related to this case against the data measured
by Fridsma (1969), it can be concluded that the proposed
method reveals relatively good accuracy in predicting the
trim at FnB>2. At FnB=1.33, the accuracy is worsened, but it
cannot be characterized as poor. The measured trim angle
at this beam Froude number is 3.85, while the predicted

value is 3.21, which basically means that the absolute error
is approximately equal to 15.9%. This error may be considered
a reasonable accuracy for the semi-planing range. Case 5
refers to a 20-degree hard-chine hull with moderate L/B (L/
B=5) and heavy load (CΔ=0.912). The results of this case show
good accuracy in predicting the trim angle by the proposed
method. It may be noted that the predicted trim angle for the
deadrise angle of 20 degrees reveals relatively good accuracy
at FnB>1 for both light-load (CΔ=0.308, Case 4) and heavyload conditions (CΔ=0.912, Case 5), which is in some contrast
with the results of the earlier discussed case of hard-chine
hull with the deadrise angle of 10 degrees. Case 6 represents
the 20-degree deadrise angle hull with large L/B (L/B=6) and
light load (CΔ=0.304). Based on the plot presented for this
case, it can be concluded that the accuracy in predicting the
trim angle in this case is reasonably good. The trim angle
for this case is underpredicted, but the error is not large for
all investigated values of FnB. The maximum error for the
trim angle in Case 6 occurs at FnB=1.32 and equals 10.8%.
Ultimately, the accuracy of the proposed method in predicting
the trim angle in Cases 7 and 8 is investigated. Both cases refer
to the 30-degree hard-chine boat. In Case 7, the load is light
(CΔ=0.304) and the LCG position is 25% of boat length from
the transom. Case 8 deals with heavier load (CΔ=0.304) and
the LCG position is 30% of boat length from the transom. For
Case 7, the resulting plot is relatively similar to that showing
the experimental results. Based on the plot in this case, the
accuracy of the method in predicting the trim angle for this
case is acceptable. As observed, the predicted results for all
considered beam Froude numbers have approximately similar
values to those recorded experimentally. This good accuracy is
obvious at FnB>1 which shows that the proposed method can
be effective in reducing hydrodynamic and hydrostatic forces
near the transom in the semi-planing range. With regard to
the computed trim angle in Case 8, reasonably good accuracy
is observed. For this case, six different runs were performed
with FnB ranging from 1 to 2. The obtained results testify to
good accuracy of the proposed method in the semi-planing
regime. The error for FnB=1 is slightly large, of about 24.3%,
but it significantly decreases and approaches 7.04 percent at
FnB=1.43. There is also good accuracy for the case of FnB>2.
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Fig. 8. Comparing the predicted trim angle with the results of experimental tests of Fridsma series planing hulls
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The predicted resistance of Fridsma series planing hulls
is shown in Fig. 9. Everywhere in the paper, the resistance
is weight normalized and computed for all 8 cases shown in
Table 1. First, the resistance in Case 1 was investigated. The
plot produced for this case shows that the predicted resistance
is not as accurate as the trim angle (see the corresponding
plot in Fig. 8). At the lowest speed, identified by FnB=1.03,
the error is equal to about 26.2%. As the speed increases, the
error decreases to become lower than 7.32% for FnB=3.22.
The resistance in Case 2 is predicted more accurately than
in Case 1. The maximum error is observed at FnB=1.04. The
errors related to these two cases (Case 1 and 2) show that the
current method reveals relatively good accuracy in predicting
the resistance of hard-chine boats with the deadrise angle
of 10 degrees. In addition, the resistance in Case 3 shows
that the proposed method computes the resistance with
high accuracy for FnB>1. It is noteworthy that in this case,
good accuracy in predicting the trim angle is also observed
(see Fig. 8). Regarding the resistance in Case 4, a similar
trend is observed to that in the experimental results. It can
be pointed out that the non-dimensionalized resistance is
slightly underpredicted in this case. However, the errors
associated with this underprediction are not so significant
and the mean value of the error for this case is 11.5%,
which may be considered a reasonable error in predicting

the resistance of hulls of this type in the pre-planing and
planing regimes. The resistance predicted in Case 5 is not so
accurate. According to the R/Δ plot displayed for this case,
the predicted resistance trend differs from that observed in
the experimental results. For this case, the method exhibits
some uncertainties. This fact can be due to heavy weight of the
boat (CΔ=0.912) and possible iteration errors which may occur
when determining the hydrodynamic force contribution
and the wetted length. These errors can dramatically affect
the predicted wetted surface, spray area, and subsequently
the resistance. It should be noted that the trim angle in this
case was predicted with good accuracy, as explained earlier.
Furthermore, the resistance computed in Case 6 is in good
agreement with the data reported by Fridsma (1969). Also,
the predicted trend is approximately similar to that observed
in the experimental plot. The predicted resistances in Cases
7 and 8, which deal with the hull of 30-degree deadrise
angle, reveal good conformity with the experimental data.
As observed, the resulting trends for R/Δ vs. FnB are similar
to the plots presented by Fridsma (1969). It is noteworthy
that for 1<FnB<2 the resistance was predicted with relatively
good accuracy, which indicates that the proposed method
has good potential for predicting the hull resistance at the
semi-planing range.

Fig. 9. Comparing the predicted resistance with the results of experimental tests of Fridsma series planing hulls.
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Fig. 9. Comparing the predicted resistance with the results of experimental tests of Fridsma series planing hulls.

USA COAST GUARD SERIES
After examining the accuracy of the proposed method
in performance (trim angle and resistance) prediction of
Fridsma series planing hulls, another prismatic hull form
was examined for validation purposes. This hull series
bears the name of USA Coast Guard planing hull series,
and includes four different hull forms. In the current paper,
two of these hulls (Model 5629 and 5631) were examined. The
performances of these hulls were experimentally reported by
Metcalf et al. (2005). Here, the performance of each hull was
analyzed for three different load coefficients and two different
longitudinal CG positions. The principal hull characteristics
and the considered validation cases are shown in Table 2.
These cases were selected in such a way as to allow three
different load conditions to be taken into account for each
hull form.
Table 2. Principal characteristics of USA Coast Guard series planing hulls.
Case

5629-1

5629-2

5629-3

5631-1

5631-2

CΔ=Δ/ρgB3

0.303

0.381

0.491

0.421

0.530

5631-3
0.683

Length / (m)

3.048

3.048

3.048

3.048

3.048

3.048

Beam / (m)

0.762

0.762

0.762

0.672

0.672

0.672

LCG / (%L from transom)

38

38

38

42

42

42

β

16.61

16.61

16.61

20

20

20

Figure 10 shows the predicted trim angle for the USA Coast
Guard series planing hulls. The computations, accomplished
at FnB>1, provided opportunities for assessing the accuracy of
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the proposed method in both the semi-planing and planing
conditions. The plots related to Model 5629 (Fig. 10a, b and
c) show that the proposed method accurately determines
the trim angle for this hull form at different load conditions
(including 0.303, 0.381 and 0.491). The maximum error for
each load is observed at the speed categorized as the semiplaning range (1<FnB<2). It should be noted that these errors
are not significant and can be considered reasonable. In the
case of load coefficient 0.303, the maximum error occurs
at FnB=1.08 and approximately equals 18.9%. The errors
dramatically decrease with the speed increase. The maximum
error in predicting the trim angle in the case CΔ=0.381 is
13.4% and is observed at FnB=1.03. In this case, the trim angle
prediction error becomes smaller as FnB increases, which
is a similar trend to that observed in the case CΔ= 0.303.
Finally, the accuracy of the case with load coefficient of 0.491
is reasonably good, even at small beam Froude numbers (semiplaning regime). Overall, the observed general agreement
between the trim angles predicted using the proposed method
and the data reported by Metcalf et al. (2005) implies that the
suggested method reveals reliable accuracy in predicting the
trim angle of model 5629, which is a hard-chine hull with
the deadrise angle of 16.61 degrees.
Another hull used to verify the validity of the current
method is Model 5631. This hull was also studied at three
different load conditions. The computed trim angle related
to the first load condition of 0.421is illustrated in Fig. 10d.

Relatively good accuracy is observed for this case, especially
at FnB>2. Although, at smaller beam Froude numbers (FnB<2)
the accuracy is not so good, the errors seem reasonable. The
maximum error is observed at FnB=1.08 and is approximately
equal to 24.6%. Beyond this FnB, the error decreases and never
becomes larger than 18.01%. The trim prediction accuracy
for the load condition of 0.530 is good, as evidenced in

Fig. 10e. As observed, for all FnB values the predicted trim
angles reveal good agreement with the experimental results.
Figure 10f illustrates the computed trim angle for the case
of CΔ=0.683. The obtained plot (trim angle as a function of
beam Froude number) behaves in relatively the same way as
the experimental plot, which also corroborates reasonable
accuracy of the proposed method.

Fig. 10. Comparing the predicted trim angles with the experimental results by Metcalf et al. (2005).
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The resistances computed for Models 5629 and 5631 are
displayed in Fig. 11. First, the accuracy of the current method
in predicting the resistance for Model 5629 is described.
The plots referring to this model are presented in Fig. 11a, b
and c for three different load coefficients (0.303, 0.381 and
0.491). As evident in the figure, the accuracy of the resistances
calculated for load coefficients of 0.303 and 0.381 is reasonably
good. The predicted R/Δ vs. FnB trends are similar to those
observed in the experimental data, and the computed values
reveal very good conformity with the results of experimental
measurements by Metcalf et al. (2005). At only one speed the
accuracy is slightly worse, which is the largest FnB for both
cases. Regarding the case with load coefficient of 0.303, the
observed error at FnB=3.41 is about 8.04%, while the error
at FnB=3.87 for the case with load of 0.381 is 8.75%. With

regards to the predicted resistance for Model 5629 with load
coefficient of 0.491, it should be noted that the accuracy in
not so good. In other words, the predicted resistances for this
case are uncertain since the resulting trend differs from that
observed in the experimental data.
The R/Δ values calculated for Model 5631 are shown in Fig.
11d, e and f. It is noteworthy that for all three load conditions,
the resistances were computed accurately. As observed, the
predicted R/Δ trends are similar to those observed in the
experimental plots, which confirms good agreement between
the predicted and experimental results.
Overall, the observed good accuracy in resistance
prediction for Models 5629 and 5631 indicates that the
proposed method can reliably determine the resistances of
prismatic hull forms at both planing and semi-planing ranges.

Fig. 11. Comparing the predicted resistances with the experimental results by Metcalf et al. (2005).
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MODEL C-SOUTHAMPTON
In addition to the two earlier examined planing hull series
used for validation purposes, another planing hull series
that has not a prismatic hull form was considered for further
accuracy assessment of the proposed method. Validating the
proposed method through the use of this hull series provides
further confidence, as a more realistic hard-chine hull is
mathematically modeled. That was why the planing hull
series of Southampton was considered. From among all hulls
existing in this series, Model C was only selected for assessing
the potential of the proposed method. The trim angle reported
for the other model in this series is very small (between 1
and 2 degrees) and cannot be determined using the proposed
method. The principal dimension of Model C is shown in
Table 3. It should be noted that this planing hull series was
introduced by Taunton et al. (2010) and the performances of
all hulls were measured in calm water.
Table 3. Principal characteristics of Southampton Series Model C.
Case
Model C
CΔ=Δ/ρgB3
0.248
Length / (m)
2
Beam / (m)
0.46
LCG / (%L from transom)
33
β
22.5

Tauton et al. (2010) reported the performance of Model C at
FnB>2 which means that this part of validation cannot support
the semi-planing range for this hull form. Figure 12 shows the
predicted trim angle and R/Δ. With regard to the trim angle,
it can be seen that the computed values are approximately
similar to those recorded in the experiments, especially at
FnB>4. At small beam Froude numbers on this plot (2<FnB<3),
a relatively good agreement can be observed between the
predicted trim angles and the measured data. In addition,
the behavior of the τ vs. FnB plot is approximately similar to
the data reported by Tauton et al. (2005) at FnB>3.63. Slight
differences observed between the trends of these plots at
smaller Froude numbers (ranging from FnB=2.07 to 3.63) can
be due to the error associated with trim angle prediction for
these Froude numbers. Over this range of Froude numbers,
the maximum error occurs at the smallest Froude number
FnB =2.07 and is approximately equal to 16.1%. The trend
observed for this range of Froude numbers can be considered
the same. The resistance computed using the proposed
method is in reasonable agreement with the experimental
values. However, the trends are not similar. At FnB=3.63, a
sudden resistance drop is observed, which is in contrast with
the experimental plot. It is noteworthy that for this beam
Froude number the trim angle also displays a sudden drop,
see Fig. 12a. This trim able drop results in high decrease
of the predicted keel wetted length, which dominates the
computations and leads to the resistance decrease. At larger
FnB, the resistance trends are similar. The conformity between
the experimentally recorded and numerically predicted trim
angle values leads to a similar resistance trend for the beam
Froude number FnB=3.63.

Fig. 12. Comparing the predicted trim angles and resistances with the
experimental results by Taunton et al. (2010).

RESULTS OF PARAMETRIC STUDIES
The results of the conducted parametric studies are
presented in two different sections. In both sections, an
attempt was made to identify variations of selected parameters
when the fluid at the bottom of the boat starts producing the
hydrodynamic force. First, the contributions of hydrodynamic
and hydrostatic forces in weight supporting were examined.
Subsequently, the resistance components were studied. The
studies were performed for Cases 6 and 7 of the Fridsma series,
since very good accuracy was earlier observed in performance
prediction of these two hulls.
CONTRIBUTION OF HYDRODYNAMIC AND
HYDROSTATIC FORCES

Figure 13 shows percentage contribution of different forces
at each beam Froude number. As evident in the figure, the
contribution of the hydrodynamic force increases in both
cases as the speed increases. The comparison between the
results of these two hulls (Fig. 13a and b) implies that for Case
7, the hydrodynamic force contribution is larger at FnB<2.
This shows that for a hull with larger deadrise angle, larger
hydrodynamic forces are needed to support the boat weight.
A boat with larger deadrise angle has smaller hydrostatic force
(because the submerged area of each section is smaller) and
an additional hydrodynamic force is required.
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35

Fig. 13. Contribution of hydrodynamic and hydrostatic forces in supporting the boat weight.

RESISTANCE COMPONENTS
The resistance components for the hard-chine boats in
Cases 6 and 7 are illustrated in Fig. 14. The computed data
show that the spray component is initially small, but as the
speed increases this component becomes larger. This trend
is observed in both cases. The frictional component in Case
6 increases dramatically with the increasing FnB, while in
Case 7 only slight increase of this component is observed.
This may be due to different trim angles of the boat (see Fig.

8). The trim angle in Case 7 is larger than that in Case 6,
which leads to smaller wetted surface (because the hull needs
a smaller surface to produce the hydrodynamic force) and,
finally, to smaller frictional resistance. The generated plots
also show that the induced resistance (the resistance due to
hydrodynamic force) approaches a constant value for beam
Froude numbers larger than 3 and has little variation beyond
this range. The observed trend implies that this component
becomes fixed when the hard-chine boat reaches a specific
speed and its trim angle has little variation.

5. CONCLUSIONS

Fig. 14. Resistance components as FnB functions.
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The paper presents a mathematical model to determine
the performance of a hard chine boat in semi-planing and
planing regimes. The model is based on the 2D+T theory
and makes use of pressure distributions to determine the
hydrodynamic forces. Transom effects are taken into account
by using well-known empirical functions. Additionally, in
the semi-planing regime, a special function is proposed to
compute the non-dimensional length at which the transom
effect begins. The trim angle and the keel wetted length of
the boat are determined by satisfying the heave and pitch
equations. This task is accomplished through an iterative
process. Two guesses are taken into consideration with respect
to the keel wetted length and the trim angle, and the final
values are determined after a number of iterations.
The validity of the method was assessed using three
different hull series. For each series, the trim angle and the
resistance were computed and compared with the available
experimental data. Two of these series represented prismatic
boats, while the third series was a boat with variable deadrise
angle in longitudinal direction. Overall, good accuracy has
been observed in trim angle and resistance predictions, with
similar trends between the computed results and experimental
data.
The proposed method was also applied to study the
variation of the hydrodynamic force as a function of the beam
Froude number. It was demonstrated that the hydrodynamic
component is very small at lower beam Froude numbers

(slightly larger than 1.0), and then significantly increases and
dominates over the supporting force generated at the bottom.
Moreover, different resistance components were analyzed. It
is illustrated that the spray drag component increases with
the increasing speed. It is also shown that the induced drag
reaches a constant value.
The future work will extend the current method towards
developing a model for maneuvering of hard-chine boats,
where forward acceleration of the boat and motion in
horizontal plane can be targeted. For this purpose, an attempt
will be made to include the semi-planing range in the planned
computation.

REFERENCES
1. Abraham, J., Gorman, J., Reseghetti, F., et al., Modeling and
numerical simulation of the forces acting on a sphere during
early-water entry, Ocean Engineering, Vol. 76, 1-9, 2014.
2. Akers R.H.: Dynamic Analysis of Planing Hulls in the Vertical
Plane, Proceedings of the Society of Naval Architects and
Marine Engineers, New England Section, 1999.
3. Akers R.H.: 2014. Advances in time-domain simulation of
planing boats. In: Proceedings of the Fourth Chesapeake
Powerboat Symposium, Annapolis, MD, USA, 2014.
4. Algarin R., Tascon, O.: Hydrodynamic Modeling of Planing
Boats with Asymmetric and Steady Condition, Proceedings
of the 9th Conference on High Speed Marine Vehicles,
Naples, Italy, 2011.
5. Algarin R., Tascon, O.: Analysis of Dynamic Stability
of Planing Craft on the Vertical Plane, Ship Science and
Technology, Vol. 8, No. 15, 2014.
6. Bertorello C, Olivero L.: Hydrodynamic Resistance
Assessment of non-monohedral planing hull forms based on
Savitsky’s methodology, Australian Journal of Mechanical
Engineering, Vol. 4, No. 2, 209-204, 2007.
7. Brizzolara S, Sera F. Accuracy of CFD codes in the Prediction
of planing surfaces hydrodynamic characteristics. In:
Proceedings of the 2nd International Conference on marine
Research and Transportation, 2007.
8. Brizzolara S, Villa D., CFD simulation of planing hulls. In:
Proceedings of the 7th International conference on HighPerformance Marine Vehicles, Melbourne, Florida, USA,
2010.
9. Brogila R., Iafrati A.: Hydrodynamic of planing hulls in
asymmetric conditions. In: 28th Symposium on Naval
Hydrodynamics Pasadena, California, 2010.
10. Facci, A.L., Panciroli, R., Ubertini, S., Porfiri, M.,:
Assessment of PIV-based analysis of water entry problems

through synthetic numerical datasets, Journal of Fluids and
Structures, Vol. 55, 484-500, 2015a.
11. Facci, A.L., Porfiri, M., Ubertini, S.: Three-dimensional
water entry of a solid body: A computational study, Journal
of Fluids and Structures, Vol. 66, 36-53, 2016.
12. Fairelie-Clarke, AC., Tvetnies T.: Momentum and Gravity
Effects During the Constant Velocity Water Entry of WedgeShaped Sections, Ocean Engineering, Vol. 35, 2008.
13. Farsi, M., Ghadimi, P.: Finding the best combination of
numerical schemes for 2-D SPH simulation of wedge water
entry for a wide range of deadrise angles, International
Journal of Naval Architecture and Ocean Engineering,
Vol. 6, No. 3, 638-651, 2014a.
14. Farsi, M., Ghadimi, P., Effect of flat deck on catamaran
water entry through smoothed particle hydrodynamics,
Proceedings of the Institution of Mechanical Engineers Part
M: Journal of Engineering for the Maritime Environment,
Vol. 230, No. 2, 267-280, 2014b.
15. Farsi, M., Ghadimi, P.: Simulation of 2D symmetry and
asymmetry wedge water entry by smoothed particle
hydrodynamics method, Journal of the Brazilian Society
of Mechanical Sciences and Engineering, Vol. 37, No. 3,
821-835, 2015.
16. Feizi Chekab, M.A., Ghadimi, P., Farsi, M.: Investigation
of three-dimensionality effects of aspect ratio on water
impact of 3D objects using smoothed particle hydrodynamics
method, Journal of the Brazilian Society of Mechanical
Sciences and Engineering, Vol. 38, No. 7, 1987-1997, 2016.
17. Fridsma G.: A Systematic Study of the Rough-Water
Performance of Planing Boats (PART I), Davidson
Laboratory, Report No. 1275, 1969.
18. Garme K.: Improved Time Domain Simulation of Planing
Hulls in Waves by Correction of Near-Transom Lift,
International Journal of Shipbuilding Progress, Vol. 52,
No. 3, 2005.
19. Garme K., Rosen A.: Time domain simulations and full-scale
trials on planing crafts in waves, International Shipbuilding
progress, Vol. 50, No. 3, 177-208, 2003.
20. Garo R., Datla R., Imas L.: Numerical simulation of
planing hull hydrodynamics. In: Proceedings of the Third
Chesapeake Powerboat Symposium, Annapolis, MD, USA,
2012.
21. Ghadimi, P., Saadatkhah, A., Dashtimanesh, A.: Analytical
solution of wedge water entry by using Schwartz-Christoffel
conformal mapping, International Journal of Modeling,
Simulation, and Scientific Computing, Vol. 2, No. 3,
POLISH MARITIME RESEARCH, No 4/2016

37

337-354, 2011.
22. Ghadimi P., Dashtimanesh A., Djeddi S.R.: Study of water
entry of circular cylinder by using analytical and numerical
solutions, Journal of Brazilian Society of Mechanical
Sciences and Engineering, Vol. 34, No. 3, 225-232, 2012.
23. Ghadimi, P., Feizi Chekab, M.A., Dashtimanesh, A.: A
numerical investigation of the water impact of an arbitrary
bow section, ISH Journal of Hydraulic Engineering, Vol.
19, No. 3, 186-195, 2013.
24. Ghadimi, P., Feizi Chekab, M.A., Dashtimanesh, A.:
Numerical simulation of water entry of different arbitrary
bow sections, Journal of Naval Architecture and Marine
Engineering, Vol. 11, No. 2, 117-129, 2014a.
25. Ghadimi P., Tavakoli S, Dashtimanesh A., Pirooz A.:
Developing a computer program for detailed study of
planing hull’s spray based on Morabito’s approach. Journal
of Marine Science and Application. Vol. 13, No. 4, 402-415.
2014b.
26. Ghadimi P., Tavakoli S., Feizi Chakab M. A., Dashtimanesh
A.: Introducing a particular mathematical model for
predicting the resistance and performance of prismatic
planing hulls in calm water by means of total pressure
distribution, Journal of Naval Architecture and Marine
Engineering, Vol. 12, No. 2, 73-94, 2015.
27. Ghadimi P., Tavakoli S., Dashtimanesh A. Zamanian R.:
Steady performance prediction of a heeled planing boat in
calm water using asymmetric 2D+T model, Proceedings of
the Institution of Mechanical Engineers, Part M: Journal
of Engineering for the Maritime Environment, Published
Online: 2016a. DOI: 10.1177/1475090216638680.
28. Ghadimi P, Tavakoli S, Dashtimanesh A.: Coupled heave
and pitch motions of planing hulls at non-zero heel angle.
Applied Ocean Research, Vol. 59, 286-303, 2016b.
29. Ghadimi P., Tavakoli S., Dashtimanesh A.: An analytical
procedure for time domain simulation of roll motion of the
warped planing hulls. Proceedings of the Institution of
Mechanical Engineers, Part M: Journal of Engineering
for the Maritime Environment, 230(4), 600-615, 2016c.
30. Ghadimi P, Tavakoli S, Dashtimanesh A. A non-linear
mathematical model for coupled heave, pitch and
roll motions of a high-speed planing hull, Journal of
Engineering Mathematics. Published Online, 2016d.
10.1007/s10665-016-9878-2.10.1007/s10665-016-9878-2.
31. Haase H., Soproni J.P., Abdel-Maksoud M.: Numerical
analysis of a planing boat in head waves using 2D+T
method. Ship Technology Research, 62(3), 131-139, 2015.

38

POLISH MARITIME RESEARCH, No 4/2016

32. ITTC: Report of Resistance Committee, 8th International
Towing Tank, Madrid, Spain, 1957.
33. Conference, Venice, 2002.
34. Jiang Y., Zou, J., Hu, A., Yang J.; Analysis of tunnel
hydrodynamic characteristics for planing trimaran by
model test and numerical simulations, Ocean Engineering,
Vol. 13, 101-110, 2016.
35. Judge C., Troesch A., Perlin M.: Initial water Impact
of a wedge at Vertical and Oblique Angles, Journal of
Engineering Mathematics, Vol. 48, 2004.
36. Kanyoo P., Taunton D., Blake J.I.: Development and
optimization of mathematical model of high speed planing
hulls. In: Proceedings of the 13th International Conference
on Fast Sea Transportation (FAST 2015), DC, USA, 2015.
37. Katayama T., Fujimoto M., Ikeda Y.: A study in transverse
stability loss of planing craft at super high forward speed. In:
Proceedings of the 9th International Conference on Stability
of Ships and Ocean Vehicles, Rio de Janerio, Brazil, 2006.
38. Korobkin A.A.: A linearized model of water exit. Journal
of Fluid Mechanics, 737, 368-386, 2013.
39. Korobkin A.A., Melenica S.: Modified Logvinovic model
for hydrodynamic loads on asymmetric contours entering
water. In: Proceedings of the 20th International Workshop
on Water Waves and Floating Bodies, Oslo, Norway, 2005.
40. Krovin-Kroukovsky B.V., Savitsky D., William L.: Wave
contours in the wake of a 20° deadrise planing surface.
Davidson Laboratory, Report No. 337, 1949.
41. Kim D.J., Rhee K.P., You Y.J.: Theoretical Prediction of
Running Attitudes of a Semi-Displacement Round Bilge
Vessel at High Speed, Applied Ocean Research, Vol. 42,
2013.
42. Maki K.J., Lee D., Troesch AW., Vlahopoulos N.:
Hydroelastic impact of a wedge-shaped body. Ocean
Engineering, Vol. 38, 621-629.
43. Martin M.: Theoretical determination of porpoising
instability of high-speed planing boat. David Taylor Naval
Ship Research and Development Center, Report No.
76-0068, 1976a.
44. Martin M.: Theoretical prediction of motion of high-speed
planing boats in waves. David Taylor Naval Ship Research
and Development Center, Report No. 76-0069, 1976b.
45. Mei X., Liu Y., On the water impact of general twodimensional sections, Applied Ocean Research, Vol. 21,
No. 1, 21-15, 1999.

46. Mercier J.A., Savitsky D.: Resistance of Transom Shear Craft
in the Pre-planing Range, Davison Laboratory, Report No.
1667, Hoboken, NJ, USA, 1973.
47. Metcalf B.J., Faul L., Bumiller E., Slutsky, J.: Resistance
Tests of a Systematic Series of US Coast Guard of Planing
Hulls, NSWCCd-50-TR-2005/063, 2005.
48. Milwitzky B. 1948. A generalized theoretical and
experimental investigation of the motions and
hydrodynamic loads experienced by V-bottom seaplanes
during step-landing impact. NACA TN 1516.
49. Morabito M.G.; On the spray and bottom pressures of planing
surfaces, PhD Thesis, Stevens Institute of Technology,
Hoboken, NJ, USA.
50. Morabito, M.G.; Empirical Equations for Planing Hull
Pressure Distributions. Journal of Ship Research, Vol. 58,
No. 3, 2014.
51. Morabito M.G.: Prediction of Planing Hull Side Forces in
Yaw Using Slender Body Oblique Impact Theory, Ocean
Engineering, Vol. 101, 2015.
52. Mousaviraad, S.M., Wang, Z., Stern, F.: URANS studies of
hydrodynamic performance and slamming loads on highspeed planing hulls in calm water and waves for deep and
shallow conditions, Applied Ocean Research, Vol. 51, 222240, 2015.

Production, Vol. 27, No. 2, 63-83.
60. Savitsky D., DeLorme M. F., Datla R.; Inclusion of Whisker
Spray Drag in Performance Prediction Method for HighSpeed Planing Hulls, Marine Technology, Vol. 44, No. 1,
2007.
61. Savander BR.: Planing hull steady hydrodynamics. PhD
Thesis. University of Michigan, Ann Arbor, Michigan,
USA, 1997.
62. Sebastiani L., Bruzzone D., Gualeni P., et al.: A practical
method for the prediction of planing craft motions in regular
and irregular waves. In: Proceedings of the ASME 27th
International Conference on Offshore Mechanics and
Arctic Engineering, Estoril, Portugal, 2008.
63. Schachter RD, Riberio HJC.: Dynamic equilibrium
evaluation for planing hulls with arbitrary geometry and
variable deadrise angles – The virtual prismatic hulls
method, Ocean Engineering, Vol. 115, 67-92, 2016.
64. Schnitzer E, 1952. Theory and procedure for determining
loads and motions in chine-immersed hydrodynamic
impacts. NACA TN 2813.
65. Shademani, R., Ghadimi, P.: Estimation of water entry
forces, spray parameters and secondary impact of fixed
width wedges at extreme angles using finite element based
finite volume and volume of fluid methods, Brodogradnja,
Vol. 67, No. 1, 101-124, 2016.

53. Nguyen, V.-T., Park, W.-G.: A free surface flow solver for
complex three-dimensional water impact problems based
on the VOF method, International Journal for Numerical
Methods in Fluids, Vol. 82, No. 1, 3-34, 2016.

66. Sun H., Faltinsen O.M.: Dynamic motions of planing vessels
in head seas. Journal of Marine Science and Technology,
Vol. 16, 168-180, 2011.

54. Piro D.J., Maki K.J.: Hydroelastic analysis of bodies that
enter and exit water, Journal of Fluids and Structures, Vol.
37, 134-150, 2013.

67. Sun H., Faltinsen O.M.: Hydrodynamic Forces on a SemiDisplacement Ship at High Speed, Applied Ocean Research,
Vol. 34, 2012.

55. Riccardi G, Iafrati A.: Water impact of an asymmetric
floating wedge. Journal of Engineering Mathematics, Vol.
49, 19-39, 2003.

68. Tascon O.D., Troesch A.W., Maki K.J.: Numerical
computation of hydrodynamic forces acing on a maneuvering
planing hull via slender body theory-SBT and 2-D impact
theory. In: Proceedings of the 10th International Conference
on Fast Sea Transportation (FAST 2009), Athens, Greece,
2009.

56. Savitsky D.: Hydrodynamic Design of Planing Hulls, Marine
Technology, Vol. 1, No. 1, 1964.
57. Savitsky D.; The Effect of Bottom Warp on the Performance
of Planing Hulls, Proceedings of the third SNAME
Chesapeake Powerboat Symposium, Annapolis, 2011.
58. Savitsky D., Brown W.: Procedures for Hydrodynamic
Evaluation of Planing Hulls in Smooth and Rough Water,
Marine Technology, Vol. 13, No. 4, 1978.
59. Savitsky D., Morabito M.,: Origin and characteristics of the
spray patterns generated by planing hulls, Journal of Ship

69. Tassin A., Korobkin AA., Cooker M.J.: On analytical
models of vertical water entry of symmetric body with
separation and cavity initiation. Applied Ocean Research,
48, 33-41, 2014.
70. Tavakoli S., Ghadimi P., Dashtimanesh A., Sahoo P.K.:
Determination of Hydrodynamic Coefficients Related to Roll
Motion of High-Speed Planing Hulls, Proceedings of the
13the International Conference on Fast Sea Transportation,
DC, USA, 2015.
POLISH MARITIME RESEARCH, No 4/2016

39

71. Radojcic D., Zgradic A., Kalajdzic M., Simic, A., Resistance
Prediction for Hard-Chine Hulls in the Pre-Planing Regime,
Polish Maritime Research, Vol. 21, 2014a.
72. Radojcic D., Morabito M.G., Simic A. P., Zgradic A.B.:
Modeling with regression analysis and artificial neural
networks the resistance and trim of series 50 experiments
with V-bottom motor boats, Journal of Ship Production and
Design, Vol. 30, No. 4, 153-174, 2014b.
73. von Karman T.: The impact on Seaplane Floats During
Landing, NACA TN 321.
74. Vorus SW.: A flat cylinder theory for vessel impact and steady
planing, J. Ship Research, Vol. 40, No. 2, 89-106, 1996.
75. Wagner H.: Phenomena Associated with Impacts and
Sliding on Liquid Surface, NACA Translation of Uber Stossund Gleitvorgange an der Oberflache von Flussigkeiten.
Zeitschr. Angew. Math. Mech, Vol. 12, No, 4, 1932.
76. Xu L., Troesch A.W.; A study on hydrodynamic of asymmetric
planing surfaces. In: Proceedings of the 5th International
Conference on Fast Sea Transportation (FAST 99), Seattle,
Washington, USA, 1999.
77. Xu L., Troesch A.W., Peterson R.: Asymmetric hydrodynamic
impact and dynamic response of vessels. Journal of Offshore
Mechanics and Arctic Engineering, Vol. 121, 83-89: 1999.

40

POLISH MARITIME RESEARCH, No 4/2016

78. Yettou E.M., Derochers A., Champoux, Y.: A new analytical
model for pressure estimation of symmetrical water impact
of a rigid wedge at variable velocities, Journal of Fluids and
Structures, Vol. 23, 502-522, 2007.
79. Zarnickh E.E.: A nonlinear mathematical model of motions
of a planing boat in regular waves. David Taylor Naval Ship
Research and Development Center, Report No. 78/032,
1978.
80. Zarnickh E.E.: A nonlinear mathematical model of motions
of a planing boat in irregular waves. David Taylor Naval
Ship Research and Development Center, Report No. SPD0867-01, 1979.
81. Zhao R., Faltinsen O. M.: Water entry of two-dimensional
bodies. Journal of Fluid Mechanics, Vol. 246, 593-612, 1993.
82. Zhao R., Faltinsen O. M., Haslum H.A.: A simplified
nonlinear analysis of a high-speed planing craft in calm
water. In: Proceedings of the 4th International Conference
on Fast Sea Transportation (FAST 97), Sydney, Australia,
1997.

APPENDIX A: A WORKED EXAMPLE
A particular case of US Coast Guard boat series (Case 5629-1) is hereby considered to move forward at a beam Froude Number
of 2.2. The boat is first divided into n sections (here, n = 21). The deadrise angle and the beam of each considered section are
displayed in Table A. 1.
The initial trim angle (4.1 deg for this case) and the keel wetted length (0.5L for this case) are guessed. Subsequently, the
3D problem is changed to a 2D problem. From the intersection of the keel and calm water to the transom location, m sections
are considered (here, m= 51). The longitudinal distance of each section from the keel/calm water intersection is determined.
Then, the half beam (column 2) of each section and its deadrise angles (column 3) are computed. The chine depth of each
B
section is found using the formula tan E and the time of chine wetting of each section is then computed from Equation
2
9 (column 5). The corresponding solution
time for each section is then determined using the formula x/cos τ)/U (column
6). Afterward, it is checked to see if the time t of each section is longer or shorter than the chine wetting time. In the latter
condition the section experiences phase 1 (i.e. dry chine phase); otherwise it experiences phase 2 (i.e. wet chine phase). Later,
depending on the phase, Equations (5) through (8) are utilized to find c and Ċ (columns 8 and 9).
Table A. 1. The deadrise angle and beam of each section.
Distance of section Beam of section (m)
from transom (m)
0
0.76
0.1524
0.76
0.3048
0.76
0.4572
0.76
0.6096
0.76
0.762
0.76
0.9144
0.76
1.0668
0.76
1.2192
0.76
1.3716
0.76
1.524
0.76
1.6764
0.76
1.8288
0.76
1.9812
0.76
2.1336
0.76
2.286
0.76
2.4384
0.76
2.5908
0.76
2.7432
0.76
2.8956
0.76
3.048
0.76

Deadrise angle of section
(deg)
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61
16.61

Table. A. 2. Sectional characteristics after guessing the keel wetted length.
x (m)

B/2 (m)

(deg)

B

tan E

2

tCW (s)

t (s)

Phase (1 or 2?)

c (m)

ċ (m/s)

0

0.38

16.61

0.113355

0

0

1

0

0

0.03048

0.38

16.61

0.113355

0.167372

0.005054

1

0.011475

2.270389

0.06096

0.38

16.61

0.113355

0.167372

0.010109

1

0.022951

2.270389

0.09144

0.38

16.61

0.113355

0.167372

0.015163

1

0.034426

2.270389

0.12192

0.38

16.61

0.113355

0.167372

0.020217

1

0.045902

2.270389

0.1524

0.38

16.61

0.113355

0.167372

0.025272

1

0.057377

2.270389

0.18288

0.38

16.61

0.113355

0.167372

0.030326

1

0.068852

2.270389

0.21336

0.38

16.61

0.113355

0.167372

0.035381

1

0.080328

2.270389

0.24384

0.38

16.61

0.113355

0.167372

0.040435

1

0.091803

2.270389

0.27432

0.38

16.61

0.113355

0.167372

0.045489

1

0.103279

2.270389

0.3048

0.38

16.61

0.113355

0.167372

0.050544

1

0.114754

2.270389

0.33528

0.38

16.61

0.113355

0.167372

0.055598

1

0.126229

2.270389

0.36576

0.38

16.61

0.113355

0.167372

0.060652

1

0.137705

2.270389

0.39624

0.38

16.61

0.113355

0.167372

0.065707

1

0.14918

2.270389
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0.42672

0.38

16.61

0.113355

0.167372

0.070761

1

0.160656

2.270389

0.4572

0.38

16.61

0.113355

0.167372

0.075816

1

0.172131

2.270389

0.48768

0.38

16.61

0.113355

0.167372

0.08087

1

0.183606

2.270389

0.51816

0.38

16.61

0.113355

0.167372

0.085924

1

0.195082

2.270389

0.54864

0.38

16.61

0.113355

0.167372

0.090979

1

0.206557

2.270389

0.57912

0.38

16.61

0.113355

0.167372

0.096033

1

0.218033

2.270389

0.6096

0.38

16.61

0.113355

0.167372

0.101087

1

0.229508

2.270389

0.64008

0.38

16.61

0.113355

0.167372

0.106142

1

0.240983

2.270389

0.67056

0.38

16.61

0.113355

0.167372

0.111196

1

0.252459

2.270389

0.70104

0.38

16.61

0.113355

0.167372

0.116251

1

0.263934

2.270389

0.73152

0.38

16.61

0.113355

0.167372

0.121305

1

0.27541

2.270389

0.762

0.38

16.61

0.113355

0.167372

0.126359

1

0.286885

2.270389

0.79248

0.38

16.61

0.113355

0.167372

0.131414

1

0.29836

2.270389

0.82296

0.38

16.61

0.113355

0.167372

0.136468

1

0.309836

2.270389

0.85344

0.38

16.61

0.113355

0.167372

0.141522

1

0.321311

2.270389

0.88392

0.38

16.61

0.113355

0.167372

0.146577

1

0.332787

2.270389

0.9144

0.38

16.61

0.113355

0.167372

0.151631

1

0.344262

2.270389

0.94488

0.38

16.61

0.113355

0.167372

0.156686

1

0.355737

2.270389

0.97536

0.38

16.61

0.113355

0.167372

0.16174

1

0.367213

2.270389

1.00584

0.38

16.61

0.113355

0.167372

0.166794

1

0.378688

2.270389

1.03632

0.38

16.61

0.113355

0.167372

0.171849

2

0.382988

1.702286

1.0668

0.38

16.61

0.113355

0.167372

0.176903

2

0.386488

1.142161

1.09728

0.38

16.61

0.113355

0.167372

0.181957

2

0.389188

0.951451

1.12776

0.38

16.61

0.113355

0.167372

0.187012

2

0.391488

0.844632

1.15824

0.38

16.61

0.113355

0.167372

0.192066

2

0.393588

0.771434

1.18872

0.38

16.61

0.113355

0.167372

0.197121

2

0.395488

0.718216

1.2192

0.38

16.61

0.113355

0.167372

0.202175

2

0.397388

0.673775

1.24968

0.38

16.61

0.113355

0.167372

0.207229

2

0.399088

0.639634

1.28016

0.38

16.61

0.113355

0.167372

0.212284

2

0.400688

0.611321

1.31064

0.38

16.61

0.113355

0.167372

0.217338

2

0.402288

0.586028

1.34112

0.38

16.61

0.113355

0.167372

0.222392

2

0.403788

0.564602

1.3716

0.38

16.61

0.113355

0.167372

0.227447

2

0.405288

0.545053

1.40208

0.38

16.61

0.113355

0.167372

0.232501

2

0.406688

0.528267

1.43256

0.38

16.61

0.113355

0.167372

0.237556

2

0.408088

0.512711

1.46304

0.38

16.61

0.113355

0.167372

0.24261

2

0.409388

0.499239

1.49352

0.38

16.61

0.113355

0.167372

0.247664

2

0.410688

0.486604

1.524

0.38

16.61

0.113355

0.167372

0.252719

2

0.411988

0.474719

The pressure distributions are computed in all sections
using the Bernoulli equation (Equation (4)), after which the
hydrodynamic force acting on each section is found. As an
example, Fig. A. 1 shows the pressure distributions in four
different sections: two for phase 1 and two for phase 2.

Fig. A. 1. Examples of computed pressure distributions in four different
sections.
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Using Equations (10) through (12), the hydrodynamic
and hydrostatic forces acting on each section are computed
(columns 2 and 3 in Table A. 3.). Then, the reduction magnitude
in each section is computed using Equations (19) through (21)
(column (4) in Table A. 3). This reduction is implemented
to the sectional forces, and their values, after correction,
are re-computed (columns (5) and (6) in Table A. 3). For
better clarity, Fig. A. 2 shows the distributions of sectional
forces in the longitudinal direction. The curves in this figure
show the distributions before and after implementation of
the reduction function.

Table A. 3. Sectional forces.

f B2D

2D
f HD

f B2D

2D
f HD

(N/m)
Without
reduction

(N/m)
Without
reduction

R(ξ)

(N/m)
With
reduction

(N/m)
With
reduction

f B2D

2D
f HD

f B2D

2D
f HD

x (m)

(N/m)
Without
reduction

(N/m)
Without
reduction

R(ξ)

(N/m)
With
reduction

(N/m)
With
reduction

1.09728

207.468

364.6209

0.953744

197.8714

347.755

0

0

0

1

0

0

1.12776

219.1541

315.8852

0.939991

206.0028

296.9291

0.03048

0.160083

29.56091

0.999996

0.160083

29.56079

1.15824

231.1604

282.7139

0.92231

213.2015

260.7498

0.06096

0.640333

59.12181

0.999995

0.64033

59.1215

1.18872

243.4868

258.7345

0.89969

219.0625

232.7807

0.09144

1.44075

88.68272

0.999993

1.44074

88.6821

1.2192

256.1334

238.8104

0.870925

223.073

207.986

0.12192

2.561334

118.2436

0.999991

2.561311

118.2425

1.24968

269.1001

223.5712

0.834631

224.5992

186.5993

0.1524

4.002084

147.8045

0.999988

4.002037

147.8028

1.28016

282.3871

211.6077

0.78928

222.8824

167.0177

0.18288

5.763001

177.3654

0.999984

5.762912

177.3627

1.31064

295.9941

201.1609

0.7333

217.0525

147.5113

0.21336

7.844085

206.9263

0.99998

7.843926

206.9221

1.34112

309.9214

192.3461

0.665231

206.1693

127.9546

0.24384

10.24534

236.4872

0.999973

10.24506

236.481

1.3716

324.1688

184.3318

0.583959

189.3012

107.6422

0.27432

12.96675

266.0482

0.999965

12.9663

266.0389

1.40208

338.7364

177.4726

0.489011

165.6457

86.78602

0.3048

16.00834

295.6091

0.999955

16.00761

295.5957

1.43256

353.6242

171.1347

0.380864

134.6826

65.17898

0.33528

19.37009

325.17

0.999941

19.36894

325.1507

1.46304

368.8321

165.6608

0.261185

96.33339

43.2681

0.36576

23.052

354.7309

0.999923

23.05022

354.7034

1.49352

384.3602

160.539

0.132899

51.08109

21.33548

0.39624

27.05409

384.2918

0.999899

27.05136

384.2529

1.524

400.2084

155.733

0

0

0

0.42672

31.37634

413.8527

0.999868

31.3722

413.798

0.4572

36.01876

443.4136

0.999828

36.01255

443.3371

0.48768

40.98134

472.9745

0.999775

40.97211

472.8679

0.51816

46.26409

502.5354

0.999706

46.25047

502.3874

0.54864

51.86701

532.0963

0.999615

51.84706

531.8916

0.57912

57.7901

561.6572

0.999497

57.76105

561.375

0.6096

64.03335

591.2181

0.999343

63.99131

590.83

0.64008

70.59677

620.779

0.999142

70.53622

620.2466

0.67056

77.48035

650.3399

0.99888

77.39354

649.6113

0.70104

84.6841

679.9008

0.998536

84.56016

678.9057

0.73152

92.20802

709.4617

0.998088

92.03173

708.1054

0.762

100.0521

739.0226

0.997503

99.80226

737.1772

0.79248

108.2164

768.5836

0.996739

107.8634

766.0769

0.82296

116.7008

798.1445

0.995741

116.2037

794.7451

0.85344

125.5054

827.7054

0.994439

124.8074

823.1026

0.88392

134.6301

857.2663

0.992741

133.6528

851.0431

0.9144

144.075

886.8272

0.990526

142.7101

878.4253

0.94488

153.8401

916.3881

0.98764

151.9386

905.0613

0.97536

163.9254

945.949

0.983881

161.2831

930.7016

1.00584

174.3308

975.5099

0.978992

170.6685

955.0167

1.03632

185.0564

712.8405

0.972641

179.9934

693.3377

1.0668

196.1021

452.3537

0.964403

189.1216

436.2514

x (m)
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We can observe that after four iterations the error changes
from negative to positive. Therefore, the correct keel wetted
length is between 2.124 m and 2.324 m. Using mathematical
computations, the keel wetted length for which the error
approximately equals zero is found to be 2.246 m.
Table A. 5. Heave force error for different keel wetted lengths at τ=4.1.
No. of iteration

1

2

3

4

5

LK(m)

1.524

1.724

1.924

2.124

2.324

ε (m)

-592.162

-480.961

-358.071

-99.2996 63.23946

For the current wetted length, similar characteristics
to those shown in Table A. 2 to A. 3 are calculated again.
Then, the distance of each section from the CG is found
as ξ= -(x-LK+LCG) and the sectional moments due to 2D
hydrodynamic and hydrostatic forces are determined, as
displayed in Table A. 6.
Table A. 6. Sectional pitch moment.
x(m)

Fig. A. 2. Distribution of 2D sectional forces in longitudinal direction: without
(a) and with (b) implementation of transom reduction.

The final three dimensional hydrodynamic and hydrostatic
forces are subsequently found by integrating the sectional
forces. Here, the trapezoidal integration method is used. It
is shown that heave equation is satisfied (Δ-L=0) by checking
the error for the heave force (Table A. 4.).
Table A. 4. Checking the heave force error for the guessed keel wetted length.

FHD

³ R ([ )f

2D
HD

cos W d [ , (N )

LK

FB

³ R ([ )f

2D
B

d [ , (N )

LK

606.0244

149.8464

L=FB+FHD (N)

755.8708

ε=Δ-L(N)

-592.1618

If the heave force error is negative the wetted length should
be increased, if positive - it should be decreased. In the current
example the keel wetted length is considered to increase by
0.2 m in each iteration. The results are shown in Table A. 5.
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0
0.04492
0.08984
0.13476
0.17968
0.2246
0.26952
0.31444
0.35936
0.40428
0.4492
0.49412
0.53904
0.58396
0.62888
0.6738
0.71872
0.76364
0.80856
0.85348
0.8984
0.94332
0.98824
1.03316
1.07808
1.123
1.16792
1.21284
1.25776
1.30268
1.3476
1.39252
1.43744
1.48236
1.52728
1.5722
1.61712
1.66204

[ (m)
1.2648
1.21988
1.17496
1.13004
1.08512
1.0402
0.99528
0.95036
0.90544
0.86052
0.8156
0.77068
0.72576
0.68084
0.63592
0.591
0.54608
0.50116
0.45624
0.41132
0.3664
0.32148
0.27656
0.23164
0.18672
0.1418
0.09688
0.05196
0.00704
-0.03788
-0.0828
-0.12772
-0.17264
-0.21756
-0.26248
-0.3074
-0.35232
-0.39724

³ R([ ) f

2D
HD

[ d[

LK

³ R ([ )f

2D
B

[d [

LK

0
45.43183
86.94973
124.5537
158.2438
188.0199
213.8821
235.8304
253.8647
267.9852
278.1917
284.4842
286.8628
285.3275
279.8782
270.5149
257.2377
240.0465
218.9412
193.922
164.9888
132.1417
95.38093
42.45897
3.986295
-11.3413
-21.9333
-30.3857
-37.4706
-43.785
-49.5471
-54.6439
-59.4799
-63.8394
-67.9264
-71.777
-75.2482
-78.4912

0
0.362588
1.387879
2.982162
5.051727
7.502864
10.24186
13.17501
16.2086
19.24893
22.20227
24.97492
27.47317
29.60331
31.27162
32.3844
32.84792
32.56848
31.45236
29.40586
26.33526
22.14687
16.74702
10.04207
1.938486
-7.65713
-18.8379
-31.6964
-46.3246
-62.8127
-81.2486
-101.716
-124.292
-149.043
-176.013
-205.219
-236.625
-270.113

[ (m)

x(m)
1.70696
1.75188
1.7968
1.84172
1.88664
1.93156
1.97648
2.0214
2.06632
2.11124
2.15616
2.20108
2.246

-0.44216
-0.48708
-0.532
-0.57692
-0.62184
-0.66676
-0.71168
-0.7566
-0.80152
-0.84644
-0.89136
-0.93628
-0.9812

³ R([ ) f

2D
HD

[ d[

LK

³ R ([ )f

2D
B

LK

-81.3138
-83.7293
-85.7825
-87.0684
-87.4731
-86.477
-83.5914
-78.2191
-69.8245
-57.7197
-41.6833
-22.0829
0

Table A. 8. Errors for different trim angles.

[d [

-305.433
-342.126
-379.403
-415.974
-449.803
-477.786
-495.41
-496.486
-473.243
-417.153
-320.824
-180.785
0

The centers of hydrodynamic and hydrostatic pressure
are computed using Equations (15) and (18). For the current
condition (LK =2.246), it is shown that LCHD =0.1944 m and
LCB =-0.49 m. Subsequently, it is checked whether or not the
pitch equation is satisfied. The computed values are displayed
in Table A. 7. An error associated with the pitch moment is
calculated again. When this error is negative the trim angle
should decrease; otherwise it should increase.

No. Iteration

1

2

3

4

5

4.1

3.9

3.7

3.5

3.3

LK (m)

2.246186

2.42528

2.411342 2.535468 2.610539

H (N-m)

-101.03

-49.784

-49.046

W

(deg)

-13.1948 4.684451
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Table A. 7. Checking the pitch equation error.
LC HD (m)

-0.49

LC B (m)

0.1944

MB (N-m)

-260.697

MHD (N-m)

159.6667

ε=MHD-MB (N-m)

-101.03

APPENDIX A.1: THE COMPUTED TRIM ANGLE AND
ITS CORRELATION WITH EXPERIMENTAL DATA
For the initial trim angle of 4.1, the error associated with
the pitch moment is equal to -101.03. Therefore, a new trim
angle is guessed and the keel wetted length related to this
trim angle is computed again (by producing similar tables
to Table A. 2. through A. 5). Then, the error of satisfying the
pitch equation by each guess is checked. As the sign of the
error changes, the correct trim angle is to be between the last
two guesses. At this stage, the trim angle is re-guessed by the
0.2 step size and the correct trim angle is found to be between
3.5 and 3.3, since the error changes sign when the trim is
changed from 3.5 to 3.3 (Table A. 8). Using mathematical
computations, the correct trim angle is estimated to be 3.352
and the keel wetted length is approximated to be 2.583. It
should be noted that the trim angle measured by Metcalf et
al. (2005) for this condition has been reported to be equal to
about 3.13 degrees. Accordingly, the resultant error of 7.7%
testifies to good accuracy of the proposed method.
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ABSTRACT

This paper discusses the numerical evaluation of the hydrodynamic characteristics of submerged and surface piercing
moving bodies. Generally, two main classes of potential methods are used for hydrodynamic characteristic analysis
of steady moving bodies which are Rankine and Kelvin-Havelock singularity distribution. In this paper, the KelvinHavelock sources are used for simulating the moving bodies and then free surface wave patterns are obtained. Numerical
evaluation of potential distribution of a Kelvin-Havelock source is completely presented and discussed. Numerical results
are calculated and presented for a 2D cylinder, single source, two parallel moving source, sphere, ellipsoid and standard
Wigley hull in different situation that show acceptable agreement with results of other literatures or experiments.
Keywords: Free Surface Waves, Boundary Element Method (BEM), Kelvin-Havelock Source

INTRODUCTION
A number of numerical methods for computing freesurface flows of ship forms are presented as robust and
accurate on the basis of favorable comparisons between
numerical predictions and experimental measurements. As
a matter of fact, numerical predictions of free-surface flows
about ship forms, including the steady-flow case of specific
interest here, are notoriously unreliable, as is documented
in Andrew et al. [1], Newman [3-4], Chen and Noblesse [4],
Telste, and Noblesse [5], Hendrix and Noblesse [6]. Other
trends of ship hydrodynamics including wave resistance in
calm water were reviewed in Bulgarelli et al. [7]. On the other
hand, some historical perspectives and reflections of ship
waves were given by Tulin [8]. Compressive description on the
ship resistance computations have been presented by Larrson
and Baba [9]. Comparison of different approach for the ship
resistance calculations carried out by Gatchell et al [10]. A
3D linear analysis of steady ship motion in deep water have
presented in the Ph.D. dissertation [11]. Baar and Price also
contain extensive comparisons of the authors own KelvinHavelock numerical predictions with experimental data [12].
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A desingularized boundary integral method for fully
nonlinear free-surface problems was described Cao et.al.
[13]. An integral boundary element method (Rankine
panel) to solve the flow around surface piercing hydrofoils
and ships was presented by Hsin et.al. [14] as well as two
iterative procedures for small and large Froude numbers were
presented for fully submerged two dimensional hydrofoils
under a free surface by Yasko et.al.[15]. Ghassemi et al. [16]
and Ghassemi & Kohansal [17] have presented the nonlinear
generated wave pattern due to three dimensional moving
bodies. More detail formulae for 2D and 3D free surface
flows due to moving disturbances have been presented by
Tuck et al [18], Parau & Vanden-Broeck [19] and Uslu & Bal
[20]. Javanmardi et al worked the prediction of wave patterns
at large distances from a moving body in a confined channel
[21]. In order to minimize the total resistance of a ship, an
optimization of the hull shape investigated by Sun et al [22]
and Zakerdoost et al [23]. The total resistance is assumed to
be the sum of the wave resistance computed on the basis of
the thin-ship theory and the frictional resistance. Smoothness
of hull lines is proved with mathematical procedure, in which
differentials of the hull lines functions are analyzed. The

wave-making resistance optimization, involving a genetic
algorithm, uses Michell integral to calculate wave resistance.
Recently, the computational results for KRISO Container Ship
(KCS) are presented. CFD analyses are performed to simulate
free surface flow around KCS by using RANS approach with
success. Also, the complicated turbulent flow zone behind
the ship is well simulated [24].
A major difficulty of the Kelvin-Havelock approach resides
in the mathematical complexity of the corresponding Green
function, often referred to as the Kelvin-Havelock source.
Indeed, the complexity of the Kelvin-Havelock source and
the simplicity of the Rankine source no doubt are major
recommendations for using the Rankine-source approach.
However, the Kevin-Havelock source offers several important
advantages compared with the Rankine source. In particular,
the radiation condition that steady gravity waves do not
exist ahead of a moving ship is automatically and exactly
satisfied in the Kelvin-Havelock approach, whereas this
radiation condition must be numerically simulated in the
Rankine-source approach. Also, the infinite free surface
must be truncated in some manner in Rankine source
approach, whereas the infinite free surface is automatically
reduced to a finite one in the Numann-Kelvin approach.
The need for numerically simulation the radiation condition
and for truncating the infinite free surface represents two
basic difficulties of the Rankine-source approach. Another
advantage of the Kelvin-Havelock source follows from the fact
that it satisfies a linearized free surface boundary condition
that provides a reasonable approximation to the exact free
surface condition for many practical applications. In this case,
there is no need for a free surface singularity distribution and
the Kelvin-Havelock source can be used to obtain a simple
approximate expression for the velocity potential of the flow
about a ship that is defined explicitly in terms of the ship
speed, size and shape.
In this paper, an efficient manner of evaluating KelvinHavelock source Green function are presented and then the
procedure have been employed for submerged cylinder, sphere
and ellipsoid and a Wigley hull. Wave pattern of the free
surface are obtained and shown by the numerical method in
qualitatively and quantitative. The validation of the present
method is confirmed by showing good correlation with the
available data.

MATHEMATICAL FORMULATION
OF THE PROBLEM
A three dimensional moving body at a constant velocity
(U) at or beneath the surface of a fluid of infinite depth is
considered. The sketch of the body and flow are given in Fig. 1.
The fluid is assumed to be inviscid, incompressible and the
flow to be irrotational.
It was chosen a Cartesian frame of reference moving bodies
and assumed that the flow is steady. The Cartesian coordinates
(x, y, z) is chosen with the z-axis directed vertically upwards
and the x-axis in the opposite direction of the velocity (U).
The equation of the free surface is denoted by z = η(x, y).

Fig. 1. Definition of coordinate system

Perturbation potential, Ø, and total potential, Φ, should
satisfy Laplace’s equation in the fluid domain.

ଶ ĭ = ଶ  = 0

(1)

Three boundary conditions on the free surface are given
as follows:
I) KINEMATIC BOUNDARY CONDITION
ON THE BODY SURFACE:
The flow should be tangent to the wetted surface of the
body:

߲
= െ(ܷଓƸ ). ݊ሬԦ = െܷ. ݊௫
߲݊

(2)

where ݊ሬԦ is the unit normal vector to the wetted surface of
the body, directed into the fluid domain.
II) KINEMATIC FREE SURFACE CONDITION:
The fluid particles should follow the free surface,
ݔ(ܨܦ, ݕ, )ݖ
=0
ݐܦ

ݔ(ߟ = ݖ ݊, )ݕ

(3)

where F(x, y, z) = z – η(x, y) and η is the free surface
deformation.
III) DYNAMIC FREE SURFACE CONDITION:
The pressure on the free surface should be equal to the
atmospheric pressure (ρatm). Applying Bernoulli’s equation,
the following equation can be obtained:
1
[(ߘ)ଶ െ ܷ ଶ ] + ݃ߟ = 0 ݔ(ߟ = ݖ ݊, )ݕ
2

(4)

where g is the gravitational acceleration.
If eq. (3) and eq. (4) are combined and linearized, then the
following free surface condition can be derived:
߲ଶ
߲
+ ݇
=0
߲ ݔଶ
߲ݖ

 = ݖ ݊0

POLISH MARITIME RESEARCH, No 4/2016

(5)

47



Here, ݇ = మ is the wave number.

ܴ = ඥ( ݔെ ݔ )ଶ + ( ݕെ ݕ )ଶ + ( ݖെ ݖ )ଶ
ܴᇱ = ඥ( ݔെ ݔ )ଶ + ( ݕെ ݕ )ଶ + ( ݖ+ ݖ )ଶ

IV) RADIATION CONDITION:

(12)

And:
No upstream waves should occur. In order to prevent
upstream waves, both the first- and second-order derivatives
of perturbation potential with respect to x are forced to be
equal to zero for the upstream region on the free surface.

݃
( ݔെ ݔ ,  ݕെ ݕ ,  ݖ+ ݖ )
ܷଶ

(13)

Term N that is known as non-oscillatory near field term
is defined as [19]:

ଶ

߲ ߲ 
=
=0
߲ ݔଶ ߲ݔ

(ܺ, ܻ, ܼ) =

ܽ ݔ ݏ՜ െλ

(6)

ܰ(ܺ) =

V) INFINITE DEPTH CONDITION:

െ2ߥ
1 ଵ
ቊെ
න Im exp(ܧ )ܣଵ (ݐ݀)ܣቋ
ߨ
2ߨ ିଵ

(14)

And:
The perturbation potential should go to zero for infinite
depth.
lim  ՜ 0

(7)

௭՜ିஶ

Finally after computing the potential distribution on free
surface, the wave elevation is computed as follows:
ߟ=െ

ܷ ߲
݃ ߲ݔ

ଵ

ଵ

 = ܣܼ(1 െ  ݐଶ )ଶ + ܻ ݐ+ ݅|ܺ|൨ (1 െ  ݐଶ )ଶ

E1(A) is the well known exponential integral which can
be expressed as:
ஶ

ܧଵ ( = )ܣන


(8)

NUMERICAL SCHEME
Applying the integral representation for the potential
function (p), Green’s second identity can be written as:

(15)

݁ ି(௧ା)
݀ݐ
ݐ+ܣ

(16)

Finally, the term W which is oscillatory far field term (or
somewhere is known as wave term) represents the system
of Kelvin waves trailing behind the singular point, as is
indicated explicitly by the Heaviside unit step function and
is expressed as:
ାஶ

ܹ(ܺ) = (െ4ߥ) )ܺ(ܪන

 ݉ܫቄexp ቂܼ(1 +  ݐଶ )

ିஶ

߲ܩ
߲߶
݁߶( = )ඵ[ ߶
െ ܵ݀] ܩ
߲݊
߲݊

(9)

ௌ

where e is a coefficient that its value depends on the position
of the field point p in the fluid domain. If point p is placed on
the boundary (body surface), then the coefficient e is replaced
by 0.5. If point p is placed inside and outside of the body then
the value of e is one and zero, respectively.
Also, G is the Green function of a Kelvin-Havelock source
which it will be discussed hereafter. This Green function has
3 parts and we need to be able to solve it for a sample source
and then use the solution for whole body. The Green function
for a source in (x, y, z) which translates uniformly with speed
U in infinite fluid and for an observation point in (x, y, z) is:
ݔ(ܩ, ݕ, ݖ: ݔ , ݕ , ݖ ) =
ܵ(ܺ, ܻ, ܼ) + ܰ(ܺ, ܻ, ܼ) + ܹ(ܺ, ܻ, ܼ)

(10)

Term S (simple term) is defined as:
ܴ = ඥ( ݔെ ݔ )ଶ + ( ݕെ ݕ )ଶ + ( ݖെ ݖ )ଶ
ܴᇱ = ඥ( ݔെ ݔ )ଶ + ( ݕെ ݕ )ଶ + ( ݖ+ ݖ )ଶ

where:
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+ ݅(ܺ + ܻ)ݐඥ1 +  ݐଶ ቃቅ ݀ݐ

(11)

(17)

Numerical evaluation of the source potential thus involves
three basic tasks corresponding to the evaluation of the simple
singularity potential, the non-oscillatory near-field potential,
and the wave potential. Two distinct numerical tasks must
be considered for evaluating each of these potential parts.
The first task is numerical evaluation of the main terms and
their gradients, and the second is numerical integration of
them over a flat triangle T.
I) SIMPLE TERM:
For evaluating the gradient of simple term it can be used
the following relation:
μ 1
ܴሬԦ . ݊ሬԦ
൬ ൰=
ଷ
|ܴ|
μ݊ ܴ

(18)

When the singular point is on the field element this term
vanishes because it uses flat element and in R and n will be
perpendicular to each other. For integrating this integrand
over a flat element we can use simple Gauss method.

the side of T between the vertices ݔԦ and(ݔԦ, as shown in Fig. 2.
The term d in eq. (19) is defined by:
݀ = 2หߦԦ െ ݔ
ሬሬሬሬԦห.
ሬԦ
 ݊

(24)

Where ݔԦ is the centroid of T given by:
ݔԦ =

ݔԦଵ + ݔԦଶ + ݔԦଷ
3

(25)

It can be seen that d is equal to twice the distance between
ߦԦ and the plane of T, as indicated in Fig. 2. Finally, the terms
ݐ in (19) are defined as:
ݐ =
Fig. 2. Panel definition sketch

It is well known that the integration of simple term can
be evaluated analytically. This integral over a flat triangular
panel may be expressed in the form:
ඵ
ௌ

1
݀݀ = ݏଵଶ ln ߩଵଶ + ݀ଶଷ ln ߩଶଷ + ݀ଷଵ ln ߩଷଵ
ܴ
+݀(tanିଵ ݐଵଶ + tanିଵ ݐଶଷ + tanିଵ ݐଷଵ )

(19)

where the terms dij, ρij, tjj and d are now defined:
ߩ =

ݎ െ ݏ
ݎ + ݏ

(21)

(22)

And ݊ሬԦ is the unit vector in the plane of T normal to
the side of T between the vertices(ݔԦ and ݔԦ and pointing
outside T, as indicated in Fig. 2. We then have:
ݔԦ െ ݔԦ
݊ = ݊ሬԦ ×
ݏ

(26)

In the particular case when the calculation point ߦԦ is
in the plane of the triangle T, we have d = 0 and eq. (19)
simplifies accordingly. If ߦԦ lies on one of the three sides of
T, say on the side between the vertices(ݔԦ and ݔԦ , we have
and the contribution of the side ij in eq. (19) vanishes. If the
calculation point ߦԦ is at one of the three vertices of T, say at
(ݔԦ , we have both dij =dik = 0, and the contributions of the two
sides ij and ki in (19) vanish.
The foregoing exact analytic expressions for the simple
term integral only need to be used for calculation points ߦԦ in
the vicinity of the triangle T. Indeed, at large and intermediate
distances from T the approximations can be computationally
more efficient.
II) OSCILLATORY NEAR FIELD TERM:

where ri representing the distance between the calculation
point ߦԦ and the vertex(ݔԦ of T, as shown in Fig. 2. The terms
݀ in equation (19) are defined as:
݀ = ൣߦԦ െ (ݔԦ + ݔԦ )/2൧. ݊ሬԦ

ଶ

ቂݎ ൫ݎ + ݀൯ െ ൫ݏ ൯ ቃ

(20)

that sij is the length of the side of the triangle T between the
vertices(ݔԦ and ݔԦ , as indicated in Fig. 2, and is defines as:
ݎ = ݎ + ݎ

2ݏ ݀

Calculating this term is considered in Newman [2]
and Telste and Noblesse [5]. The latter study presents
a computationally efficient method for evaluating the function
N(X), using table interpolation together with two term series
representations for small and large values of R.
The function N(X) could be defined as the following
alternative integrals:
െ2ߥ
1 ଵ
ቊെ
න Im exp(ܧ )ܣଵ (ݐ݀)ܣቋ =
ߨ
2ߨ ିଵ
ܼ
െ2ߥ 1
ቊ 1 െ
൨
ܴ + |ܺ|
ߨ 2

ܰ(ܺ) =

ଵ

(27)

+ න [݉ܫexp(ܧ )ܣଵ ()ܣ
ିଵ

(23)

where ݊ሬԦ is the unit vector normal to T oriented as in
Fig. 2; specifically, the vertices of the panel are numbered
counterclockwise when the panel is viewed in the direction
of the normal vector ݊ሬԦ .
It can be verified that | ݀ | is the distance from the
projection of the calculation point ߦԦ onto the plane of T to

+ ln( )ܣ+ ߛԢ]݀ݐቋ

Where E1(A) is the exponential integration and was
explained before and ߛԢ = 0.577 is Euler’s constant. The
calculation domain is –vX, Y < v and –vZ < 0.
The behavior of the function N(X) in the limits R → v and
R → 0 is given in Telste and Noblesse [5] as:
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And

X ଶ
(1
C
1
െ
+
C)
ቀ
ቁ ൨
1
R
2N~ +
ଶ
R
R
Z
as R ՜ λ  ݄ݐ݅ݓC = 1/1 െ
R
|ܺ|
ܼ
2ܰ~1 െ
+
ln[(ܴ + |ܺ|)/4 ]
ܴ + |ܺ|
2
1
ቀ ቁ (ܻ ଶ െ ܼ ଶ )
|ܺ|
ᇱ

+ ቆ ቇ 2ߛ െ 1 െ 3
(ܴ + |ܺ|)ଶ
4

ܻ
ቀ ቁܻ
2ܼ
ܼ
+ ൬ ൰ 1 െ
൨
െ 3
3
ܴ + |ܺ|
ܴ + |ܺ|

where Int[x] is the largest integer less than or equal to x.
Linear interpolation of the function N´(ρ, α, β) is defined by:
(28)

ߙ=

where, μ, v and ߥҧ are given by:

ܽ ܴ ݏ՜ 0

ξܴ

ߛ = ߩ൫ܰఘ െ 1൯ െ Intൣߩ൫ܰఘ െ 1൯൧,
ߤ = ߙ(ܰఈ െ 1) െ Int[ߙ(ܰఈ െ 1)],
ߥ = ߚ൫ܰఉ െ 1൯ െ Intൣߚ൫ܰఉ െ 1൯൧,
ߥҧ = 1 െ ߥ

(35)

The non-oscillatory term N is now computed, and a sevenpoint Gauss method (which will be explained below) is used
for integration on the triangular panels.

1 + ξܴ
|ܺ|

|ܺ| + ξܻ ଶ + ܼ ଶ
െܼ
ߚ=
ଶ
ξܻ + ܼ ଶ

(30)

The function N´(ρ, α, β) is defines as + N´(ρ, α, β) = (1 + R)
N(ρ, α, β) and now we can use a simple and computationally
efficient method for approximating the function N´ consists in
using table interpolation based on values of the function N´ at
equally-spaced values of the transformed coordinates ρ, α, β.
A simple and computationally efficient interpolation formula
is linear interpolation in each of the three independent
variables ρ, α, β. More precisely, let the values of the function
N´(ρ, α, β) be given at equally spaced values:

Fig.3. (a) Definition sketch for space integration. (b) Division of a triangular
panel into four triangular panels

൫ߙଵ = 0, ߙଶ , … , ߙ , ߙାଵ , … , ߙேഀ = 1൯
ቀߚଵ = 0, ߚଶ , … , ߚ , ߚାଵ , … , ߚேഁ = 1ቁ

(31)

of the coordinates ρ, α, β with
1
݂ ݎ1  ݅  ܰఘ െ 1
ܰఘ െ 1
1
οߙ = ߙାଵ െ ߙ =
݂ ݎ1  ݆  ܰఈ െ 1
(32)
ܰఈ െ 1
1
݂ ݎ1  ݇  ܰఉ െ 1
οߚ = ߚାଵ െ ߚ =
ܰఉ െ 1
οߩ = ߩାଵ െ ߩ =

The intervals, [pi, pi+1] and corresponding to any point
(X, Y, Z) can be determined directly (that is, without
performing a table search) from eq. (30) and the following
formulas:
݅ = 1 + Intൣɏ൫ܰఘ െ 1൯൧,
݆ = 1 + Int[ߙ(ܰఈ െ 1)],
݇ = 1 + Intൣߚ൫ܰఉ െ 1൯൧

(a)

(b)

ቀߩଵ = 0, ߩଶ , … , ߩ , ߩାଵ , … , ߩேഐ = 1ቁ
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(34)

(29)

The transformation (X, Y, Z) → (ρ, α, β) defined below
maps the semi-infinite space into the unit cube.
ߩ=

ᇱ
ᇱ
ܰ ᇱ (ߩ, ߙ, ߚ) = ߛൣߤ൫ߥܰାଵ,ାଵ,ାଵ
+ ߥҧ ܰାଵ,ାଵ,
൯
ᇱ
+ (1 െ ߤ)൫ߥܰାଵ,,ାଵ
ᇱ
+ ߥҧ ܰାଵ,,
൯൧
ᇱ
ᇱ
൯
+(1 െ ߛ)ൣߤ൫ߥܰ,ାଵ,ାଵ + ߥҧ ܰାଵ,ାଵ,
ᇱ
ᇱ
൯൧
+ (1 െ ߤ)൫ߥܰ,,ାଵ + ߥҧ ܰ,,

(33)
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For integration of this non-oscillatory term over theseᇲ
ெெ
triangular panels, the following criterion is defined: ߩ = ௗೌೣ
Where M is the collocation point (field point) and M´ is the
center of gravity of the panel where N has to be integrated
(Figure 3(a)), and dmax corresponds to the largest side of the
panel. Three cases have been considered:
• If ρ 0 > 2, a seven-point Gauss integration method is
performed over the triangular panel;
• If 1 < ρ 0 < 2, the triangular panel is divided into four
triangular panels following Figure 3(b); a seven-point
Gauss integration method is then performed over the new
panels;
• If ρ 0 < 1 the triangular panel is also divided into ᇲfour new
ெெ
triangular panels and new criteria on: ߩ = ௗౣ౮ for the

four values of subscript i are applied:

• If ߩ > 1, integration is done by the seven-point method;
• If ߩ < 1, the panel is divided again into four new panels

and on each new panel integration is done by the sevenpoint method.
The seven-point rule of degree 5 is given by ([19]):

ஶ

ೕ

 = ܫඵ ܹ݊௫ ݀ = ݏන ݀ ݐ ඵ ܺ(ܪ{݉ܫ, ݏ݀})ݐ
ௌ

ିஶ

ୀଵ

ௌೕ

ஶ

ܬ = ඵ ܹ ݀ = ݏන  ൫െ݊௫

ඵ ܰ. ݀ܵ =

ௌೕ

ିஶ

ୗ

்ܣ
൫155 െ ξ15൯(ܰଵᇱ + ܰଶᇱ + ܰଷᇱ )
ቈ(9ܰ ) +
40
30
ᇱᇱ
ᇱᇱ
൫155 + ξ15൯(ܰଵ + ܰଶ + ܰଷᇱᇱ )
+

30

ௌೕ

ݔ =

(37)

This term can be expanded as:
ାஶ

 ݉ܫቄexp ቂܼ(1 +  ݐଶ )

ିஶ

+ ݅(ܺ + ܻ)ݐඥ1 +  ݐଶ ቃቅ ݀ݐ

(38)

where Im denotes for the imaginary part. By defining
the function ܺ(ܪ,  = )ݐexp[ܼଶ + ݅(ܺ + ܻ ])ݐwith
 = ξ1 +  ݐଶ . This term and its gradient can be written as:
ାஶ

ܹ(ܺ) =  )ܺ(ܪන

{݉ܫH(X, t)} ݀ݐ,

ିஶ
ାஶ

ܹ (ܺ) = න

ܴ݁[ܺ(ܪ, ݐ݀ ])ݐ,

ିஶ
ାஶ

ܹ (ܺ) = න

(39)

ೕ

2οܵ
.
ܣ
ଷ െ ܣଶ
ௌೕ
ௌೕ
exp(ܣଷ ) – exp(ܣଵ ) exp(ܣଶ ) െ exp(ܣଵ )
–

ቈ
ܣଷ െ ܣଵ
ܣଶ െ ܣଵ

(41)

Where: ܣ = ܼ ଶ + ݅(ܺ + ܻ
It must be kept in mind that this oscillatory part of Green’s
function is present only if and this condition must be taken
into account in the computations
Thus, the previous integrals are single ones over t. For
a given collocation point, only one integration on W has
to be computed, integration over the total body area being
performed analytically, instead of computing a single integral
over t a number of times equal to the number of panels
multiplied by the number of Gauss points on the panel in
the method developed in the previous section. Concerning
the integral over the gradient, for one collocation point, it has
to be computed one integral over the panel area instead of as
many integrals as the number of Gauss points. Numerical
detail calculations of the all integrals presented in this paper
can be found in [25-26].

NUMERICAL RESULTS AND VALIDATION

ܴ݁[ܺ(ܪݐ, ݐ݀ ])ݐ,

ିஶ
ାஶ

ܹ (ܺ) = න

The integral ඵௌ ܺ(ܪ, ( ݏ݀)ݐwhere H is given earlier) can be
computed analytically, following Hendrix & Noblesse [6].
For a triangular panel j (with area ΔSj) defined by its nodes
X1,́ X2,́ X3´ and and for the flow observation point given by
X, we obtain:
ඵ ܺ(ܪ,  = ݏ݀)ݐඵ exp(= ݏ݀ )ܣ

III) OSCILLATORY FAR FIELD TERM:

ܹ(ܺ) = (െ4ߥ) )ܺ(ܪන

(40)

ௌೕ

+ ݊௭  ݉ܫඵ ܺ(ܪ,  ݏ݀)ݐ൩ ݀ݐ

where N0, Ni´ and Ni´´represent the amount of function N
between the field point and the points x0, xi´and xi´´respectively
of T defined as:
ݔଵ + ݔଶ + ݔଷ
,
3
ݔԦ ൫6 െ ξ15൯ ݔԦ ൫ξ15 + 1൯
ݔԦᇱ =
+
,
7
7
ݔԦ ൫6 + ξ15൯ ݔԦ ൫ξ15 െ 1൯
ݔԦᇱᇱ =
െ
7
7

െ ݊௬ ݐ൯ܴ݁ ඵ ܺ(ܪ, ݏ݀)ݐ

(36)

ܴ݁[ଶ ܺ(ܪ, ݐ݀ ])ݐ

ିஶ

Numerical integration of eq. (39) is troublesome due to
the oscillatory behavior of the integrands increasing as Z
decreases.
Boundary integration is performed analytically to compute
the far-field velocity potential. The method has been developed
in Hendrix and Noblesse [6] to compute symmetrical flows.
Below it is provided formulas for evaluating the integrals on
W and its gradient, which are obtained without taking into
account any flow symmetry, and are therefore valid for lifting
flows. In fact the 2 main objects that should be computed are:

I. TWO-DIMENSIONAL CYLINDER EXPOSED TO
A UNIFORM FLOW:
In this section, the results are presented for a 2D cylinder
that are exposed to a uniform flow & then compare them
with the exact solutions. ( is the number of elements that
are applied for discretizing the boundary and is the cylinder
radius). In the tables 1 and 2 the value of velocity potential
at nodal points for 10 and 20 elements and in constant and
linear elements are shown.
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Table 1. The values of velocity potential at given nodal points of a 2D cylinderconstant element
(a: for (n=10) and b: for (n=20))
(a)
x/a

Calculated

Analytic

Relative Error

0.904508
0.559017

1.780076
1.100148

1.809017
1.118034

0.015998
0.015998

x/a

Calculated

Analytical

Relative Error

0.3090169944

0.6180341279

0.6180339887

0.0000002252

0.0000000000
-0.3090169944

0.0000001392
-0.6180338496

0.0000000000
-0.6180339887

-------0.0000002251

-1.1755703654
-1.6180338496
-1.9021128935

-1.1755705046
-1.6180339887
-1.9021130326

0.0000001184
0.0000000860
0.0000000731
0.0000000695

5.55E-17

2.54E-11

1.11E-16

------

-0.5877852523
-0.8090169944
-0.9510565163

-0.559020

-1.100150

-1.118030

0.015992

-1.0000000000

-1.9999998609

-2.0000000000

-0.904510
-0.904510

-1.780080
-1.780080

-1.809020
-1.809020

0.015998
0.015998

-0.9510565163

-1.9021128935

-1.9021130326

0.0000000731

-0.559020
-1.67E-16
0.559017

-1.100150
2.54E-11
1.100148

-1.118030
-3.33E-16
1.118034

0.015992
------0.015998

-0.8090169944
-0.5877852523
-0.3090169944

-1.6180338496
-1.1755703654
-0.6180338496

-1.6180339887
-1.1755705046
-0.6180339887

0.0000000860
0.0000001184
0.0000002251

0.0000000000

0.0000001392

0.0000000000

--------

0.904508

1.780076

1.809017

0.015998

Analytic
1.951057
1.760074
1.396802
0.896802
0.309017
-0.309020
-0.896800
-1.396800
-1.760070
-1.951060
-1.951060
-1.760070
-1.396800
-0.896800
-0.309020
0.309017
0.896802
1.396802
1.760074
1.951057

Relative Error
0.004130
0.004130
0.004129
0.004129
0.004129
0.004142
0.004126
0.004131
0.004131
0.004131
0.004131
0.004131
0.004131
0.004126
0.004142
0.004129
0.004129
0.004129
0.004130
0.004130

0.3090169944
0.5877852523
0.8090169944
0.9510565163

0.6180341279
1.1755706438
1.6180341279
1.9021131718

0.6180339887
1.1755705046
1.6183398870
1.9021130326

0.0000002252
0.0000001184
0.0001889338
0.0000000732

(b)
x/a
0.975528
0.880037
0.698401
0.448401
0.154508
-0.154510
-0.448400
-0.698400
-0.880040
-0.975530
-0.975530
-0.880040
-0.698400
-0.448400
-0.154510
0.154508
0.448401
0.698401
0.880037
0.975528

Calculated
1.942999
1.752805
1.391034
0.893099
0.307741
-0.307740
-0.893100
-1.391030
-1.752800
-1.943000
-1.943000
-1.752800
-1.391030
-0.893100
-0.307740
0.307741
0.893099
1.391034
1.752805
1.942999

Table 2. The values of velocity potential at given nodal points of a 2D cylinderlinear elements
(a: for (n=10) and b: for (n=20))
(a)
x/a

Calculated

Analytical

Relative Error

1.0000000000

2.0000000911

2.0000000000

0.0000000455

0.8090169944

1.6180340798

1.6180338987

0.0000001119

0.3090169944

0.6180340798

0.6180339887

0.0000001474

-0.3090169944

-0.6180338977

-0.6180339887

0.0000001472

-0.8090169944

-1.6180338977

-1.6180339887

0.0000000562

-1.0000000000

-1.9999999089

-2.0000000000

0.0000000455

-0.8090169944

-1.6180338977

-1.6180339887

0.0000000562

-0.3090169944

-0.6180338977

-0.6180339887

0.0000001472

0.3090169944

0.6180340798

0.6180339887

0.0000001474

0.8090169944

1.6180347980

1.6180339887

0.0000005002

x/a
1.0000000000
0.9510565163
0.8090169944
0.5877852523

Calculated
2.0000001392
1.9021131718
1.6180341279
1.1755706438

Analytical
2.0000000000
1.9021130326
1.6183398870
1.1755705046

Relative Error
0.0000000696
0.0000000732
0.0001889338
0.0000001184

(b)
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Fig. 4. Schematic of a moving submerged source

II. MOTION OF A SUBMERGED SOURCE IN DEEP
WATER:
The first step in evaluation and investigation of free surface
waves is to test the accuracy of green function of the source
which we want to use. So, in the first part the free surface
waves due to motion of a submerged source is shown and
is investigated which show a good agreement with other
literature results. In figure 4 the schematic of the motion of
a moving submerged source is shown.
In figure 5 wave pattern and contour of a submerged source
in depth 2m and with velocity 1m/s is shown. The transverse
and divergent waves are apparent in this pattern.

(b)

Fig. 5. Wave pattern and contour of a submerged source in depth 2m and with
velocity 1m/s (Fn=0.22)

In figure 6 the wave pattern and contour of previous
situation with 300 and 1200 free surface elements are shown
and as could be seen, both results are the same and this means
that the results are independent of the number of elements.

(c)
Fig. 6. Wave pattern of a source in Z=-2m and U=1m/s (Fn=0.22), (with (a)
1200 and with (b) 300 free surface elements) and wave contour with 1200
element in upper part and 300 elements in lower part of (c)

In Figure 7 the wave profile in various transverse distances
from source are shown and it could be seen that the wave
amplitude decreases with increasing transverse distance from
the source.

Fig. 7. Wave profile in various transverse distances from source

(a)

In figure 8 the wave pattern of 2 parallel moving source is
shown and compared to the result of Parau, & Vanden [19].
The wave pattern changes with changing Froude number.
In Figure 9, the wave patterns in different situation are
shown. As shown in Figure 9 in low Froude numbers the
transverse wave is dominant part of whole wave pattern but
with increasing Froude number, the transverse waves are
vanished and the divergent waves increase and in high Froude
number, the wave pattern totally changes.
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(b)

(a)

(c)

(b)
Fig. 8. Wave pattern of 2 moving source (Fn=0.4). (a: from reference [19]
and b: from the present method)

(d)

(e)
(a)
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Fig. 9. Wave patterns of submerged source in Z=-3 m with U=1, 2, 3, 4 and 4.5
in A, B, C, D and E, respectively. (Fn=0.18, 0.36, 0.54, 0.72 and 0.8)

(a)

(b)
Fig. 11. Wave pattern of a submerged sphere in Z=-2 m with U=1 m/s,
(Fn=0.22)

(b)
Fig. 10. Wave patterns of a submerged source in Z=-3 m with U=4.5 m/s
(Fn=0.8). (a: from reference [23] and b: from the present paper)

The effect of sphere velocity on the wave profile is shown
in Figure 12, and it illustrates that wave amplitude increase
with increasing velocity.

In Figure 10, the wave pattern in Fn=0.8 is shown and
compared to the results of Uslu & Bal [20].
III. MOTION OF WIGLEY HULL AND SUBMERGED
SPHERE AND ELLIPSOID IN DEEP WATER:
Figure 11 shows the wave pattern due to motion of a
submerged sphere (with radius 1, in depth 2m and velocity
1 m/s.

Fig. 12. Effect of sphere velocity on the wave profile

In Figure 13, the wave pattern of a submerged ellipsoid
with large to small diameter ratio 4 in depth 2 m and velocity
3 m/s are shown.

(a)
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Figure 14 shows the effect of submergence depth over the
wave profile. It depicts that with increasing submergence
depth, the wave amplitude decrease and as could be seen
from Z=-6m, approximately it doesn’t create any wave on free
surface. It means that in depth of 6 meter and below, we can
analyze the motion of this ellipsoid without considering the
free surface effect and we can use just term for green function.

Fig. 14. Wave profile of a submerged ellipsoid in various depths with U=1m/s

A Wigley hullଶ is recognized
with its body equation which

௭
௫ ଶ
is  = ݕ± ଶ 1 െ ቀ்ቁ ൨ 1 െ ቀ.ହቁ ൨ where B is hull beam, L is body
length and T is draft. In figure 15, the wave pattern of a Wigley
hull with ratios L/B=4, B/T=1 and U=2.5 m/s is shown.

Fig. 15. Wave pattern of a Wigley hull with U=2.5 m/s

Fig. 13. Wave pattern of a submerged ellipsoid in Z=-2 m with U=3 m/s,
(Fn=0.47)
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ABSTRACT
Hydrofoil is widely used in underwater vehicle for the excellent hydrodynamic characteristics. Currently, researches
are mostly about the rigid hydrofoil while the flexible hydrofoil, like the caudal fin, has not been studied adequately.
In this paper, the fish was regarded as the bionic object. Then the kinematics model to describe the fish swimming was
put forward. A fin-peduncle propulsion mechanism was designed based on the kinematics model to achieve the similar
sine curve swimming model. The propulsion mechanism was optimized by Matlab to reduc the deviation between the
output curve of the fin-peduncle propulsion mechanism and the ideal motion trajectory. Moreover, the motion phase
angles among flexible articulations are optimized to reduce fluid resistance and improve propulsive efficiency. Finally,
the fish-like hydrofoil oscillation is simulated by fluid-solid coupling method based on the Fluent. It was shown that
the optimized flexible fish-like oscillation could generate the motion that follows the similar law of sine. The propulsive
efficiency of oscillating hydrofoil propeller is much higher than that of the screw propeller, and the flexible oscillation
has higher propulsive efficiency than the rigid oscillation without obvious fluid resistance increase.
Keywords: -bionics; flexible hydrofoil; phase angle; hydrodynamic coefficient

INTRODUCTION
Autonomous Underwater Vehicle (AUV) is an important
device for marine operations, which has been used as an
important tool for submarine pipeline laying, subsea
equipment maintenance, etc. The marine organisms have
benefited the natural evolution for millions of years. It will
do a lot favor to introduce bionics into the study of AUV. Fish
could swim in high speed and good maneuverability under
water. It is observed that the dolphin could swim in 3 times
to 7 times of the body length per second and the turning
radius can be 23% to 30% of the body length [1]. In 1994, MIT
developed the world’s first fish-like robot, Robo Tuna, whose
maximum speed was 2m/s [2]. After that, more attentions
have been attracted on the fish-like robot. The PF-300 with
two motors controlling the fish-like body collaboratively was
designed by Japanese researchers [3]. Harbin Engineering

University developed a fish-like robot to imitate the atlantic
bluefin tuna with a three-link tail [4]. Du Ruxu developed
a cable-driven robot fish, whose body was flexible and the
propulsion efficiency could reach 65% [5]. Beihang University
developed a series of fish-like robots, SPC, which can swim
as long as 70.2km [6].
Besides, a number of numerical studies on the
hydrodynamic characteristics of oscillating hydrofoil have
been performed. The slender-body theory was put forward
for the deformable body to describe the conditions in which
fish will benefit higher Froude propulsion efficiency [7]. The
numerical simulation method on the three-dimensional
flexible fish model was employed to study the hydrodynamic
characteristics of swimming motion [8]. Lagrangian coherent
structures (LCS) defined by the ridges of the finite-time
Lyapunov exponent (FTLE) was utilized in this study
to elucidate the time-dependent turbulent flows around
a Clark-Y hydrofoil [9].
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Compared with the screw propeller, the fish-like flexible
oscillating hydrofoil propeller has higher propulsive efficiency
and better maneuverability. In this research, the fin-peduncle
propulsion mechanism was designed and optimized to
simulate the fish swimming. Besides, the phase angles
among flexible articulations are optimized to reduce fluid
resistance and improve propulsive efficiency. Finally, the fishlike hydrofoil oscillation is simulated by fluid-solid coupling
method based on the Fluent.

PROPULSION MECHANISM

The pitching movement of the caudal fin lags behind its
plunging movement, which can be described as:

T t

T max sin(2S ft  M )

(4)

where T max is the maximum oscillation angle, and M is
the phase angle between the plunging movement and the
pitching movement.
The swimming speed of the fish can be marked as v and
the length of the caudal fin can be marked as l. The kinetic
coordinate system for caudal fin can be established, as shown
in Fig. 2.

KINEMATICS MODEL
y

According to the observation of fish swimming, an
equation to describe the centerline trajectory of the swimming
fish body was put forward [10].
h( xn , t )

H (0.21  0.66 xn  1.1xn2  0.35 xn8 ) sin(2S ft )

H (0.1  1.3 xn  2.2 xn2 ) sin(2S ft )

The centerline trajectory of the fish body

vertical displacement/body length

0.05

0

-0.05

0.2

0.3
0.4
0.5
0.6
0.7
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0.8

0.9

1

Fig. 1 The centerline trajectories of the fish body

The kinematics equation at the end of the tail can be
described as:

h t
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In Fig. 2, the full line is the caudal fin and the dotted line
is the plunging movement trajectory of the caudal fin.
The coordinate value for the movement of the caudal fin
at any time in the kinetic coordinate can be described as:
vt  lcos[T max sin(2S ft  M )]

(5)

Hsin 2S ft  lsin[T max sin(2S ft  M )

(6)

x

y

MECHANISM DESIGN

0.1

0.1

Fig. 2 The kinetic coordinate system for caudal fin

(2)

The centerline trajectories of the fish body at different
moment are shown in Fig. 1.

-0.1
0

l

x

(1)

where xn is the ratio of the body coordinate value (marked
as x ) and the body length (marked as L ), t is the movement
time, h( xn , t ) is the oscillation amplitude of the body, H
is the maximum oscillation amplitude at the end of the
caudal peduncle, f is the oscillating frequency of the caudal
peduncle.
After studying the oscillating movements of the fish body,
Wang simplified the kinematics model [11]. Supposing that
the maximum oscillation amplitude of the fish head is one
tenth of the body length and the oscillation amplitude of the
barycenter is zero, the simplified equation for the centerline
trajectory of the fish body can be described as:

h xn , t

v
T t

Hsin(2S ft )
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The propulsion mechanism for the fish-like flexible
oscillating hydrofoil propeller was designed based on the
kinematics model. The mechanism sketch is shown in Fig. 3.
As shown in Fig. 3, member AB, rotating around A, is
riven by the servo motor. The rotation is transformed into
the sinusoidal reciprocating motion of member CD, which is
connected with member AB by prismatic joint and revolute
joint. Member CD and member EF are connected to member
DE by revolute joints. Member EF is fixed to member FG.
Member CD will drive member DE, member EF, and member
FG to achieve the sinusoidal movement output. An actuator
is fixed at the end of member FG to control the caudal fin
swinging lagged behind member FG in certain phase angle
independently.

The length of the adjustable member can be changed. If
the adjustable member is shortened, the balanced position
for the plunging movement of caudal peduncle will move
up, and if the adjustable member is lengthened, it will move
down. So the swimming direction of the fish-like robot will be
controlled by the adjustment of the adjustable member length.
OPTIMIZATION BASED ON MATLAB

Fig. 3 The mechanism sketch of the propulsion mechanism

In Fig. 3, a coordinate system is established where the
origin is point A. Point F is fixed on the coordinate. As the
position relations shown in Fig. 3, some formulas can be
deduced as:
l3 sinE  l4 cosD

(7)

l1cosT

(8)

l1cosT  l2

(9)

l1cosT  l2  l3 cos E

(10)

l1cosT  l2  l3 cos E  l4 sinD

(11)

Fig. 5 Mechanism Moment Position

(12)

The left limit position is shown in position (a), the right
limit position is shown in position (c), and position (b) shows
any moment position of the movement. The block B goes the
sinusoidal reciprocating motion.
The oscillating frequency of the plunging movement is
about 2.1Hz and theW range of that is about 25° according
to the observation. It means the oscillating range of member
OA is about 12.5°. The length of member OA (marked as
l1 ), the length of member AB (marked as l2 ), the vertical
height between point B and point O (marked as l3 ), and the
movement stroke of block B (marked as L ) are the main
parameters to affect the final output of the mechanism. l1 ,
l2 , and l3 are the design variables and the follow equation
can be established as:

xC

xD

xE
xF

l

The length of the mechanism members affect the plunging
movement of caudal peduncle, which increases the difficulty
of the propulsion mechanism design. At present, the most
used method for the mechanism design with the given motion
law or the motion trajectory is the function approximation
method [12]. However, it is very complicated for the
multivariable mechanism optimization. Matlab contains
a variety of optimization toolbox, which can be applied in
the design optimization of the mechanism to improve the
efficiency and accuracy of the calculation.
The propulsion mechanism can be simplified as Fig. 5
shown.

l1cosT  l2  l32  (l  l4 cosD ) 2  l4 sinD

L

where xC , xD , xE , and xF are the coordinate values of C,
D, E, and F. l1 , l2 , l3 , and l4 are the length of member AB,
member CD, member DE, and member EF. l is the distance
between point D and point F in Y direction. L is the distance
between point A and point F in X direction. D , E , and T
are the angles as shown in Fig. 3.
The propeller model was designed based on the mechanism
sketch, as shown in Fig. 4.

x [l1 ; l2 ; l3 ]T

(13)

As shown in Fig. 5(b), the horizontal distance between
point B and point O can be described by L t , as:
L1  L2
(14)
2
where t is the movement time, L1 and L2 are the
L t

Fig. 4 The propeller model

0.5 Lcos 4S t 
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horizontal distance of the left limit position and the right
position between point B and point O.
As shown in Fig. 5(a) and Fig. 5 (c), L1 and L2 can be
described as:

L1

l22  (l3  l1cos12.5q) 2  l1 sin12.5q

(15)

L2

l22  (l3  l1cos12.5q) 2  l1 sin12.5q

(16)

Fig. 6 The transmission angle at the limit position T1

The ideal oscillating law of member OA can be described
by < , as:

In Fig. 6, the constraint conditions of the pressure angle
at the limit position can be obtained from ΔADB, as:

< 12.5qsin 4S t

l3  l1cos12.5q
d sin50q
l2

(17)

To minimize the square of the difference between the
mechanism output angle and the ideal output angle, the target
function can be described as:
0.25

¦[<

F x

x  < ]2

In Fig. 6, the constraint conditions of the pressure angle

T 2 at the limit position can be obtained from ΔOAB, as:

(18)

t 0

where < x is the oscillating angle of member OA, which
can be described as:

D t  E (t )

(19)

where D t and E (t ) can be calculated from ΔOBD and
ΔOAB as:

D t

arccos[

l3
l  L2 t
2
3

]

(20)

 l12  ªl32  L2 t º  l22 ½
°
°
¬
¼
arccos ®
¾
(21)
2
2
°¯ 2l1 l3  L t
°¿
The swimming resistance is little with the streamlined
shape. It is shown that the swimming resistance will reduce
75% with the slender ratio of the fish body being 4.5 under
the bionics theory. In this research, the length of the fish-like
robot body was set as 0.9m, so the widest of the body is no
more than 0.2m. Besides, in order to make the robot swim
autonomously, the swimming parameters should be variable
according to different conditions, so the movement stroke of
block B cannot be too small.
To achieve the good transmission of the mechanism, the
minimum transmission angle should be larger than 40°. The
two limit positions of the movement are shown in Fig. 6.The
transmission angle at the limit position should be larger than
40°, which will make sure the good transmission at any time
of the movement.

E t
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L12  l32  l12  l22
t cos50q
2l1l2

(23)

L22  l32  l12  l22
t cos50q
2l1l2

(24)

The optimization of rod mechanism is simple nonlinear
programming problem, and the fmincon function in Matlab
toolbox is available. Therefore, the target function was
calculated every 0.02s and all the results were accumulated
to a sum. According to the optimization, the optimal design
T
variables of the solution are x [143.605;62.196;187.8459]
, which means l1 143.605mm , l2 62.196mm , and
l3 187.8459mm . The lengths are set as l1 144mm
, l2 62mm , and l3 188mm for manufacturing and the
output angle of the mechanism is compared with the ideal
output angle, as shown in Fig. 7.
Pendulum Angle
15
ideal sinusoidal angle
optimized pendulum angle
10

5
Angle / deg

< x

(22)
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Fig. 7 The output angle of the mechanism and the ideal output angle

In Fig. 7, the dotted line is the ideal outputs angle and
the solid line is the actual output angle of the designed
mechanism. It comes to the conclusion that the actual output
angle amplitude of the designed propulsion mechanism
is 12.5° and changes follow the similar law of sine, which
is similar to the ideal output angle.

STUDY OF PHASE ANGLE

the phase difference is 60°
0.15
the trajectory of caudal fin axis
the caudal fin

F

)/
ĸ

ķ

)/

)7

swing amplitude / body length

The forces on the caudal fin were analyzed, as shown in
Figure 8.
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Fig. 9 The phase difference is 60°

Fig. 8 Analysis of the forces on caudal fin

the phase difference is 90°
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Fig. 10 The phase difference is 90°

the phase difference is 120°
0.15
the trajectory of caudal fin axis
the caudal fin
0.1
swing amplitude / body length

In Fig. 8, FT is the thrust force, which goes along the
forward direction at position c, and it is positive. The caudal
fin moves down with the caudal peduncle at position d, and
the force direction is perpendicular to the caudal fin upward.
The thrust force goes along the reverse-forward direction,
which is negative.
As the observation of the fish swimming, the relation
between the swimming velocity and the oscillating frequency
is linear. Besides, the oscillation amplitude of the caudal
peduncle is essentially unchanged during the swimming
process. The biologists point out that the amplitude of the
caudal peduncle oscillation is about 0.17 to 0.25 times of the
body length. Therefore, the movement parameters of the
fish-like robot are as follows:
Swimming speed: v L m / s ;
Maximum oscillation range of the caudal fin: H 0.1L m ;
Frequency of the oscillation: f 2 Hz ;
Maximum oscillation angel range of the caudal fin:
T max 30q .
The phase differences between the pitching movement of
caudal fin and the plunging movement of caudal peduncle
are set as 60°, 90°and 120° for the kinematics simulation. The
oscillation of the caudal fin and the motion trajectory of the
swing shaft are shown in Fig. 9 to Fig. 11
As the phase difference is 60°, the caudal fin produces more
negative force than positive negative force, and it is the same
as the phase difference is 120°. When the phase difference is
90°, the caudal fin produces positive thrust all the period. So
it is considered that the phase difference between the caudal
fin plunging movement and pitching movement controls
the attack angle of the caudal fin movement, and 90° is the
best phase angel.
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Fig. 11 The phase difference is 135°

HYDRODYNAMIC COEFFICIENTS ANALYSIS
The hydrodynamic coefficients can be defined as:

cd

cl

cm

Fd
1
U C0 v 2
2
Fl
1
U C0 v 2
2
M
1
U C02 v 2
2
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(26)

(27)
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where cd is drag coefficient, cl is lateral force coefficient,
cm is moment coefficient, Fd is drag produced by flexible
oscillating hydrofoil, Fl is lateral force produced by flexible
oscillating hydrofoil, M is oscillation moment around the
head of the fish body produced by flexible oscillating hydrofoil,
U is fluid density, C0 is chord length of the hydrofoil, v is
flow velocity of the fluid.
The SIMPLE Method (Semi-implicit Method for PressureLinked Equations) was used to solve the pressure-velocity
coupling equations, and the UDF (User Defined Function)
was used to achieve the flexible oscillation in the commercial
software Fluent. In the simulation, the oscillation frequency
of the fish body and the caudal fin is 2Hz, the hydrofoil is the
airfoil of NACA0014, the chord length of fish body is 200mm,
the chord length of caudal fin is 60mm, and the oscillating
scope of caudal fin is ±45°.
In the kinematics model, H is the maximum lateral
oscillation amplitude at the end of the fish body, which could
express different flexibilities in different values. The flexibility
is better with larger lateral oscillation amplitude. If H is zero,
the fish body is rigid without any oscillation, but the caudal
fin will oscillate as usual.
The hydrodynamic characteristics of flexible oscillating
hydrofoil were analyzed in the still water under the condition
that the fish oscillated in situ. To use the commercial software
Fluent, a minor water flow velocity should be available. The
flow velocity was set as 0.01m/s to avoid distinct influence
on the flow field.
The curves of the drag coefficient and the lateral force
coefficient of fish body in a period in the still water with
different oscillation amplitude are shown in Fig. 12.

The drag coefficient curves indicate that the drag coefficient
approximates a straight line when the fish body doesn’t
oscillate ( H 0 ), which means the fish body produce no
thrust force. The amplitude of the drag coefficient increases
with the flexible oscillating amplitude of the fish body getting
larger. There are two peak values in a fish body oscillation
period and the drag coefficient variation period is half of the
fish body oscillation period. The maximum values appear
at the 1/4 period and 3/4 period of the fish body oscillation,
which means the fish body produces the maximum thrust
at these two moments. The integration value during the
whole period is positive, which indicates that the fish could
go forward with the fish body oscillation in the still water.
As shown in the lateral force coefficient curves, the
amplitude and fluctuation of the lateral force increase with
the flexibility getting better, and the lateral force generated by
the oscillation is unstable. At the 1/2 period of the oscillation,
the immense change occurs because the fish body oscillates
from one side of the center line to another side. The lateral
force consumes the energy generated by the oscillation and
increases the swimming instability.
The curves of the drag coefficient and the lateral force
coefficient of caudal fin during an oscillation period in the
still water with different oscillation amplitude are shown in
Fig. 13.

Fig. 13 Drag coefficient curves and lateral force coefficient curves of caudal fin
in the still water

Fig. 12 Drag coefficient curves and lateral force coefficient curves of fish body
in the still water
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As shown in drag coefficient curves, the change trend of
the drag coefficient produced by the caudal fin oscillation is
same as that of the fish body oscillation. The amplitude of the
caudal fin drag coefficient increases with the flexibility and

the oscillation amplitude of the fish body getting larger. The
comparison between the drag coefficient curves of fish body
and caudal fin shows that the drag coefficient value of the
caudal fin is bigger, which means that the wake field generated
by the fish body oscillation promotes the drag coefficient
produced by the caudal fin compared with the oscillation
without wake field. The drag coefficient values are almost
positive in the whole period, which means the oscillation of
the caudal fin has evident effects on the propulsion.
As shown in lateral force coefficient curves, the lateral
force generated by the caudal fin oscillation increases with the
flexibility and oscillation amplitude of the fish body getting
larger under the same angle oscillation amplitude of the caudal
fin, which indicates that more energy generated by the caudal
fin oscillation is consumed. Most of the lateral force coefficient
values are positive and the integration during an oscillation
period is not equal to zero, which indicates that the caudal
fin oscillation would accumulate to unidirectional force and
go against the swimming. Accordingly, the unidirectional
force should be reduced with the actuator controlling the
amplitude and phase of the caudal fin oscillation in the fishlike robot development.

(project number 2014QY006) and “The Fundamental Research
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OPERATION EVALUATION METHOD FOR MARINE TURBINE
COMBUSTION ENGINES IN TERMS OF ENERGETICS
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Jerzy Girtler, Prof.
Gdansk University of Technology, Poland

ABSTRACT

An evaluation proposal (quantitative determination) of any combustion turbine engine operation has been presented
, wherein the impact energy occurs at a given time due to Energy conversion. The fact has been taken into account
that in this type of internal combustion engines the energy conversion occurs first in the combustion chambers and
in the spaces between the blade of the turbine engine. It was assumed that in the combustion chambers occurs a
conversion of chemical energy contained in the fuel-air mixture to the internal energy of the produced exhaust gases.
This form of energy conversion has been called heat. It was also assumed that in the spaces between the blades of the
rotor turbine, a replacement occurs of part of the internal energy of the exhaust gas, which is their thermal energy
into kinetic energy conversion of its rotation. This form of energy conversion has been called the work. Operation of
the combustion engine has been thus interpreted as a transmission of power receivers in a predetermined time when
there the processing and transfer in the form (means) of work and heat occurs. Valuing the operation of this type of
internal combustion engines, proposed by the authors of this article, is to determine their operation using physical
size, which has a numerical value and a unit of measurement called joule-second [joule x second]. Operation of the
combustion turbine engine resulting in the performance of the turbine rotor work has been presented, taking into
account the fact that the impeller shaft is connected to the receiver, which may be a generator (in the case of one-shaft
engine) or a propeller of the ship (in the case of two or three shaft engine).
Keywords: work, Hamilton work, Maupertius work, energy, turbine combustion engine

INTRODUCTION
Many publications regard the issue of marine diesel engines
with piston ignition. This work is interpreted as the work
conversion in the form of heat and energy work E of the
engine and the transmission to the receiver at a given time
t [3, 17, 18, 19]. The action interpreted this way of this type
of engine (in evaluative terms) is determined by a physical
quantity that has a possible to determine numerical value and
unit of measure called joule-second [joule × second]. One
can consider the operation of marine turbine combustion
engines in a similar way.
Such an interpretation of the operation of marine diesel
engines, both piston and turbine is the result of the method

of analogy, enabling the transfer of insights from one object
of research (empirical system) to another. The inspiration
for the considerations made in this article on the effects of
these internal combustion engines have been proposed by
P.L. Maupretius and W.R. Hamilton for the operation of
mechanical system. They proposed that the operation of such
systems should be considered as a physical quantity that
describes the change in mechanical energy over time. As
a result, classical physics is known to act as an interpretation
result of the energy changes in time, expressed as a product
of energy and time, which makes the unit of measurement of
the activity a joule-second [22, 24]. The authors assumed that
the same effect may be considered for internal combustion
engines with the difference that the concept of energy is
POLISH MARITIME RESEARCH, No 4/2016
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generalized as it is understood in thermodynamics. Therefore,
it is assumed that the energy (E) is a scalar characterizing the
state of the internal combustion engine, both the piston and
also the turbine. Energy, as the property of these engines,
like and thermodynamic system, can be disclosed only if
it is transformed in a way (form) of heat and / or work. For
this reason, it is assumed that the heat and work execution
are possible. In these engine types one can distinguish in
addition to mechanical energy, e.g. Linear motion of the
piston (combustion piston engines) or rotation (with the
rotor of the turbine and the compressor turbine engine),
such types of energy as chemical energy of fuel or air or
a mixture of air-fuel internal energy of exhaust gas, thermal
energy, radiant energy emitted into the environment during
operation of the engine, etc. As a result, it was concluded that
it would be interesting to take the problem of valuation of
work of a turbine combustion engine, for example, the engine
used for ship propulsion.

FORMULATION FO THE PROBLEM OF
VALUATING THE PERFORMANCE OF A
TURBINE COMBUSTION ENGINE

The action specified by equation (3) may be important in
maritime transport. It can be characterized by the energy
demand needed to overcome the difficulties of stopping of a
ship in motion, appearing on the collision course with other
ships. Form the considerations referenced in publication
[21], a cargo ship (for example) travelling at a speed of 16w
(~30km/h) will be stopped after 5000m, when breaking does
not use the main engine of the ship and 950m when the main
ship engine is used. Formula (3) allows to ascertain, how much
value of the energy (E) is needed for the ship to do the work
(L) on at a certain way for it to stop and avoid collision with
another ship or hydraulic structures located on the course
of the ship, which should be stopped.
In quantum mechanics, the equivalent operation is the
Planck constant (h), which specifies the ratio of energies
of a time quanta of electromagnetic radiation (Ev) of the
frequency v. Thus a source of radiation that may be represented
by the following formula [10, 12]:
(4)

The basis to make a consideration of the determination
of the work of marine turbine combustion engines, as
well as operation of marine piston engines for main ship
propulsion [2, 3, 5, 6, 7, 8], were the works of W. R. Hamilton
and P. L Maupertius [22, 24]. The Hamilton work (DH)
refers to the work of mechanical system, which causes the
simultaneous change of kinematic and potential Energy,
whilst the Maupertius work (DM) refers to a change only of
the kinetic energy of the mechanical system.
Hamilton work considered in classical mechanics when
dealing with equations of motion of a mechanical system
(system of material points), is expressed by formula [10, 22, 24]:

A characteristic feature of such activities is that they are
physical quantities of the unit measurement, which is joulesecond [Js]. The same effect can be interpreted in a turbine
combustion engine, that is, as the conversion in it and transfer
of Energy by this engine while taking into account the time.
Operation of each turbine combustion engine may be
considered in deterministic and probabilistic terms. In the
deterministic approach, where the energy E does not change
within the time interval [0, t], the action (D) of such an engine
can be expressed as the following formula [11]:
(5)

For a case when the energy (E) depends on the time (t), the
action D = D(t) must be determined from the relationship:

(1)
(6)

where:
EH – energy, so called Lagrange function (lagrangian),
Ek – kinetic energy, Ep – potential energy.
A similar analytical for has the Maupertius work, which
is expressed as follows [10, 22]:
(2)

In physics, the operation is interpreter as the value which
is the size of the multiplication of the momentum and the
displacement of the body [22]. Such action can be expressed
by the formula:

where:
E(t) – energy converted during the operation of the engine
at time t,
[0, W] – time interval during which the engine is operational.
During the operation of the engine, Energy is disclosed
at the time of its transformation, which takes two forms of
work or heat. Therefore, the effect of turbine combustion
engine interpreter according to the formula (6) can also be
expressed as formulas, in which the under-integral functions
are work (L) and heat (Q) [9]:
(7)

(3)

where:
p – momentum, s – distance, m – mass, v – speed,
a – acceleration, F – force, t - time
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where:
DL(t) – action connected with work in time t,
DQ(t) – action connected with heat transfer in time t,
[0, t] – engine operation time interval,
t – time of engine operation, which is an independent
variable.

Consideration of the operation of turbine combustion
engines in this perspective seems useful because consideration
of values of power of the engine based on the analysis and
assessment of just how energy transfer, which is the work (L)
does not give full knowledge about its suitability for the job
(work is a form of energy conversion). This insight gives an
overall view of the processed energy (E) and time (t) of its
processing, which is the size D(t) = E(t)×t, which can be called
(in the valuating sense) the operation of this type of engine.
Such an understanding of turbine combustion engine includes
information about how long is or can energy E be processed.
If we limit the analysis of the Energy conversion only to work
(L), as a method (form) of energy conversion than taking into
account the work period one can determine that the engine
operation which then should be defined as DL(t) = L(t)×t. So
understood engine operation includes information on how
long work L is or may be performed. It is also an important
information as the one that contains the power (N) of the
engine, which can be determined by knowing the work L
and time t of its conduct. As it is known, power contains
information on how quickly the work (L) can be done.
The interpretation of the operation of the turbine
combustion engine proposed by the authors of this article
has the advantage that the descriptive evaluation of the action
of these engines, e.g. good, not best, disturbing etc. may be
replaced by the evaluation resulting from the comparison
of their performance with the benchmark of using numbers
from the unit of measurements which are joule-seconds.
In the presented aspect, the working of a turbine
combustion engine may be considered as [3, 9, 10, 11]:
a) Action required (DW), that is, one which is necessary for the
job by the turbine combustion engine being the making of
the required useful work (Le(W)) demanded by the receiver,
e.g. generator or ship driving propeller,
b) Action possible (DM), that is, one which can be achieved by
a turbine combustion engine that can perform only useful
work, which is feasible at his given technical condition.
For this reason, work can be referred to as useful possible
work (Le(M)).
Therefore, it can be assumed that each turbine combustion
engine is capable of suitability (fit for the job), if:

a capacity of 100 MW, of which thermal efficiency reaches 46%
[25]. However, these engines, apart from their energy, must
have high reliability, which can be determined using wellknown theory of reliability indicators of reliability. However,
these indicators refer only to time of proper operation. Taking
into consideration additional relationship (8), the reliability
of a turbine combustion engine can also be applied to the
values resulting from the Energy equation (6) and (7). In
the following discussion an example of two shaft turbine
combustion engine will be presented with a heat regenerator,
consisting (for example) of the following four main devices (as
part of reliability) [1, 4, 14]: compressor, combustor, turbine
of combustion exhaust gas and power turbine (fig. 1).
When considering the operation of this type of engine,
one can additionally consider essential equipment necessary
for the smooth operation of said engine as the air filter and
the heat regenerator. Such a system diagram of said machine
including the air filter and the hear regenerator has been
presented in Figure 2 [1, 4, 14].

Fig. 1, Cross-section of a sample double-shaft turbine combustion engine,
which elements of reliability such as compressor, combustion chamber, turbine
of exhaust gas and drive turbine can be distinguished [23].

(8)

In the opposite case, when DW > DM one should assume,
that the turbine combustion engine is in the state of unfitness,
as it is unfit for the job.

PROPOSAL TO DETERMINE THE
PERFORMANCE OF THE TURBINE
COMBUSTION ENGINE
Turbine combustion engines with different functional
structure can be installed in the power units of ships [14]. In
recent years, turbine combustion engines with high energy
efficiency have appeared. The company General Electric
manufactures combustion turbine of type LMS 100 with

Fig. 2. Functional structure of a double shaft turbine combustion engine:
F – air filter, S - compressor, KS - combustion chamber, R - regenerative heat
conveyor, TW - turbine of exhaust gas, WS - exhaust gas generator,
TN - drive turbine, Pl - fuel, Pw - air, Sp - fumes, Ne – power output,
Mo – average torque, n – rotation speed, Z – angular velocity.

From literature, one can ascertain, that in the case of
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turbine combustion engines [1, 14, 21, 25, 23], as in the case
of compression ignition engines [5, 15, 16, 20, 21], conversion
of chemical energy (contained in the air-fuel mixture
generated in the combustion chambers) into thermal energy
(heat) and the mechanical energy of the rotor of the turbine
combustion engine allows the power output Ne. This power
must be generated by the time t required to perform the
task by the engine. This means, that to complete the task at
this time useful work Le = Ne×t must be performer by any
suitable turbine combustion engine. Execution of this work
is the result of production of torque (Mo) possible to measure
(e.g. as a result of impulsive or optical torque meters) at a
certain rotation speed (n) of each turbine combustion engine.
Therefore, the operation of the turbine combustion engine
interpreted as energy conversion leading to the performing of
useful work Le for time t can be expressed as the relationship:

lubricating oil causes significant increase in the consumption
of these tribological over time. Considerable difficulty of
ensuring the proper operation of any turbine combustion
engine occurs with the appearance of instability and volatility
temperature and exhaust gas pressure in the combustion
chamber of such an engine. It makes possible action (DM)
of the engine decrease over time of its life. Therefore it may
happen that the engine performance required (DW) for the
job Z in time tz necessary to accomplish this task may be
greater than the potential (i.e. DW > DM). This situation, in
accordance with formula (10) and (11) was illustrated in fig. 3.

(9)

where:
Le – useful work, t – time of operation of the turbine
combustion engine, n – rotation speed of the turbine propeller,
Mo – average torque measured at the engine shaft.
Due to the fact that the useful work of the turbine
combustion engine can be expressed by formula [14]
(10)

the operation of such an engine can be presented using
the relationship (9) as:
(11)

but ,

,

where:
Le = useful work, t – time of operation of the turbine
combustion engine, mpow – air mass stream, mpal– fuel mass
stream, bj – unit fuel requirement (fuel requirement for one
unit of air), W – calorific value of the fuel, ηK – the efficiency
of the combustion chamber, ηi – the efficiency of the internal
circuit, ηm – mechanical efficiency of the turbine combustion
engine, q pal – heat unit contained in the fuel.
During the operation of each turbine combustion engine
its condition deteriorates. This is due to the fact that the
combustion of the fuel in the work areas of the engine
combustion chambers and the flow generated by the exhaust
turbine vane through the spaces causes the thermal and
mechanical load, the most thus loaded systems is the turbine
blades. Also the compressor blades of the turbine exhaust gas
get contaminated (fig. 2), on which salt particles form the air
get deposited. Additionally, the load of both mechanical and
thermal turbine combustion engine bearings and aging of
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Fig. 3. Example case interpretation, where Dw < DM: DW – action required,
DM – action possible, tD – operation time of the engine, after which
the Dw = DM , tz – time needed to complete the task, tk – critical time, after the
expiry of which the engine cannot operate, t - operation time

Decreasing function of useful work (Le) during operation
time (W) is (fig. 3) due to decrease in the total engine efficiency
ηe = ηK×ηi×ηm due to engine wear. It’s obvious, because the
turbine combustion engine, as any thermodynamic system,
according to the second law of thermodynamics loses over
time its arrangements as a result of rising energy dissipation,
resulting in an increase in its entropy. In view of the rising
time energy dissipation decreases the function ηe = f(W), which
is a consequence of the decrease in operating Le(W), which
was incorporated in formulas (9) and (11). The reduction of
the work at constant heat taken to the engine (Qd = Qpal =
idem), results from the following relationship [1]:

where:
k = 1, 2, 3, … indexes corresponding to the respective
moments t: W1, W2, W3, …, for which inequalities Ke(1) > Ke(2) >
Ke(3) … occur, and whereint W1 < W2 < W3 < ..., and this leads
to uneven Le(1) > Le(2) > Le(3) …
The field of possible action (DM) illustrated in fig. 3 can be
calculated from the formula
(12)

Whereas the field of action required (DM) can be calculated
from the formula
(13)

A comparison of formulas (12) and (13) shows that

DW < DM, which means that the turbine combustion engine
is not fit for such task Z, which may be implemented when
the engine will do the work Lez during time tz.
The graphical interpretation of the action shown in fig. 3.
shows that after time tD of engine operation, the engine
cannot complete the task Z. On the other hand, this engine
can perform all the tasks that the time to do the job Lez will
be less than the time tD , or at most equal to that time.

COMMENTS AND CONCLUSIONS
Operation of the internal combustion engine has been
interpreter as providing the Energy required at a given time,
which can be expressed in the form of a physical quantity
with a unit of measure called joule-second.
The proposed interpretation of the operation of turbine
combustion engines is the first such attempt, outlined in
general. It needs to be clarified, which will not be easy because
of the need for detailed identification of all types of energy
that are converted during operation of the engine, and so
(fig. 2) in the compressor, combustion chamber, regenerative
heat conveyor, turbine of exhaust gas and drive turbine. It,
that the characteristics of the propeller of the ship which is
the receiver of energy supplied by the turbine combustion
engine should also be taken into account.
Certainly the presented considerations about the
operation of turbine combustion engines have cognitive
advantages, but it is difficult now to understand of how
much scientific importance they are. In turn, the utilitarian
qualities are difficult to assess because of a problem with the
implementation of the relevant empirical research.
Similarly, one can examine the effects of other marine
equipment and even devices used in other types of transports,
e.g. in road transport.
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ABSTRACT

Vertical-axial tidal current turbine is the key for the energy converter, which has the advantages of simple structure,
adaptability to flow and uncomplex convection device. It has become the hot point for research and application
recently. At present, the study on the hydrodynamic performance of vertical-axial tidal current turbine is almost on
2-D numerical simulation, without the consideration of 3-D effect. CFD (Computational Fluid Dynamics) method and
blade optimal control technique are used to improve accuracy in the prediction of tidal current turbine hydrodynamic
performance. Numerical simulation of vertical-axial tidal current turbine is validated. Fixed and variable deflection
angle turbine are comparatively studied to analysis the influence of 3-D effect and the character of fluid field and
pressure field. The method, put the plate on the end of blade, of reduce the energy loss caused by 3-D effect is proposed.
The 3-D CFD numerical model of vertical-axial tidal current turbine hydrodynamic performance in this study may
provide theoretical, methodical and technical reference for the optimal design of turbine.

Keywords: Tidal current energy, vertical-axial turbine, hydrodynamic performance, CFD, numerical simulation, 3-D effect

INTRODUCTION
Tidal current energy becomes an alternative of fossil
petroleum as it is renewable and greatly reserved across
the world [8] [15] [4]. The key equipment to extract tidal
current energy is the tidal turbine. Vertical-axial turbine
has simple structure and small draft, adapts to various
flow directions, rarely faces cavitation problems, therefore
it becomes the hot spot in recent research for its many
advantages [22] [23]. The purpose of vertical-axial turbine
study is to optimize the design, improving the prediction
of hydrodynamic performance. Such prediction is based
on experimental and theoretical methods. The problem in
the experimental prediction is the long period and high
cost. Comparatively, theoretical prediction is effective and

economic. Hitherto three main theoretical methods are
widely used in engineering practice. The first is based on the
law of momentum, the second is based on vortex theory, the
third is based on CFD for viscous flow [6] [3] [5]. As the rapid
development of computer science, CFD methods becomes
more and more effective and economic [9] [13] [7] [19] [10]
[12]. To accomplish the prediction in a realistic, accurate, and
fast way, many researchers have applied dynamical boundary
model [2], turbulence model [1] [20] [17], unsteady rotation
method, free surface effect, and many other approaches. In
2008 Sun studied the dynamical boundary problem of H-type
turbine using slipping mesh method [18]. Yeung et al used
STAR-CD to simulate k-ε turbulence model to study cycloidtype vertical-axial turbine [14]. In 2010, a refined UDF control
slipping mesh method was applied on cycloid-type turbine by
POLISH MARITIME RESEARCH, No 4/2016
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Luo et al [16, 21, 24]. In 2011, Li studied further in the accuracy
and reliability in such CFD simulation, proposing a method
to calculate dynamical model under unsteady rotation. This
method gave a possibility to simulate freely variable deflection
angle turbine[25].
Until now the understanding of the validation of 2-D and
3-D simulation, the mechanism of different performance
between 2-D and 3-D simulation, and how to reduce the
energy loss caused by 3-D effect is not sufficient. These
unknown aspects are key factors in improvement of efficiency.
In this study we used CFD method to examine the validation
of simulation, establish techniques of vertical-axial turbine
simulation, and improve the accuracy of prediction. 2-D and
3-D simulation are validated and comparatively studied.
Along with blade optimal control techniques, fixed and
variable deflection angle turbine is simulated in 3-D to
analysis the influence of 3-D effect and the character of fluid
field and pressure field. A method to reduce the energy loss
caused by 3-D effect is proposed as a reference for turbine
design and optimization

ANALYSIS OF FLUID DYNAMICS

(2)

The hydrodynamic attack angle α is the angle between
VR and x-axis, it is positive when counterclockwise, negative
when clockwise.

(3)

As shown in Fig.1, the force acted on a single blade by the
flow is resolved into lift force L, damping force Dr, and the
momentum Mo to o. We can resolve the force on a blade into
to resultant parts, f x along the arc and f y perpendicular to the
arc, the point of action is o.

(4)

Another way is to resolve the force on normal and tangent
directions,

ANALYSIS OF FLUID DYNAMICS
(5)

The momentum of a single blade to the turbine is
(6)

The above discussion is all about instantaneous quantity
of a single blade. When the turbine rotates steadily, the forces
on the blade and main shaft are periodic. Assume the number
of blades is Z, in a period, the average momentum
and
average power
are
Fig. 1. Coordinate system and forces on the blades
(7)

The cross section of the vertical-axial turbine blade is
shown as Fig. 1. The blades are uniformly arranged along
the circle. The flow velocity is VA, driving the turbine to
rotate with angular velocity ω, converting kinematic of the
flow to electric power. Here we assume the turbine rotates
counter-clockwise and ω is constant. Global coordinate OXYZ
is established, the center of the main shaft is located at the
original point. The flow is along the X direction. A local
coordinate oxyz is attached on any blade. Its self-rotating
center is at o the origin. The arc line is parallel to x coordinate,
pointing from the end of the blade to the front. θ is location
angle, φ is the deflection angle of the blade.
The relative velocity of blade and flow satisfies

(1)

can be computed by
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(8)

Here we define the dimensionless coefficients

,

,

,

,

,

,

Where λ is the ratio of blade velocity and flow velocity, Re
is Reynold number, σ is blade denseness, the ratio of sum of
arc lengths and orbit circumference, is the ratio of blade
arc and diameter,
is the ratio of the distance from the
shaft to the tip and the chord length, δ is the aspect ratio, CP
is the efficient coefficient, μ is the viscosity of the fluid, R is
the radius of the turbine, D is its diameter, b is the span of
the blade, and P is the power of the turbine.
CONTROL OF DEFLECTION ANGLE
When computing hydrodynamic performance of the
turbine, equations 9 and 10 are used to control blade
motion[11]. Equations 9 and 10 shows the relation between
speed ratio and denseness of a and b. If the location of blade
small shaft (0.3 C) and flow velocity (1 m/s) are determined,
the values of a and b can be obtained by merely given speed
ratio and denseness of the turbine, and therefore obtain the
curve of deflection angle. Hence for any turbine model (if the
blade type, location of small shaft and flow velocity do not
change), the change of deflection angle relating to a specific
speed ratio can be obtained.

COMPUTING CONFIGURATION AND
MESHING
In this study the numerical simulation is mainly based
on ANSYS CFX, the entire calculation region is divided into
blade region, rotation region, and outflow region. Blade region
includes a small region containing the blade, using a cylinder
to enclose the blade and making the mesh denser around
the blade. Rotation region contains the whole turbine using
another cylinder. Outflow region is the entire flow region
outside the turbine. Slip mesh is applied to connect the three
regions to guarantee the computing accuracy. The meshes of
the model are all structural mesh, with refinement around the
blade tip. Instantaneous simulation is used, the turbine turns
3° in each time step. The inflow is set uniform and the outflow
and surrounding boundary is set open boundary condition.
The absolute pressure is 1atm. No-slip condition is used on the
blade surface, and turbulence model is chosen as SST model.
The mesh of outflow region is shown in Fig.2, blade region
in Fig.3, and rotation region in Fig. 4. The meshing details
of the blade surroundings are shown in Fig.5, the refinement
of blade tip in Fig.6.

(9)

(10)

Where x is the speed ratio, y is the denseness, p1 to p11 and
q1 to q10 are given in Table 1.

Fig.2. Flow region

Tab. 1. Coefficients

p1

2.408E+14

q1

35.55

P2

-1.025E+15

q2

-115.35

P3

3.520E+15

q3

72.91

P4

-1.360E+15

q4

131.03

P5

6.706E+14

q5

-320.38

P6

-1.125E+16

q6

-241.51

P7

-4.332E+13

q7

-2.77

P8

9.200E+13

q8

0.54

P9

1.028E+14

q9

1.50

p10

1.512E+14

q10

1.66

p11

-9.267E+14

Fig.3. Blade region

Fig. 4. Rotation region
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VALIDATION OF 3-D SIMULATION

Fig.5. Mesh refinement around the blade

Validation of 3-D simulation is demonstrated using
NACA0018 blade. The number of blades is 3, the arc length
of blades is 0.1524m, arc length to radius ratio is 0.3.As
shown in Fig.7, there is difference between the results of
numerical method and experiment, where in 2-D simulation
the changing trends of these results are the same, but the
numerical result is much higher than the experimental result.
This is due to the infinite length of the blade in 2-D simulation
when 3-D effect is neglected. But when 3-D effect is under
concern, the numerical result is close to the experimental
result.
SIMU L ATION OF FI X ED A N D VA R IA BL E
DEFLECTION ANGLE TURBINE

Fig.6. Mesh refinement at blade tip

(1) Fixed deflection angle turbine simulation
The difference between 2-D and 3-D simulation is the span
of foil. In 2-D simulation the span of foil is regarded as infinite,
while in 3-D simulation it is a determined value. At the top
and bottom ends of the blade there is large flow division, many
vortices are generated and cause energy lose. Here we choose
turbine modes of aspect ratio values 5 and 10 respectively to
perform 3-D simulation, then compare with the result of 2-D
turbine models. The results are shown in Fig.8.

Fig.7. Result of numerical simulation

Fig.8. Simulation result of fixed deflection angle turbine

SIMULATION RESULTS AND ANALYSIS
This section investigates the validity of 3-D numerical
simulation, influence of 3-D effect and the reduction of
3-D effect, fixed and variable deflection angle turbine are
computed, 2-D and 3-D simulation are compared, the case
with vortex elimination plate is also simulated.
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As shown in Fig.8, when the speed ratio is large, the
efficiency is higher in 2-D simulation, which is coincide with
the analysis in the last section and interprets that 3-D effect
can reduce the turbine efficiency. When the speed ratio is
small, 3-D efficiency is much higher than 2-D efficiency,
which contradicts the former analysis and needs further
discussion. From the comparison between the models with
aspect ratios 5 and 10, we find that higher efficiency occurs
at larger aspect ratio, indicating that the increase of aspect
ratio shall reduce 3-D effect, therefore increasing the aspect
ratio can be used to reduce 3-D effect.

Fig. 9. 2-D simulation pressure nephogram at λ=1

Fig. 12. 3-D simulation pressure nephogram at λ=2

Large error occurs in 3-D simulation when the speed ratio
is small. Fig. 9 10 11 12 are pressure nephograms of the flow
field in 2-D and 3-D simulations respectively. The turbine
is at the same place. We find that the pressure around the
blade is lower in 2-D simulation, particularly for the blade
of location angle 30°, the whole back of this blade is in low
pressure region. But in 3-D simulation only a small part is
in low pressure region. Pressure drop on the blade back is
often caused by over large attack angle, which leads to flow
separation. We can conclude that higher efficiency occurs in
3-D simulation because when flow separation seldom happen,
the computing result of lift is larger, therefore the efficiency
is larger.

Fig. 10. 3-D simulation pressure nephogram at λ=1

Fig. 13. 2-D velocity vectors at λ=1
Fig. 11. 2-D simulation pressure nephogram at λ=2

POLISH MARITIME RESEARCH, No 4/2016

77

Fig. 14. 3-D velocity vectors at λ=1

When the location of blade is 30°, backflow occurs. In
Fig.5.8 backflow occurs only at the root of the blade, this
indicates that in 3-D simulation flow separation seldom
happens, the same result as in the above section.
Fig.13 to Fig.16 are pressure nephograms and velocity
vectors in 2-D and 3-D simulation. No big difference can be
found between the two.
The range of attack angle of the blades is wide when the
speed ratio is small, the blades often stall under this situation,
making the results in 3-D simulation slightly higher, on the
other hand, 2-D result is better, therefore 2-D simulation
should be employed under small speed ratio. When under
medium speed ratio, the range of attack angle becomes
narrow, 3-D simulation considers 3-D effect and reflect real
physical properties of the model, therefore is more accurate
(2) Variable deflection angle turbine simulation

Fig. 17. Comparison of efficiency between fixed and variable deflection angle
turbine

Fig. 15. 2-D velocity vectors at λ=2

The control methods of dynamic mesh in 3-D and 2-D
simulations are same, but in 3-D simulation the mesh number
is much larger, the computing time is longer. To study the
hydrodynamic performance of the variable deflection angle
turbine, we compare it with a fixed deflection angle turbine
(Fig.17). A model of span of foil equals to 5 is used.

Fig. 16. 3-D velocity vectors at λ=2

Fig.18 Tip vortices of fixed deflection angle blade at λ=2
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From Fig.18 to Fig.21, vortices occurs in the wake of the
two blade ends, causing energy lose, and this is the greatest
difference between 3-D and 2-D simulation, since water flows
with different velocities on the top and bottom surfaces of the
blade, a pressure difference occurs and push water at the end
of blade from high-pressure region to low pressure region,
vortices therefore are generated. Else we find that under the
same speed ratio, variable deflection angle turbine generate
more vortices than its fixed counterpart. This is also the
reason that variable deflection angle turbine is more effective.
When speed ratio is increased, the vortices become stronger.

Fig.19. Tip vortices of variable deflection angle blade at λ=2

Fig. 22. Comparison of efficiency between 2-D and 3-D variable deflection
angle turbine

Fig.20. Tip vortices of fixed deflection angle blade at λ=3

Fig. 23 Influence of aspect ratio

We find that 2-D simulation of variable deflection angle
turbine is more effective than that in 3-D simulation, the
difference between the two becomes larger as the speed ratio
grows. We know that the difference between 2-D and 3-D
simulation is the span of foil, and therefore concludes that
the influence of aspect ratio becomes larger as the speed ratio
becomes larger, this may because as the speed ratio increases,
the relative velocity between blade and water becomes larger,
more and stronger vortices occurs and take away more energy.
Fig.21. Tip vortices of variable deflection angle blade at λ=3

STUDY OF 3-D EFFECT
3-D effect of vertical-axial turbine is mainly caused by
aspect ratio. For variable deflection angle turbine with aspect
POLISH MARITIME RESEARCH, No 4/2016
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ratio 5 and 10, the compare result of efficiency is shown in
Fig.22. From Fig.23 we see that as the aspect ratio increases,
the turbine efficiency under each speed ratio raises, but it is
lower in 3-D simulation than in 2-D simulation in all cases.
Therefore as the aspect ratio increases, 3-D effect becomes
weak, and if the aspect ratio increases continuely, the efficiency
curve of 3-D simulation shall approach asymptotically to
that of 2-D simulation. In the figure we also find that as the
speed ratio increases, the difference between the three curves
becomes larger and larger, this is because the increase of speed
ratio reinforces the influence of 3-D effect. If we intend to
reduce 3-D effect we should take the following two methods:
(1) make the aspect ratio large, (2) make the speed ratio small.

Fig. 26. Vortices at λ=3 and aspect ratio 5

Fig. 24. Vortices at λ=2 and aspect ratio 5

Fig. 27. Vortices at λ=3 and aspect ratio 10

METHOD TO REDUCE ENERGY LOSE CAUSED BY
3-D EFFECT
The vortices at the blade ends cause energy lose. To reduce
such lose we can add a plate at the blade ends, which can
restrain the generation of vortices. We use CFX software to
simulate its performance to test its effect. The model of blade is
chosen as NACA0018, the mesh is shown in Fig.28 and Fig.29.

Fig. 25. Vortices at λ=2 and aspect ratio 10

Fig.24 to Fig.27 depict vortices at the blade ends under
different aspect ratios. We find that the change of aspect ratio
do not influence the vortices much, but when the aspect ratio
is large, the total turbine efficiency raises, but the energy lose
caused by vortices keep its value, therefore make small effect
on the turbine.
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Fig. 28. Blade without plate

Fig. 29. Blade with plate
Fig. 32. Comparison of blade momentum

Let the inflow velocity be 3 m/s, using CFX software to
simulate the lift coefficient and momentum coefficient of the
two kinds of blades with different attack angles. The details
are shown in the following figure.
We find from Fig.30 to Fig.32 that when the blades are
added plates, its lift coefficient and drag coefficient both have a
increase of 10 %, but the drag coefficient is far less than the lift
coefficient, therefore the overall performance of the turbine
has a considerable reinforcement. As the vertical –axial
turbine is lift type turbine, its hydrodynamic performance
will be prompted after installing a plate with a 10 % increase
of efficiency.

Fig. 33. Comparison of stream line at blade tip with attach angle equals to 15°

Fig. 30. Comparison of lift coefficient

Fig. 34. Comparison of velocity vector at blade tip with attach angle equals to
15°

Fig. 31. Comparison of drag coefficient

In Fig.33 (streamline) and Fig.34 (velocity vector), the plates
at the ends of the blade can effectively prevent the vortices
from being generated, reduce energy lose and enhance its
performance.
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CONCLUSION
(1) When the speed ratio is large, 3-D simulation is more
accurate than 2-D simulation, but under small speed ratio
flow separation is much easy to happen, making the results
of hydrodynamic performance computation inaccurate.
(2) The energy lose caused by energy lose generated by
vortices at the ends of blades is the main reason of difference
between 3-D simulation results and 2-D simulation results.
Such 3-D effect increases as the speed ratio increases and
decreases as the aspect ratio increases. As the aspect ratio
becomes very large, 3-D simulation results is close to 2-D
results.
(3) Adjusting deflection angle to control the range of attack
angle is an effective way to improve the turbine efficiency by
5 % in the method proposed in this paper.
(4) Adding a plate at the ends of blade can effectively reduce
the generation of wake vortices and therefore weaken the 3-D
effect, the efficieney increases by about 10 %.
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ABSTRACT

The paper presents results of the research project whose the main goal was to build a technology demonstrator of an
electric supply system based on the PEM fuel cell. The electric supply system is dedicated to operation on a board of
a submarine during emergency situations. The underwater conditions influence on a specific architecture of supply
subsystems of the PEM fuel cell system. In this case the fuel cell stack is supplied by both clean hydrogen and clean
oxygen stored in pressurized tanks. The hydrogen has to be delivered in a closed loop, while the oxygen can be delivered
in a closed or an open loop. In the technology demonstrator, the supply of the fuel cell stack by the hydrogen in the
closed loop and the oxygen in the open loop with a precise control of its flow were used.
In the paper, a hardware and a software structures of the technology demonstrator are presented. Then, selected results
of the PEM fuel cell system operation are included. The results of the research show precise control of the oxygen and
a response of the system on rapid changes of an electric load responding to the loads working during an emergency
situation on a board of a submarine. Mainly, results of the real fuel cell system operation are presented. The results
of numerical research can be found in several publications of the authors included in the bibliography of the paper.

Keywords: PEM fuel cell system, Air Independent System, control of oxygen

INTRODUCTION
More often, hydrogen fuel cells are used to supply
different devices and vehicles both for civilian and military
applications. One of the more popular hydrogen fuel cells
used in mobile applications are low-temperature PEM (Proton
Exchange Membrane) fuel cells. This technology is also used
with success in underwater mobile platforms. Nowadays,
there are constructions of submarines and unmanned
underwater vehicles using PEM stacks to generate an electric
energy needed for their working. The most mature examples
of underwater platform with PEM fuel cells are German
submarine class 214 [4] and Japan AUV (Autonomous
Underwater Vehicle) Urashima [16]. Another interesting
examples of using fuel cell in marine application are AUV
Hugin [5] with alkaline aluminium hydrogen peroxide semi
fuel cell and AUV Clipper [6] using magnesium fuel and
oxygen from the sea. The main reason for using the fuel cell
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technology in mobile applications, especially in underwater
vehicles, is currently the highest achievable energy density.
Having such an energy source can be especially useful in the
emergency situation on board of a submarine. Surviving
underwater on board of the submarine during its failure until
the rescue units approach and help is only possible when the
crew has access to power supply of life support systems and
communications.
Mentioned above benefits justify using PEM fuel cells
additionally to technologically advanced chemical batteries
currently used on submarines or unmanned underwater
vehicles [7]. The hybrid combination of these two energy
sources should provide a masked operation with mentioned
above possibility of surviving underwater in case of emergency
situations.
The use of hydrogen to power mobile platforms is currently
very carefully examined solution in terms of both the marine
[17] and land or air.

This paper presents selected results of carried out research
whose the main objective was to build technology demonstrator
to achieve knowledge and experience allowing to develop
the essential requirements for this type of equipment in the
submarine environment. In the next sections, following stages
of the project are described.
The project was carried out in the following stages:
1) Measurement on board of a submarine,
2) Designing mathematical model of the fuel cell system,
3) Building the technology demonstrator of the fuel cell
system,
4) Experimental research.
The project was finished by making recommendations for
future research and/or purchase of this kind of power system
on board of a submarine.

MEASUREMENT ON BOARD OF
SUBMARINE
The demand for electrical energy, and thus the use of
individual electrical consumers on board of a submarine is
dictated by the exploitation state, which she is at the moment.
Exploitation states of the ship depend only on the nature of
the tasks performed by her. Despite diversity and variability
of conditions in which these tasks are performed, there are
four exploitation states, which can be considered in terms of
the use of emergency supply: moving the ship to the area of
operation, operating a ship in the area of operation, the ship
lying at the bottom in the area of operation and the ship lying
at the bottom – the failure of the submarine.
During the measurements on board of a submarine,
identification of following processes was carried out: processes
of generating, converting and transmission of electric energy
on board of the selected submarine not only in a failure state,
but also during all exploitation states of the ship. Below,
there are presented results of measurements of low energy
demand exploitation states, that are especially significant for
discussed subject. The first state is lying on the seabed, Tab.1.
The main electric motor is stopped but in a stand-by mode.
The manoeuvring desktop is supplied. The commander may
decide to turn off additional devices in case of the task or
tactical situation that requires long lasting lying on the seabed
and complete silence on the ship.
Tab. 1. Demand for energy in the state “lying on the seabed”.
Type of power supply
156 - 220 DC
115 V 60 Hz
110 V DC
115 V 400 Hz
24 V DC
220 V 60 Hz
TOTAL

Current
A
35,58
34,8
0,25
29,98
5,00
3,00
108,61

Power
kW
6,76
4,00
0,03
3,45
0,12
0,66
15,01

submerged state without necessity of energy replenishment.
The failure of a submarine, lying on the seabed is very
important hypothetical state, in which the submarine can
be after a failure, collision with a submerged object and
falling to the bottom. From the survival point of view, and
in consequence the crew rescue of the damaged submarine,
providing sufficient amount of energy is essential for successful
rescue action. Power consumption in this state is limited to
the minimum, Tab. 2. But it is totally dependent on the right
operation of the devices after the event which led the submarine
to the state of lying on the seabed.
Tab. 2. Demand for energy in the state “failure of a submarine”.
Type of power supply
156 - 220 DC
115 V 60 Hz
110 V DC
115 V 400 Hz
24 V DC
220 V 60 Hz
TOTAL

Current
A
21,00
14,00

Power
kW
3,99
1,61

3,60

0,09

38,60

5,69

In the considered state, there are presented the power
demand of the devices, which should be powered on, regarding
their operational ability and energy supply.
Relating to the actual trends of rescue mission for the crew
of the damaged submarine, the crew should survive on the
submarine even two weeks. That is possible by having adequate
amounts of means of sustaining life on the submarine and
emergency electric energy sources.
It was found that the levels of demand for electric energy
for both failure state and the ship lying at the bottom in the
area of operation are of the same order.
The results of this research helped to determine the
power requirements for designed system and indicated the
possibilities of using emergency power supply based on PEM
fuel cells for operation in two mentioned above exploitation
states of the submarine.

MATHEMATICAL MODEL OF FUEL CELL
SYSTEM
In parallel with the measurement described in the previous
section, a mathematical model of the emergency power system
based on PEM fuel cells C was designed. In the Fig. 1, block
diagram of the emergency power systems based on PEM fuel
cells is presented. While in the Fig. 2, schematic diagram of
the system is shown.

While lying on the seabed the energy demand is seven
times lower than in a low speed movement. The use of the fuel
cells in that state, allows to stay for a long period of time in the
POLISH MARITIME RESEARCH, No 4/2016
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The main result of this stage is the mathematical description
of the fuel cell system operation in the form of differential
equations and matrix equations of state implemented in
Simulink environment (Fig. 2). All the subsystems (Fig. 1)
are illustrated by different colors. Elements of the control
subsystem are integrated with other subsystems, especially
blocks named ‘PID’.

In the designed power supply system (Fig. 2) the
mathematical model of fuel cell stack with following features
was used:
1) an analytical,
2) control-oriented,
3) steady-state,
4) isothermal,
5) cell-averaged.
The model of the fuel cell stack includes:
1) model of overall fuel cell stack voltage,
2) cathode and anode flow models,
3) membrane hydration model.
The mathematical description of the model used in the
research is described in more details in [2][3][13]. The model
of the fuel cell stack is mainly destined for control purposes.
There are also alternative models of fuel cell stacks included
in literature which are focused on other features and destined
for other purposes, e.g. 3D model of gasses flows [10], model
of polymeric super ionic membranes for fuel cell [1], another
approach to control of the fuel cell systems [11], etc.
For graphical user interface with fuel cell model (Fig. 2)
Matlab window, illustrated in the Fig. 3, was designed.

Fig. 2 Implementation of the PEM fuel cells model in Simulink environment
(orange blocks: fuel cell stack, red blocks: hydrogen supply subsystem, blue
blocks: oxygen supply subsystem, yellow blocks: thermal management
subsystem, green blocks: monitoring subsystem)

The window allows the control and visualization of the all
important operating parameters of the fuel cell stack.

Control
Subsystem

Monitoring
Subsystem

Thermal
Management
Subsystem

Hydrogen Supply
Subsystem
Fuel
Cell

DC/DC

Stack
Oxygen Supply
Subsystem

Electrical
Load

Fig. 1. Block diagram of emergency power supply system
based on hydrogen fuel cell
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Finally, the entire system was built in the Laboratory
of Electric Drives in Polish Naval Academy (Fig. 4). The
demonstrator was named as “Air Independent Electric Supply
System” AIESS.

Fig. 3 Visualization of PEM fuel cells parameters in Matlab

The parameters of the model of the fuel cell stack was tuned
based on experimental data obtained from the Nedstack
company – the manufacturer of 6 kW stack used in the
technology demonstrator (described in more details in the next
section). The stack modelling was carried out in cooperation
with Stanisław Hożyń [8].
Based on a comparison of characteristics obtained from the
model and the real 6 kW stack [3], it can be concluded that the
mathematical model parameters were chosen correctly and
implemented simulator properly represents the behavior of the
fuel cell stack in steady state. Correctly validated model allowed
examine the impact of significant parameters (temperature of
the stack, pressure and relative humidity of the reaction gases)
on the operation of the fuel cell stack [13][15]. Moreover, it
allowed determine the best parameters of its control subsystem
[12][14]. At the end, results of numerical research enabled to
determine assumptions for building technology demonstrator
of emergency power supply system of submarine based on
hydrogen fuel cell.

TECHNOLOGY DEMONSTRATOR OF FUEL
CELL SYSTEM
In the next stage, the real technology demonstrator was
built. The main purposes of the demonstrator are:
1) the demonstration of possibility of using the PEM fuel
cells technology for emergency supply of the submarine,
especially at the time of failure,
2) the verification of possibility of using the PEM fuel cells
as an alternative source of electric energy on board of a
submarine.
In future research the demonstrator can be:
1) an element of the laboratory stand for testing different
methods of hydrogen storage,
2) a basis for the training of crews of future submarine with
hybrid propulsion consisting of, among others, the fuel cell
system.

Fig. 4. Technology demonstrator of Air Independent Electric Supply System in
Laboratory of Electric Drives

The AIESS consists of:
1) PEM fuel cell system with nominal power 6 kW based on
P8 stack from Nedstack Company, Arnhem, Netherlands,
2) DC/DC converter stabilizing voltage at level 220 V,
connected in parallel with supercapacitors,
3) the electric load consisting of: an electric motor, a lighting
set and a heating,
4) installations and pressured tanks of oxygen, hydrogen
and nitrogen.
The PEM fuel cell system is controlled by S7-300 PLC. The
controller is connected with a touch panel and PC through
MPI protocol. The touch panel performs Human Machine
Interface, whereas PC visualizes operation and registers
parameters of the system. In the Fig. 5, application CVM
(Cell Voltage Measure) installed on PC is presented.
The main window of application CVM is divided into the
following panels (from top to down):
1) the buttons panel for connecting or disconnecting the PLC
application and call the configuration window,
2) the voltage panel showing the voltages on each fuel cell in
the form of a bar graph and the minimum, maximum and
average value of overall stack voltage,
3) the current state system panel showing the real-time
operational status of the system components on its
schematic diagram with the display of the main parameters
of the AIESS.
The whole registered and visualized parameters are archived
in a *.text file. It allows to make analyses of the system operation
off-line and examine long-lasting processes, e.g. process of
membrane deterioration.

POLISH MARITIME RESEARCH, No 4/2016

87

was implemented in Matlab
/ Simulink environment and
then its parameters were
tuned to the fuel cell stack
from Nedstack company
(Arnhem, Netherlands).
Details of the research are
contained in [3][12][13][14][15].
The second stage of the
study was carried out in
three phases. In the first
phase, the measurement of
polarization characteristics
of P8 Nedstack PEM fuel
cells was carried out. The
stack was supplied by clean
oxygen. Then, measurement
of oxygen excess, appearing
at open architecture of
oxygen supply subsystem was
performed. At the end of the
studies, influence of changes
of an electrical load on the
work of AIESS was examined.

Fig. 5. Application CVM for visualization and registration of parameters
of the AIESS

Parameters of the elements of the AIESS included in the
reactant gasses supply subsystems, thermal management
subsystem, control subsystem, etc. were selected based on the
results of simulation studies using the designed mathematical
model of the system. Moreover, experiences gathered during
collaboration with the companies: Nedstack from The
Netherlands and Apisystems Gdańsk and Linde Gas Polska
from Poland were used to achieve final version of the AIESS.
It should be underlined that the demonstrator consists of
two main parts: the emergency power system creating the
proper technology demonstrator and the laboratory stand for
its testing. The stand is used for real-time visualization and
archivisation of the fuel cell stack operation and the operation
of subsystems providing the reaction gases: hydrogen and
oxygen with humidification of the reactant gasses and cooling
subsystem.

MEASUREMENT OF POLARIZATION
CHARACTERISTICS OF THE FUEL CELL
STACK P8
In the first part of the study, measurement of the
polarization characteristics of the fuel cell stack P8 was made
in the conditions of the stack supply by pure hydrogen and
oxygen. Nedstack company – the manufacturer of the stack
provided only the polarization characteristics of the stack in
the conditions of the stack supplied by pure hydrogen and
air (Fig. 6).

EXPERIMENTAL RESEARCH
Experimental studies were carried out in two stages:
1) simulation research based on the mathematical model of
the fuel cell system,
2) measurement of parameters of fuel cell system called
AIESS.
The first stage of the study was carried out using analytical
and control-oriented, isothermal and cell-averaged model
of the fuel cell stack operating in a steady state. This model
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Fig. 6. The polarization characteristics of the fuel cell stack P8 supplied by pure
hydrogen and oxygen from the surrounding air (www.nedstack.com)

During the research the stack was supplied by pure
hydrogen and oxygen. The course of the measured polarization
characteristics of the fuel cell stack P8 (supplied by pure
oxygen) is presented in Fig. 7.

Fig. 7. Polarization characteristics U(I) i P(I) of the fuel xell stack P8
(supplied by pure oxygen)

Comparing the obtained characteristics (Fig. 7 and 8)
with the characteristics specified by the manufacturer (Fig.
6), it can be seen a similar course of these characteristics. An
important advantage in the case of supplying the stack by
pure oxygen compared to the supplying by air is increase of
produced power at the output of approx. 10% (for operating
point 100 A we achieved increase of 7.7%). Observed growth
of the output power confirmed the numerical results carried
out in the previous stage of the study [3][13].
The figure below (Fig. 8) shows the course of the polarization
characteristic P(I) in two different temperatures of the fuel
cell stack operation: 308,15qK and 331,15qK. As it can be seen
(Fig. 8), the higher operating temperature of the fuel cell stack
results in a greater efficiency, that is for the same current, the
output power is higher. The deviation of the both characteristics
increases with the increase of a current load. This is important
for the operation of AIESS, that is the system can deliver large
currents after reaching operating temperature of the stack
333,15qK r2qK. It is the temperature range recommended by
the manufacturer of the fuel cell – the Nedstack company.
58 C

35 C

6

P [kW]

5

intensity of electro-catalysis
process of hydrogen on
platinum, that is the higher
the temperature, the higher
the intensity. Upper limit of
the operating temperature
range due to the fact that at
higher temperatures reduces
the relative humidity of the
reaction gas, and water in
PEM fuel cell is used for the
transport of hydrogen protons
through the ion-conductive
membrane. Therefore, the temperature range recommended by
the manufacturer is a kind of a compromise, aimed at finding
the best operating conditions of a specific type of PEM fuel
cells.

MEASUREMENT OF THE OXYGEN EXCESS
AT THE OUTLET OF THE STACK
As it was mentioned earlier, in this fuel cell system, oxygen
supply subsystem was designed and built in an original way,
that is the subsystem is without recirculation of oxygen. Such
a process of delivering oxygen to the stack requires precise
control of the oxygen so that oxygen excess on the output is
not too large, that is it could be consumed by the crews.
The measurement of the oxygen excess was preceded
by tuning PID settings of oxygen flow implemented in the
controller Bronkhorst F-201. As a result of this process, a
smooth course of the volumetric flow rate of oxygen at the
inlet of the fuel cell was achieved, as shown in Fig. 9. In this
figure flow rate is represented in percentages scale, where 100%
corresponds to the flow of 65 Nl/min. Presented in this figure
oxygen flow corresponds to a fairly significant step change
of a load current: from 6 A to 57 A and from 57 A to 92 A,
which corresponds to the following changes in output power:
from 0.37 kW to 3.08 kW and from 3.08 kW to 4.73 kW (Fig.
10). The observed initial power 0.37 kW is due to the fact that
the devices, e.g. pumps are powered directly from the fuel cel
system, when it started working.

4
3
2
1
0
0

20

40
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80

100

120
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Fig. 8. The polarization characteristics P(I) of the fuel cell stack P8 supplied by
pure oxygen for the operating temperature: 308,15°K i 331,15°K

The temperature has significant importance for the

Fig. 9. The course of volumetric flow rate of oxygen at the inlet of the fuel cell
stac for a given step change in load current from 6 A to 57 A and then to 92 A

As can be seen from Fig. 9, the smooth flow of oxygen
corresponds to step changes of current and voltage with
a single overshoot equal to 5 A and 2 V (Fig. 10). The resulting
overvoltage approx. 2 V, corresponds to the voltage drop at the
POLISH MARITIME RESEARCH, No 4/2016
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single cell equal to 0.05 V (assuming a uniform distribution on
all cells of the fuel stack). This voltage drop is not dangerous
for stack operation and potential damage of any cell.

performed, e.g. PEM fuel cells during “heating up” process
and then working in the recommended operating temperature
range 333,15qK r2qK, for the given discrete and for continuous
load changes, etc. The all results are included in the report on
the grant [3]. In the next part of the paper, the time courses of
main parameters for the regime with step changes of the load
are presented. This regime requires a rapid response system
on large changes of an electrical load.
The results of the test for the step increments of an electrical
load are presented in Fig. 12 to 16. These step changes simulate
the behavior of electrical devices during the state of emergency
situation on board of submarine. In the laboratory test, these
devices are emergency lighting, electric motor coupled to a
generator (ventilation system on board of submarine) and
electric heating.
In the Fig. 12, the course of voltage DC/DC converter can
be observed. Voltage variations are within the scope r1V. This
reflects the good work of the DC/DC converter.
221.0

In the Fig. 11, the course of the volumetric flow rate of
oxygen excess at the output of the fuel cell stack for the
mentioned above step changes of load current is shown. As it
can be seen from the graph, the oxygen excess is up to 2.5%,
which corresponds to a flow rate equal to 1.62 Nl/min. This
oxygen excess is consumed by 5-6 people being in a rest state (it
is assumed that the resting human body consumes from 0.25
to 0.35 Nl/min of pure oxygen). Assuming that the AIESS will
be used on board a submarine, where the crew consists of 20
people or more, it can be concluded that the observed excess
oxygen does not endanger the health and lives of the crew.

220.8

load voltage [V]

Fig. 10. The course of current and voltage at the output of the fuel cell
systemfor a given step change in load current of 6 A to 57 A and then to 92 A
(measured by Fluke)
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Fig. 12. Stabilization of the load voltage during the test

The changes of the load current described previously
correspond to comparable change of current and voltage of
the fuel cell (Fig. 13). Only start-up of the electric motor in
516 s and in 619 s of the experiment correspond to the pulse
increases of the fuel cell current. These pulse increases have
short time of duration and result in overvoltage of approx.
10 V. For the fuel cell stack consisting of 68 cells, it gives an
average of 0.14 V voltage drop on a single cell. This poses no
threat of damage of the fuel cell stack.

A higher flow rate than 2.5% can be observed at the time
of reducing the current load. In this case, the following pulse
of oxygen flow rate was observed: with the amplitude of up to
7.4% (4.8 Nl/min) and the duration approx. 5 sec. Registered
oxygen flow rates during decrease of the current load also do
not pose a threat to the health and life of crew, even if there
were continuous.

THE INFLUENCE OF THE LOAD ON THE
WORK OF THE FUEL CELL SYSTEM
In the next phase, the impact of changes of the electrical
load (changing continuously, and then jumping) on the AIESS
was examined. Many tests of the PEM fuel cell stack were
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voltage [V]

Fig. 11. The course of volumetric flow rate of oxygen excess at the outlet
of the fuel cell stack for a given step change of load current
from 6 A to 57 A and then to 92 A
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Fig. 13. The course of voltage and current of the fuel cell stack during the test

Described earlier changes of load correspond to small
changes of the hydrogen pressure and oxygen (Fig. 14). Small
hydrogen pressure changes indicate properly adopted control
of hydrogen pressure at the inlet of the stack and the gas pump
in the recirculation circuit. Appearing periodically „peaks” of
hydrogen pressure waveform are results of the purges of the
anode compartment of the stack. The purging is performed
cyclically and it is needed for removal of water from anode

compartment.
The course of the oxygen pressure is closely related to the
course of the oxygen flow rate (Fig. 15), which in turn results
from the generated power on the load. It was assumed for the
technology demonstrator of the fuel cell system that the oxygen
flow rate is proportional to the current drawn by the load. The
proportionality factor was chosen so that the required power
was delivered to the load and the minimum oxygen excess
was at the output of the stack.
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Fig. 14. The course of pressure changes of hydrogen and oxygen during the test
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Fig. 15. The course of the oxygen flow rate changes during the test

input / output temperature [deg C]

In the Fig. 16, the changes of temperature at the input and
output of the stack are presented. It can be seen that during
the increase of the current load, the temperature at the outlet
of the fuel cell stack also increases. This is due to the fact that
in proportion to the power generated by the fuel cell stack, the
losses in the form of heat also increase. Based on the course of
the temperature at the stack input, it can also be seen that the
heat is effectively transferred into the secondary cooling circuit.
Therefore, changes of temperature resulting from the changes
of an electrical load is less at the input than at the output of the
stack. This demonstrates the proper operation of the cooling
system and indicate properly selected heat exchangers and
control of the flow of cooling liquid.
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SUMMARY
As a final effect of the project, hardware technology
demonstrator of emergency power supply system of submarine
using a hydrogen fuel cell was built. The parameters of the
system meet the requirements regarding the backup power
source.
In addition, based on equipment of Laboratory of Electric
Drives in Polish Naval Academy the stand for testing the
demonstrator was designed and built. Based on the stand
many tests were performed that enabled the verification of the
simulation model and verification of the design assumptions.
Developed power supply system based on PEM fuel cell
adapted to work in the conditions without air correctly
responds to changes of a current load and the well stabilizes
voltage supplying electric loads, simulating electrical devices
during the state of emergency situation on board of submarine.
Performed hydrogen supply subsystem with gas recirculation
in a closed-loop enables rapid response of PEM fuel cell stack
on changes the electrical load.
The proposed oxygen supply subsystem open due to the
reduction in the number of its components, is one of the
simplest solutions, and thus potentially the most reliable
solution. Registered flow of oxygen excess (appearing at
the output of the fuel cell stack) do not pose a threat to life
or health of the crew of the submarine. The entire oxygen
supply subsystem properly (without threat of the fuel cell
stack damage or destruction) responds to the changes of the
current load.
The promising result of the project are the hardware facilities
and the research team able to carry out further work related to
PEM fuel cells technology, especially including the production
and storage of hydrogen and optimization of hydrogen cell
technology for marine conditions.
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ON POWER STREAM IN MOTOR OR DRIVE SYSTEM
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ABSTRACT

In a motor or a drive system the quantity of power increases in the direction opposite to the direction of power flow.
Energy losses and energy efficiency of a motor or drive system must be presented as functions of physical quantities
independent of losses. Such quantities are speed and load. But the picture of power stream in a motor or drive system
is presented in the literature in the form of traditional Sankey diagram of power decrease in the direction of power
flow. The paper refers to Matthew H. Sankey’s diagram in his paper „The Thermal Efficiency of Steam Engines” of 1898.
Presented is also a diagram of power increase in the direction opposite to the direction of power flow. The diagram,
replacing the Sankey’s diagram, opens a new prospect for research into power of energy losses and efficiency of motors
and drive systems.

Keywords: motors, drive systems, energy losses, energy efficiency, Sankey diagram, new research field

INTRODUCTION
Energy losses and energy efficiency of a motor or drive
system should be presented as dependent on the physical
quantities independent of the losses. Such independent
quantities are speed and load of the motor shaft required by
the machine or device driven by the motor. The momentary
speed and load decide on the momentary motor useful power
and, in a different way, on the kinds and momentary quantities
of the losses. However, the energy losses and energy efficiency
of motors are determined by researchers and manufacturers as
dependent on physical quantities which depend on the losses.
For instance, the energy efficiency of motors used in hydrostatic
drive are presented as dependent on the flow intensity of motor
feeding liquid and on the decrease of pressure in the motor. A
reason of such situation is the traditional, commonly accepted
and used, but unfortunately erroneous picture of power stream
in the motors and drive systems, presented in the literature
by means of the Sankey diagram of power decrease in the
direction of power flow [2, 3].

DRIVE INVESTIGATIONS CARRIED OUT
BY MATTHEW H. SANKEY
Matthew H. Sankey was an Irish mechanical engineer and
captain in the Corps of Royal Engineers where he did research
into increase of energy efficiency of steam engines. He was
a member of the British Institution of Civil Engineers. His
extensive paper The Thermal Efficiency of Steam Engines where
he presented diagrams of power flow in a drive system, was
published in the „Minutes of Proceedings of the Institution
of Civil Engineers” in 1898. In 1899, Journal of the American
Society of Naval Engineers, under the title The Thermal
Efficiency of Steam Engines, concluded: „One of the most
important engineering papers published in recent years was
the report of the committee appointed by the Institution of
Civil Engineers to consider and report to the council upon the
subject of the definition of a standard or standards of thermal
efficiency for steam engines. We print the main portion below
as given in the Proceedings of the above society” [1].
POLISH MARITIME RESEARCH, No 4/2016

93

Fig. 1. Diagrams of power decrease in steam plant (actual and idealized) investigated by Sankey, presented in [1]

In his paper, Sankey presented two diagrams of power flow
in the investigated, actual and idealized, steam plants. The
diagrams are shown in Fig.1.
Sankey writes about the diagrams:
„The boiler, the engine, the condenser and air pump, the
feed pump and economizer, are indicated by rectangles upon
the diagram. The flow of heat is shown as a stream, the width
of which gives the amount of heat entering and leaving each
part of the plant per unit of time; the losses are shown by the
many waste branches of the stream. Special attention is called
to the one (unfortunately small) branch which represents the
work done upon the pistons of the engine”.
In the case of smaller power losses which occur in the
idealized steam plant, Sankey shows slight increase of useful
power of the engine and also decrease of power consumed by
the engine (in steam pipe) and decrease of power consumed
by the boiler. In effect, the energy efficiency of steam plant is
increased.
From the power flow diagrams in Fig. 1 and from the above
quoted Sankey’s comment, it may be concluded that power
losses are treated as wasted branches of the main stream and
weakening that stream and also that „the work (per unit of
time) done upon the pistons of the engine” results from power
consumed by the system and powers of losses in the system.
The diagram of power stream in a drive system, adopted
by Sankey, is probably an effect of his concentration on the
decrease of the main stream of power in the direction of power
flow due to energy losses in the system , wasted and abstracted
outwards.
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It can be noticed in Sankey diagrams of Fig. 1, that the
quantity of energy losses in a drive system changes depending
on the system quality even when the system useful power
practically does not change.
Therefore it may be assumed that, depending on whether
we deal with an actual or an idealized system, with the same
physical quantities describing the drive system useful power
(e.g. the same motor shaft speed and load), the consumed input
power will change with the power of energy losses.
It may also be assumed that the quantity of input power
consumed by the system will be determined by the required
output useful power and powers of energy losses in the system,
related to its quality.
However, with the Sankey diagram one cannot present
energy losses in a drive system as dependent on physical
quantities deciding on the system output useful power, present
the input consumed power as dependent on the output useful
power or describe mathematically the system power of energy
losses and energy efficiency as dependent on the motor speed
and load in the system.
Maybe, Sankey in his considerations did not feel a need
to describe mathematically the relations of energy losses in a
motor or drive system or the relations of energy efficiency to
the physical quantities deciding on them.
A simplified diagram of power stream in a motor or
drive system, referring to the Sankey diagram, has the form
presented in Fig. 2.
In accordance with Fig. 2 the motor (drive system) useful
(output) power Pu results from a difference of the consumed

Fig. 2. Simplified diagram of decrease of power in motor or drive system in the direction of power flow, referring to Sankey diagram in Fig. 1
Pc - the consumed (input) power expressed in [W], Pu - the useful (output) power [W], ΔP - the power of losses [W].

(input) power Pc and power of losses, 'P:

Sankey diagram does not give such possibility.
(1)

A consequence of (1) is connection between the power of
energy losses, 'P, and the consumed power Pc , and description
of the motor or drive system energy efficiency K in the form:

K

Pu
Pc

Pc  'P
'P
1
Pc
Pc

.

(2)

Formula (2), related to the power decrease diagram in Fig. 2,
describing the energy efficiency η, allows only to determine
the effectiveness of the use of the consumed power Pc in a
motor or drive system.
The Sankey diagram and the resulting formulae (1) and
(2) do not fully describe the physical phenomena occurring
in a drive system.
The energy losses, e.g. mechanical, volumetric, pressure
losses in a motor or drive system, are abstracted outwards
in the form of heat. However the different losses depend
on the physical quantities deciding directly about them.
Simultaneously power of the losses enforces an increase of
power stream at the inlet to the system element where they
occur in order to overcome them. The useful power of a drive
system must result from the power required from the system
by a machine or device driven by it.
The diagram of power stream in a motor or drive system
should show the physical quantities directly or indirectly
deciding on the values of individual losses. Mathematical
descriptions of the losses should allow to formulate descriptions
of the resulting energy efficiencies. The product of individual
efficiencies decides of the energy efficiency of elements and,
in effect, of the drive system overall efficiency. However the

DIAGRAM OF POWER INCREASE
OPPOSITE TO THE DIRECTION OF POWER
FLOW
Evaluation of the energy behaviour of different kinds and
sizes of motor or drive systems requires their energy efficiencies
to be described and compared as dependent on the motor
shaft or piston rod speed coefficient ZM and load coefficient
M M changing in its operation field (0 ≤ ZM < ZM max ,
0 ≤ M M < M M max , respectively). Maximum values of the
speed coefficient ZM max and load coefficient M M max result
from the drive system maximum capacity and the losses, and
they outline the operating field limits. Fig. 3 presents the motor
operating field in a drive system.
The current angular speed ωM (rotational speed nM) required
from a rotational hydraulic motor or the linear speed vM
required from a linear hydraulic motor (hydraulic cylinder),
operating in a hydrostatic drive system, are replaced, in
mathematical models of the energy losses and energy efficiency,
by the motor speed non-dimensional coefficient ZM :
(3)

or
(4)

The rotational motor theoretical angular speed ωMt
(rotational speed nMt) is treated as a constant reference value for
the motor current angular speed ωM (rotational speed nM). The
value ωMt (nMt) results from the quotient of the theoretical pump
capacity QPt and the theoretical motor absorbing capacity qMt
POLISH MARITIME RESEARCH, No 4/2016
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Fig. 3. The range of the motor speed coefficient

ZM

and load coefficient M M (0 ≤ ZM <
drive system [2]

per one shaft revolution.
The linear motor theoretical speed vMt is treated as a constant
reference value for the motor current speed vM. The value vMt
results from the quotient of the theoretical pump capacity QPt
and the motor piston area SM.
The current torque MM required from a rotational motor or
the current force FM required from a linear motor, operating
in a hydrostatic drive system, are replaced by the motor load
non-dimensional coefficient M M :
(5)

or

ZM max ,

0≤

MM

<

M M max , respectively ) in a hydrostatic

or piston rod, on the power ΔP of energy losses in motor or
drive system, and in effect on the increase of power in the
direction opposite to the direction of power flow and on the
consumed power Pc, is presented in Fig. 4.
In a motor or drive system, the quantity of power increases
in order to overcome the power of energy losses, in the direction
opposite to the direction of power flow.
The useful (output) power Pu of motor or drive system
operating in the (0 ≤ ZM < ZM max , 0 ≤ M M < M M max )
field, is independent of the losses power ΔP in the motor or
drive system, and it results from momentary values of the
speed coefficient ZM and load coefficient M M required by
the driven device:

(6)

(7)

The rotational motor theoretical torque M Mt is treated as
a constant reference value for the motor current torque MM.
The value MMt results from the product of the system nominal
pressure pn (in the pump outlet conduit) and the motor
theoretical absorbing capacity qMt per one shaft revolution.
The linear motor theoretical force FMt is treated as a constant
reference value for the motor current force FM. The value FMt
results from the product of system nominal pressure pn and
the motor piston area SM.
A simplified diagram of power stream, showing an impact
of the useful power Pu, i.e. an impact of speed and load of shaft

The losses power ΔP of in the motor or drive system depends
on the system structure and quality of its components and,
in a different way, on momentary values of the motor speed
coefficient ZM and load coefficient M M changing in the
(0 ≤ ZM < ZM max , 0 ≤ M M < M M max ) range , respectively:
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(8)

The consumed (input) power Pc of motor or drive system
results from the sum of the useful power Pu and losses power

Fig. 4. Simplified diagram of the increase of power in motor or drive system opposite to the direction of power flow, replacing the Sankey diagram presented in Fig.1

ΔP of:
(9)

A consequence of (8) and (9) is description of the motor
or drive system energy efficiency η as dependent on ZM and
MM :
(10)

Formula (10) describing the energy efficiency η, in
comparison with formula (2), allows not only to determine
the effectiveness of the use of the power Pc consumed in the
motor or drive system, but also to describe mathematically
the dependence of the momentary value of the useful power
Pu, losses power ΔP and, in effect, the consumed power Pc
and momentary value of the energy efficiency η on the speed
coefficient ZM and load coefficient M M of the motor shaft
or piston rod.
In the hydrostatic drive [4], energy investigations of pump
and hydraulic motor as independent machines consist in
determination of the pressure coefficients k i, volumetric and
mechanical losses. The coefficients k i are used in mathematical
descriptions of the relations of individual losses to the physical
quantities directly deciding on them. The pressure, volumetric,
mechanical and overall energy efficiency characteristics of
the machines in question are determined in parallel with
evaluation of the overall efficiency of a hydrostatic system
where they are used. Knowledge of the values of the coefficients
k i of losses in elements of hydrostatic system allows to obtain,
by using a numerical method, the pump efficiencies : ηPp, ηPv,
ηPm and ηP, hydraulic motor efficiencies : ηMp, ηMv, ηMm and
ηM, conduit efficiency ηC, throttling control assembly (if it
is used) structural efficiency Kst and the hydrostatic drive
system overall efficiency η in function of ZM and M M , in
the hydraulic motor (hydrostatic system) operating field (0 ≤

ZM < ZM max , 0 ≤ M M < M M max ) and at a selected value of
the ratio ν/νn of the hydraulic oil viscosity ν and the reference
viscosity νn. The proposed method is precise by definition
and simple in use. It simplifies the laboratory investigation
of pumps, hydraulic motors and hydrostatic drive systems. It
allows to seek for energy - saving structures of hydrostatic
drive system.

CONCLUSION
From the diagrams of power decrease in a steam plant
investigated by Sankey and from the Sankey’s comment
it may be concluded that power losses are treated as
wasted branches of the main stream and weakening that
stream and also that „work (per unit of time) done upon
the pistons of the engine” results from power consumed
by the system and powers of losses in the system.
The diagram of power stream in the drive system, adopted
by Sankey, was probably an effect of his concentration on the
decrease of main power stream in the direction of power flow,
caused by energy losses in the system, which are wasted and
abstracted outwards.
However, referring to Sankey diagrams for an actual and
idealized steam plant it can be noted that the level of energy
losses in a drive system changes depending on the system
quality even when the system useful power remains practically
unchanged.
Therefore it may be concluded that, depending on whether
we consider an actual or idealized system, the input consumed
power, with the same physical quantities describing the drive
system useful output power (e.g. the same motor shaft speed
and load), will change as dependent upon the power of energy
losses in the system.
Also, it may be concluded that the input power consumed
by system will be decided by output useful power and powers
of energy losses related to the system quality.
However, using the Sankey diagram, one can not present
POLISH MARITIME RESEARCH, No 4/2016
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the drive system energy losses as dependent on the physical
quantities deciding on the system output useful power, present
the relation of the input consumed power to the output useful
power or describe mathematically the powers of energy losses
and system energy efficiency as dependent upon the speed and
load of motor in the system.
Description of the motor or drive system energy efficiency K,
obtained from the Sankey diagram, allows only to determine
the effectiveness of the use of consumed power.
The Sankey diagram does not describe in full the physical
phenomena occurring in a drive system.
In a motor or drive system, the quantity of power increases
in order to overcome the power of energy losses, in the direction
opposite to the direction of power flow.
The useful (output) power of a motor or drive system
working in the operating field (0 ≤ ZM < ZM max , 0 ≤ M M <
M M max ), is independent of the powers of losses in the motor
or drive system and results from the momentary values of the
speed coefficient ZM and load coefficient M M required by
the driven device.
Power of energy losses in a motor or drive system depends
on the system structure and quality of its elements and, in a
different way, on the momentary values of the motor speed
coefficient ZM and load coefficient M M changing in the
(0 ≤ ZM < ZM max , 0 ≤ M M < M M max ) range, respectively.
The proposed formula (10), describing the energy efficiency
η, allows not only to determine the effectiveness of the use
of power consumed in a motor or drive system, but also to
describe mathematically the relations of momentary value of
useful power, power of losses and, in effect, consumed power
and momentary value of energy efficiency to the motor shaft
(or piston rod) speed coefficient ZM and load coefficient M M
changing in the (0 ≤ ZM < ZM max , 0 ≤ M M < M M max )
range, respectively.
The proposed diagram of power increase opposite to the
direction of power flow in a motor or drive system, replacing
the Sankey diagram, opens a new prospect for research into
power of energy losses and efficiency of motors and drive
systems.
Reference [4] presents a proper and complete view of the
energy losses and energy efficiency of a hydrostatic drive
system. It is an example to be followed in other types of
drive. It allows to compare objectively the energy efficiencies
of different drives.
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FERROMAGNETIC FLOW OF VISCOUS FLUID IN A SLOT
BETWEEN FIXED SURFACES OF REVOLUTION
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ABSTRACT

In this paper the steady laminar flow of viscous incompressible ferromagnetic fluid is considered in a slot between
fixed surfaces of revolution having a common axis of symmetry. The boundary layer ferromagnetic equations for
axial symmetry are expressed in terms of the intrinsic curvilinear orthogonal coordinate system x, θ ,y.The method of
perturbation is used to solve the boundary layer equations. As a result, the formulae defining such parameters of the
flow as the velocity components vx, vy, and the pressure , were obtained.

Keywords: laminar flow, incompressible ferromagnetic fluid, method of perturbation

INTRODUCTION

BASIC EQUATIONS

Magnetic fluids are a group of materials with properties
hardly ever encountered in nature [9, 15]. A combination of
fluid and ferromagnetic material makes, without external
magnetic field, magnetic fluids not to show magnetization
and, reversely, the magnetic fluid, when subjected to external
magnetic field, changes its properties [3, 8, 10]. Depending on
the concentration of ferromagnetic particles, the magnetic
fluid behaves like Newton fluid or non-Newton fluid [10].
Nowadays there are many different applications of
magnetic fluids in engineering, e.g., in slide bearings, clutches,
brakes, seals, electrohydraulic servomotors, linear and rotary
mufflers, etc [1, 9, 11, 13].
Modeling of laminar flow of viscous fluids going through
slots between movable and non-movable rotating surfaces
exposed to magnetic field still plays a significant role in
engineering [6, 7, 12, 14, 16]. With that in mind, it is important
for the studies in this field to be performed both in terms of
theory and possible practical applications [2, 4, 5].
The purpose of this study is to analyze the theory of
the impact of magnetic field and the flow inertia on the
ferromagnetic fluid flow in a slot between fixed surfaces of
revolution.

The motion of the ferromagnetic fluid in the slot, as shown
in Fig. 1, is laminar and isothermal.

Fig. 1. Ferromagnetic fluid flow area

The f low takes place in the external , steady and
heterogeneous magnetic field. However, it has been assumed
that the ferromagnetic fluid is electrically non-conductive
and the vectors of magnetic field strength and magnetization,
respectively, are parallel to each other. The surfaces are
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described with the function which denotes the radius of the
median between the fixed surfaces, together with the function
which denotes the distance of each surface from the median,
measured along the normal to the median.
According to the principles of mass momentum
conservation, the equations of motion are [3]:
The continuity equation:
 = ࢂ0

(1)

for
 =   for

ݔ = ݔ 

 =   for

ݔ = ݔ 

for

(11)

where: xi – denotes the inlet coordinate, x0 – the outlet
coordinate.

SOLUTION OF THE EQUATIONS OF
MOTION

The momentum equation:

ߩ(ࢂ = ࢂ)െ + ߤοࢂ + ߤ (ࡹࡴ)

(2)

Introducing the following dimensionless quantities:

where: V, M, H, p, ρ, μ, μ 0 – are: the velocity vector of
fluid flow, the vector magnetization vector of the magnetic
field, pressure, density, dynamic viscosity, and magnetic
permeability of vacuum.
Eqs (1) and (2), to be completed, require some additional
equations describing the magnetic field , i.e. the magnetostatic
equations of:

 ࡴ × 

(3)

 = 0

The equations for motion are assumed to describe the
general case of the flow in the curvilinear coordinates system
[14, 16]. If the asymptotic transformations have been made,
the equations can be reduced to a simpler form:
ଵ డ(ோ௩ೣ )

ߩ ቀݒ௫
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ቁ = െ డ௫ + ߤ

డమ ௩ೣ
డ௬ మ

(6)

+ ߤ ܯ௫

డுೣ
డ௫

(7)

= 0
డ௬

(8)

where: vx, vθ, vy, p, Mx, Hx – respectively: velocity components,
pressure, component of magnetization, component of
magnetic field.
Thus, from equation (8) we have:

)ݔ( = 

(9)

The boundary conditions for velocity components are:

ݒ௫ (ݔ,  = )݄ט0, ݒ௬ (ݔ,  = )݄ט0,
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,
݄

ܴ෨ =

ܴ
,
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ݒ ݄
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We can present the equations of motion (6) (8) in the form:
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The quantities marked with subscript ‚zero’ are average
values within the discussed flow domain; λ – the modified
Reynolds number which satisfied the condition:

ߣ < 1

(16)

From Eq.(13) and (15) one can see that in the motion of
ferromagnetic fluid, if condition (16) is satisfied, is a small
parameter in Eq. (14).
Thus, the solution can be sought to in the form of power
series with respect to λ [16]:


(10)

Moreover, the inlet and outlet pressure under slot
conditions can take the form of:
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 = σ
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Introducing the series (17) into Eq. (13) and (14), after
necessary transformations, the terms referring to the same
power of dimensional form λ, if we restrict ourselves to the
linear approximation and return to the previous one, we
receive the following equations:
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The complete solution of the ferromagnetic fluid flow
problem inside a slot between curvilinear surfaces is made
up of the sum of partial solutions.

FERROMAGNETIC FLUID FLOW BETWEEN
FIXED CONICAL SURFACES
(21)

After introducing the functions used for describing the
flow area geometry (Fig. 2) in Eq. (24) through (29):

The boundary conditions, according to Eq.(10) and (11),
take the form of [16]:
for

ݒ௫ = ݒ௫ଵ = ݒ௬ = ݒ௬ଵ = 0 for ݄ט = ݕ
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and introducing the dimensionless quantities:
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Integrating Eq. (18) and (21) and making the boundary
conditions (22) and (23) to be valid, we have:
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Fig. 2. Conical slot geometry
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we get the following dimensionless formulas representing
the velocity and pressure field in the slot:
ݒҧ௫ = ቀ1 െ
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ܽ(ܽ)ߦ(݈݊ = )ݔ = ܽ(ߦ )ܽ = ܽ(ߦ )

Fig. 5. Effect of the magnetic pressure number RF and longitudinal inertia
forces on the velocity profile ݒҧ௬ଵ , (ߦ = 0,2, ߦ = 0,6, ҧ = 6, ߉ܿ = 0,04) ,
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Fig. 6. Effect of the magnetic pressure number RF and dimensionless parameter
corresponding to the effect of longitudinal inertia forces on the pressure ҧ
(ߦ = 0,2, ߦ = 1, ҧ = 6)

The above given formulas have been illustrated in Fig 3
Fig 6.

FERROMAGNETIC FLUID FLOW BETWEEN
FIXED SPHERICAL SURFACES
The parameters used to describe the flow area geometry
can be written as follows (Fig. 7):
ܴ(ܴ = )ݔ ܴ)߮(݊݅ݏ = ܴ ߮(݊݅ݏ )
ܴ = ܴ ߮(݊݅ݏ )
Fig. 3. Effect of the magnetic pressure number RF and longitudinal inertia
forces on the velocity profile ݒҧ௫ and ݒҧ௫ , (ߦ = 0,2, ߦ = 0,6, ҧ = 5, )

௫

ܴ ƍ = ܿ = ߮)߮(ݏோ 
ೖ

After introducing the functions used for describing the
geometry of the flow area (Fig. 7) in Eq. (24) through (29)
and providing the dimensionless quantities:
௬
ோ(௫)
ߟ =  ܴത =
ܴത ƍ = ܿ)߮(ݏ
ோబ

௩

௩

ݒҧ௫ = ௩బ ೣ ݒҧ௬ = ௩బ
ೣೌೣ

Fig. 4. Effect of the magnetic pressure number RF and longitudinal inertia
forces on the velocity profile ݒҧ௫ଵ , (ߦ = 0,2, ߦ = 0,6, ҧ = 5, ȁܿ = 0,04)
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ݒ௫௫ =

Since diagrams of the ferromagnetic fluid flow velocity
distribution along the slot between the fixed spherical surfaces
show no substantial differences from the ferrofluid flow
velocity distribution in the slot between the fixed conical
surfaces, only the formulas for pressure profiles are illustrated
in the diagram (Fig. 8).

Fig. 7. Spherical slot geometry

we obtain the formulas representing the motion of the
ferromagnetic fluid inside the slot between the fixed spherical
surfaces:
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Fig. 8. Effect of the magnetic pressure number RF and dimensionless parameter
corresponding to the effect of longitudinal inertia forces on the pressure ҧ
(߮ = 10 , ߮ = 90 , ҧ = 6)

DISCUSSION OF THE RESULTS
With the diagram and equations describing the
components of the field of velocity and pressure, it is possible
to formulate the following conclusions:
For longitudinal velocity vx (Fig. 3):
– the main profile of velocity vx is a parabolic profile
identical to traditional Poisseuille flow profile caused by
a steady gradient of pressure (constant pressure difference)
characteristic for the so-called Reynolds approximation;
– the so-called secondary profile symmetric to the slot
symmetry axis formed due to the occurrence of the flow
inertia effects , overlaps the main velocity profile vx (Fig. 4).
For transverse velocity vy (Fig. 5):
– distribution of transverse velocity vy is the result of inertia
effects occurring in the flow,
– an increase in the magnetic field strength expressed with
an increase in the value of magnetic pressure number
R results in decreasing the longitudinal and transverse
velocity components.
For pressure (Fig. 6 and Fig. 8):
– inertia effects (ΛLc, ΛLs>0) cause a minimum pressure
increase along the slot,
– an increase in the magnetic field strength expressed with an
increase in the value of magnetic pressure number, causes
a pressure drop along the slot.
The flow through slots with curvilinear profiles is less
susceptible to inertia effects.
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ABSTRACT

Ship large-power steam boiler may serve as an example of complex critical technical system. A basis for rational control
of operation of such system is knowledge on its capability of fulfilling the tasks to which it was intended. In order to make
it possible to apply computer aiding to operational decision-making the capability should be described analytically.
In this paper it was proposed to express the capability of ship steam boiler ( considered a complex system) to perform
service tasks, by calculating components of its usability potential in a given instant t. To this end , was distinguished
a set of steam boiler fundamental features which formulate space of its technical states. Values and characteristic
intervals of the features were defined and this way sub-spaces of serviceability and non-serviceability states of the object
in question were determined. Next, in the considered space, technical state of the boiler and its usability potential was
determined. Owing to this it become possible to quantitatively express the steam boiler functioning capability which
served as a basis for elaborating an algorithm for controlling the operational processes of a complex technical system
under action. In this paper is also described a way of application of the presented method to calculation of ship steam
boiler usability potential, which may be especially instrumental in the case of operational control of the boilers of the
kind , equipped with interstage reheaters, i.e. those operating with high values of operational parameters.
Keywords: Ship steam boilers, operation management, complex technical systems, usability potential.

INTRODUCTION
There are two fundamental groups of processes which
have place in operational phase of any technical system,
hence also that of ship steam boiler, namely : operational
processes and serviceability-ensuring processes called also
maintenance ones. The main aim of operational use is to
execute the tasks to fulfilling which a given technical system
( boiler) was built. Execution of operational use aims changes
features which describe such system, as a result of action of
forcing factors dependent on and independent of operation of
the system [19]. If values of boiler features reach their limits
then its further operation may cause failures. For this reason
steam boiler is to be subjected to maintenance processes.
During the maintenance processes values of boiler features

are so changed as to make useful operating the boiler further
possible. Changes in any boiler features force changes in
its technical state, which consequently causes change in its
capability of fulfilling operational tasks for which it was fitted
in design and production phases. The capability is defined
in the form of usability potential of steam boiler considered
to be a technical system [14].
In the case of critical technical objects [22] for which
occurrence of a failure is associated with high cost as
well as hazard to health and life of people the problem
of rational operation consists in such operational use of
them as to maximize effects of its operation and prevent
non-serviceability state to occur. Steam boilers (not only
shipboard ones) and other main devices being a part of steam
POLISH MARITIME RESEARCH, No 4/2016
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and machine power plants on sea-going ships, may serve as
such technical objects. Additionally, both steam boilers and
other technical devices operating in sea conditions cannot
be subjected to renewal processes in an arbitrary instant.
The instant must be therefore assigned in advance (service
life strategy) and in such a way as to ensure, by ship main
power subsystems, executing ship’s transport tasks possible
up to the assigned instant. And, the only operational strategy
which makes it possible to satisfy the condition of preventing
against non-serviceability state, is the state-based strategy
[21]. However it does not satisfy requirements dealing with
necessity of in-advance assigning the instant of qualifying a
boiler or other system for renewal. Moreover, for execution
of operational processes in accordance with the state-based
strategy it is necessary to determine a state of the boiler
in question ( considered to be a technical system ) which
constitutes an important issue for all complex technical
systems.
The consideration presented in this paper deals with largepower steam boilers. Boilers of the kind are presently used as
main boilers on large sea-going ships, especially tankers and
passenger ships [8,10,12]. Aspiration for increasing efficiency
of boilers results in increasing their power and degree of
complexity of their structure by introducing additional
heating surfaces in the form of interstage reheaters. Such
boilers operate at large values of steam working parameters
(12MPa, 565°C – UTR-II Kawasaki) [2], that makes them
critical technical objects.
In the case of the considered technical objects it becomes
necessary to make an operational decision answering the
question whether a ship may beginn its voyage or its boiler
should be renewed or replaced. A basis for making such
decision is determination of quantity of usability potential
present in the considered technical object in a given instant.
During literature research it has been found out that
accurate determination of usability potential of complex
technical system meets many difficulties. The first problem
is definition of the notion of usability potential itself. A detail
analysis of the problem is contained in [18]. As results from
the publication, to apply a new approach to the problem
is necessary in order to unambiguously specify notions
in the considered domain. Another research problem is
association of usability potential with technical state of
ship boilers. To accurately determine technical state of a
boiler is not possible without its shutting down. Moreover
even in the case of making diagnosis determination of some
parameters of boiler elements is not possible by means of
non-destructive methods. As an example may serve state of
material of which steam boiler drum is built. It is common
knowledge that it works under brittle fracture conditions
and model of the process has not been fully so far identified
that leads to necessity of performing mechanical tests on
specimens taken from boiler drum. To determine usability
potential of ship steam boiler in an arbitrary instant of its
service it is necessary to know a model of wastage process
not only of its units as it takes into account only additive
features of boiler operational system, but also a model of its
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wastage as a technical system owing to this both additive and
constitutive features of such system are taken into account.
A detail analysis of usefulness of existing analytical and
probabilistic models for representing changes in state of
a complex technical system is given in the literature source
[16]. As results from the publication, in present there is
a lack of mathematical models which could make it possible
to determine usability potential of complex technical
systems such as ship steam boilers. Therefore, in this work
is presented a way for the modelling of state of ship steam
boilers considered to be technical systems as well as their
usability potential, within a determined space of technical
states of the systems. The described way has been next used
to analyze usability potential of a selected large-power boiler
considered to be a complex system.

SPACE OF TECHNICAL STATES OF A
SYSTEM
For an arbitrary feature xi which describes a given system
it is possible to define the variability interval XiZM as a set of
values which this feature may take. The variability interval
is constrained by the minimum value ximin and maximum
value ximax of the feature in question. Within the feature
variability interval, depending on an assumed criterion for
assessing value of the feature, the minimum limit value
xigrmin and maximum limit value xigrmax establishing the
range of permissible values, can be determined. A subset of
permissible values is formed by suboptimum values contained
in the interval between the minimum suboptimum value
xisomin and the maximum suboptimum value xisomax.
Among suboptimum values the optimum value xio can be
distinguished. The above specified values and ranges are
defined to be characteristic values and intervals of a feature.
It has been also defined that the set of cardinal features is
the least numerous set of features considered significant for
a given problem, whose instantaneous values unambiguously
identify system’s state [24]. The system’s state described by
vector of cardinal features is a point in n-dimensional space,
where n stands for power of the set of cardinal features, and
the space is that of system’s features.
If points of system’s feature space are taken as states of
the system then characteristic intervals of features which
describe the system determine, in the system’s feature space,
n-dimensional hyper-fields of system’s states: the field of nonpermissible states SND, field of permissible states SD and field
of suboptimum states SSO, respectively. The fields of system’s
features in the space of features are formulated as a cartesian
product which is a common part of cylindrical extensions
corresponding to relevant intervals of feature values [16].
If the set of cardinal features contains physical features
of the system, for which characteristic values and intervals
have been distinguished with respect to possible execution of
system’s service aims then in the space of system’s features,
are obtained hyper-fields of reliability states of the system.
Such space is called the space of technical states of the system.

For the features which are dimensions of the defined space,
exactly determined, i.e. such that the interval of suboptimum
values coincides with the interval of permissible values, then
one obtains such split of the variability range of features
that in the considered space of system’s features, hyper-fields
of serviceability and non-serviceability states, are formed
(Fig.1) [5].

Fig. 1 – Location of fields of serviceability and non-serviceability states in the
strictly determined space of technical states of an arbitrary system R2

In the strictly determined space of technical states [17]
a system remains in the serviceability state if values of all
cardinal features are contained within their respective
intervals of permissible values (1):
s R x1 , x 2 ,  , x n  S Z  xi  X  i 1,2,  , n : xi  X iD

(1)

where:
sR – real state of the system,
xi – i-th cardinal feature of the system,
SZ – hyper-field of serviceability states,
XiD – interval of permissible values of i-th feature which
describes the system.
The system is in a non-serviceability state if value of at
least one of the cardinal features which form the space of
technical states of the system is contained within the interval
of non-permissible values (2) [10]:
s R x1 , x 2 ,  , x n  S NZ  X k  X : card ( X k ) t 1  xi  X k : xi  X iND

(2)

where:
SNZ – hyper-field of non-serviceability states of the system.
The set of points which form the boundary of hyper-field
of serviceability states is a representation of the system’s limit
states sgr [26].
If for the analyzed object in question, i.e. a ship steam
boiler, the general coordinates used in Fig. 1, are replaced by
steam pressure and temperature at outlet from heat exchanger
(interstage reheater) then at assumed constant steam load,
constant inlet steam parameters as well as constant amount of
heat in exhaust gas, one obtains the space of reliability states of
the considered exchanger. If values of outlet steam parameters
drop below the determined ones (usually, temperature equal
to that of life steam, 5K, and pressure reduced below a half

of that of life steam) then the exchanger will be considered
as being in non-serviceability state [12].
It should be stressed that the conducted considerations
have a detail character for relatively simple systems such as
steam boilers on sea-going ships, nevertheless the presented
method may be implemented also for assessing more complex
technical objects or operational systems.

USABILITY POTENTIAL AND ITS
CHANGES OCCURRING IN OPERATIONAL
PHASE
In the considered space the system’s real state sR is
represented in the form of a point of coordinates equal to
instantaneous values of its cardinal features. Quantity of
usability potential contained in the system is function of its
technical state. Therefore it was assumed that the usability
potential contained in the system is a vector with its origin
placed in the origin of the coordinate frame and the end in
the point which represents the system’s real state sR . Quantity
of the usability potential contained in the system is equivalent
to length of the vector (3) [4]:

Pu(s R )

n

¦ (x

Ri

)2

(3)

i 1

where:

Pu(s R )

– quantity of the usability potential contained
in the system in the state sR .

The vector whose origin is placed in the point belonging
to the boundary of the hyper-field of serviceability states
and the end in the point representing system’s real state, is
interpreted to be the usability potential of quantity possible
to be transformed as a result of operation of the system,
contained in the system in a given instant t. The quantity
was calculated as the vector length (4) [18]:

GPu

0  s R  S NZ
° n
®
2
° ¦ ( x Ri  x BNZDi )  s R  S Z
¯ i1
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where:
GPu – available quantity of usability potential,

xRi – value of i-th feature of real state of the system,
xBNZDi – value of i-th feature of system’s state represented
by a point which belongs to the boundary of the hyper-field
of serviceability states,
SNZ – hyper-field of non-serviceability states,
SZ - hyper-field of serviceability states.
During conducting operational processes technical object
is subjected to action of forcing factors both dependent upon
and independent of functioning the object. The action of
forcing factors onto technical object introduces changes in
values of its cardinal features [15]. As technical state of the
system is represented in the form of a point of coordinates
equal to instantaneous values of cardinal features then the
process of changes in system’s states may be presented in the
form of a trajectory whose every point represents system’s
state in the instant t, t  [t1 , t 2 ] [20]. By determining the
quantity of usability potential contained in the system (3),
for the beginning point of the trajectory, s1 = s(t1), and the
end point of the trajectory, s2 = s(t2), one can calculate the
change in quantity of usability potential, which occurs during
realization of the considered operational process, as the length
of the vector of change in usability potential (5)

'Pu

'Pu : 'Pu

'Pu(s1 )  'Pu(s 2 )

(5)

By assuming the selected limit state sgr as a point with
respect to whom quantity of available usability potential is
determined, one is able to determine the quantity for the
beginning point and end point of the analyzed trajectory.
Difference of the determined vectors for the beginning point
and end point is the vector of change in quantity of available
usability potential of the system, and its length is the change
in the quantity, 'GPu (6):

'GPu

'GPu : 'GPu

GPu(s1 )  GPu(s 2 )

where:

(6)

'GPu – change in quantity of available usability potential.

Fig.2 – The usability potential
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It should be noticed that for the points not belonging to the
hyper-field of non-serviceability states the usability potential
vector is a sum of usability potential vector of the selected
limit state sgr and the available quantity of usability potential
determined with respect to the selected limit state described
by the relation (7) and illustrated in Fig. 2.

s R  S NZ : Pu(s R )

Pu (s gr )  GPu (s R )

(7)

As the sum is constant for a determined real state, hence
by selecting (for the calculations) such limit state for which
quantity of usability potential is the least, the largest quantity
of available usability potential is obtained. Such state is
determined to be the optimum limit state.

ANALYSIS OF CHANGES IN USABILITY
POTENTIAL OF A SELECTED SUBSYSTEM
OF FLOATING UNIT
During conducting the investigations, a large-power steam
boiler system fitted with interstage reheater, used on a selected
floating unit, was analyzed. Such object is a critical technical
object hence one of the most important aims of its service is
not to permit a non-serviceability state to occur, that is in line
with the main aim of ship service [9]. However, because of
complex structure and multi-dimensional relations between
elements of the system in question, to describe numerically
the discussed service aim is really very difficult.
Prevention against occurrence of a non-serviceability
state requires to determine an available quantity of
usability potential contained in a crucial (from the point of
view of operation) element, subsystem or complex system,
in a given instant t. Hence, to make the investigations
complete it is necessary to determine technical state of
the boiler. The technical state results from technical state
of particular boiler subsystems, including boilers, shafts
and steam turbines themselves, but taken as a state of
multi-dimensional complex technical system, it does
not result directly from them. Simultaneously, state of
particular elements is not monitored in a continuous way.

expressed as a sum of the usability potential of limit state
and the vector of available quantity of usability potential
in the space of technical states of an arbitrary system , R2 .

POLISH MARITIME RESEARCH, No 4/2016

State of boiler proper piping or reheaters and heaters as well
as a degree of their scaling is not directly monitored but it
can be only determined by measuring values of outlet steam
parameters. Simultaneously, any measurement of the kind,
e.g. steam pressure at outlet from the boiler, is influenced by
many elements of steam-water circuit of the boiler, which,
in conditions of varying steam load, is very important but
particularly difficult to be verified. Thus, the first issue is to
numerically determine technical state of particular elements
of the boiler. In addition, interrelations between boiler
elements make accurate determining the whole system not
possible even if state of its particular elements is known. Since
it is hard to find cause of a drop in temperature of superheated
steam despite the same amount of combusted fuel. Because it
may be a problem connected with fuel quality, technical state
of burners, state of boiler proper piping, reheater or quality of
combustion process. It seems therefore that the most rational
approach is to consider the boiler to be a power machine and
relate its technical state expressed indirectly by efficiency of
transformation of fuel chemical energy into thermal energy
of outlet steam, to amount of energy consumed in operational
process [1,3,6,7,11,23,25].
Taking the above given conclusion into account, the
way of description of system’s technical state presented in
this work, was applied to solving the problem. The features
simultaneously describe quality of system’s operation [13].
For this reason was performed identification of cardinal
features which form dimensions of the space of technical
states, within the set of deviations enumerated in TKE ?
method of operational quality control of steam boiler system.
The method is commonly used for assessment of operational
quality of devices of power units [15]. In these considerations
the method was applied to analyzing quality of steam boiler
operation.
As a result of the performed analyses were selected the
deviations directly associated with boiler operation quality,
namely:
• q3 – deviation ( dealing with heat consumption per 1 kWh,
determined on the basis of temperature of interstage
superheated steam [kJ/kWh]),
• q4 – deviation ( dealing with heat consumption per
1 kWh, determined on the basis of steam throttling in
the interstage reheater [kJ/kWh]),
• q5 – deviation (dealing with heat consumption per 1 kWh,
determined on the basis of injection of water into interstage
superheated steam [kJ/kWh]) and
• q8 – deviation ( dealing with heat consumption per 1 kWh,
determined on the basis of decreased efficiency of the boiler
[kJ/kWh])
– all are considered to be cardinal features which determine
the space of technical states of the boiler in question.
Moreover, it was assumed that – from the point of view of
technical state of the system – the interval of permissible
values for the distinguished features coincides with that for
suboptimum values, which means that the features are strictly
determined.

On the basis of measurement results obtained from tests of a
steam boiler installed on an existing ship, instantaneous values
of particular selected deviations were calculated and functional
relationships of the particular deviation values in function of
time were next obtained by using multinomial approximation.
For each of the achieved approximation multinomial value of
derivative was calculated within its determination interval.
On this basis it was stated that each of the multinomials is a
constantly increasing function. This proves the assumption
that values of cardinal features of the investigated operational
system, which determine the space of its technical states in
operational process, should vary in a strictly monotonous way.
For each of the multinomials, minimum and maximum value
was also calculated, which, together with the strictly increasing
character of the runs, defines their values at the beginning and
end of the determination interval. On this basis was proved
the assumption that values of the analyzed deviations decrease
in steps as a result of performed serviceability assurance
processes. In means that all the assumed cardinal features
of ship boiler operational system are renewal-dependent in
the serviceability assurance process.
Next, fields of serviceability and non-serviceability states
of boiler system were defined in the space of its features,
which are described by limit values of the system’s features.
In the case of the considered system the space of features is
described by the deviations : q3, q4, q5, q8. For the analysis
are appropriate the values of the deviations corresponding
to boiler operation at a given speed of the ship, as only then
the interstage reheater is under operation. Therefore periods
of boiler operation during port manoeuvres or ship going
under reduced speed should be excluded from the analysis.
During the tests in service, limit values of the deviations
were determined to be maximum ones which occur in the end
of boiler operation periods just before passing it to renewal.
The values are interpreted to be the biggest at which there is
no hazard of occurrence of a non-serviceability state ( 0%).
Simultaneously, minimum values of the deviations recorded
in the beginning of before-repair periods, were taken the
smallest.
Tab. 1 – Characteristic values of the deviations

Deviation

A
q3
q4
q5
q8

Smallest

Biggest

value after

value after

Smallest

Biggest

transposition

transposition

value before

value before

[kJ/kWh] –

[kJ/kWh] –

repair [kJ/

repair

minimum

maximum

kWh]

[kJ/kWh]

limit value of

limit value of

non-permissible

non-permissible

value interval

value interval

D
0
0
0
0

E
60.66
69.08
54.57
144.68

B
-43.78
-27.95
-22.63
-45.76

C
16.88
41.13
31.94
98.92

In order to obtain split of the variability range of features
of the boiler considered to be a system, appropriate for strictly
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determined space of technical states, transposition of the
coordinate frame was performed. This way the hyper-field
of non-serviceability states (Col. D and E, Tab.1) as well as
the coordinates of optimum limit point (Col. E, Tab. 1), were
determined.
On the basis of the determined coordinates of the hyperfields of serviceability and non-serviceability states it is
possible to analyze degree of use of available usability potential
of ship boiler after every completed transport task. In Tab.
2, values of usability potential quantity in the beginning of
transport task and the end of it, as well as values of changes in
the available quantity, are presented for exemplary transport
tasks.
Tab. 2 – Changes in available usability potential – operational processes

No.

1.
2.
3.
4.
5.
6.

Available quantity
of usability potential
in the beginning of
operational period
[kJ/kWh]
767.25
525.46
820.28
467.81
326.16
736.89
Mean value

Available quantity
of usability
potential in the
end of operational
period
[kJ/kWh]
391.71
54.29
468.75
70.89
13.96

Change in
available
usability
potential

325.21

411.68
386.51

[kJ/kWh]
375.54
471.17
351.53
396.92
312.20

Comparing available quantities of usability potential of
the boiler, which remain after completion of every transport
task, and mean value of change in available usability potential,
which results from fulfilment of the tasks by the ship, one is
able to determine whether the remaining quantity of usability
potential is sufficient for undertaking a subsequent transport
task. Basing on the data presented in Tab. 2, one can plan
further carrying out transport tasks in the cases represented
by the data given in Row 1 and 3 of the table.

SUMMARY
Operational management of ship steam boilers representing
complex technical objects, requires, because of degree of their
complicity and multi-dimensional relationships between their
components, to implement an approach based on general
theory of systems. Such approach is especially favourable in
the case of the so critical objects operating in sea conditions
as ship steam boilers which are subjected to special limitations
as to the carrying out of operational processes and ensuring
of their serviceability. In this work is presented a system
method of description of usability potential and its changes
in the space of technical states of an arbitrary system. The
method was applied to analyzing usability potential of a
steam boiler operating on an existing ship and its changes
occurring in operational processes of the considered object
of investigations. Consequently, the space of technical
states of an arbitrary boiler was formulated together with
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its hyper-fields of serviceability and non-serviceability states,
as well as the optimum limit point, quantities of available
usability potential and its changes which occurs during
execution of transport tasks, were also determined. On this
basis, premises were reached for deciding on whether to pass
the object to maintenance operations or to conduct its use
further. The proposed method is a unique approach to the issue
of determination of usability potential of complex technical
objects, which makes it possible to take into account system
relationships in modelling operational processes. Application
of the method to determination of usability potential of
ship large-power steam boilers makes it possible to perform
analysis of operational state of the boiler analytically, owing
to this one can strictly calculate whether a given propulsion
unit will be able to reliably carry out a subsequent operational
task or it should be subjected to maintenance operations. Such
decision-making is an important issue in the case of sea-going
ships where any failures and necessary repairs during voyage
seriously endanger their safety and serviceability as well as
constitute source of possible financial losses.
Further planned research will be aimed at the representing
of relationships of change in available usability potential of
the boiler in function of the conditions in which shipping
tasks are conducted, i.e. sea conditions, ship service speed
and quantity and rate of changes in boiler load.
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ABSTRACT

In order to properly understand the effect of freezing-thawing circle (FTC) to mechanical behavior of costal soft
soil (CSS), unconfined compressive test is conducted. Six kind FTC times are designed from zero to five. The tested
data show that: (1) unconfined compressive strength of CCS decreases nonlinearly with more FTC, and the strength
after five FTC times becomes about 22% of its original strength without any freezing-thawing experience; (2) stressstrain curves of all unconfined compressive samples can be well fitted by three-parameter hyperbolic model; (3) and
relationship between two parameters and FTC times can be fitted by exponent function, while another parameter can
be considered as 0.95. Consequently, one composite hyperbolic- exponent empirical formula is established in order to
describe freezing-thawing-dependent stress-strain behavior of CSS. Finally, good agreements have been found between
tested dada and simulated results.

Keywords: costal soft soil, stress-strain curve model, unconfined compressive behavior, freezing-thawing circle

INTRODUCTION
This paper is aimed at well understanding the freezingthawing-dependent unconfined compressive behavior by
laboratory test and establishing an empirical formula to
simulate unconfined compressive stress-strain curves of CSS.
Unconfined compressive behavior of soil is one basic
subject to geotechnical engineering. Lots of effort has been
devoted to it considering different kind soil. The work team
of Liu1 conducted the assessment of unconfined compressive
strength of cement stabilized marine clay. Effect of suction
on unconfined compressive strength in partly saturated soils
was discussed2 and the unconfined compressive strength of
compacted granular soils by using inference systems was
discussed3,4. In some case, soil foundation or slope may
experience freezing-thawing circle (FTC) process due to
nature season change, day and night temperature difference,
or artificial freezing engineering, which would make big
difference to unconfined compressive strength of soil5,6.
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People should properly understand this difference before
corresponding engineering construction in order to assure
its work function and engineering safety. Research work on
the soil slope stability based on soil strength deterioration
in seasonal frozen areas was made by Ge7. Experiment study
on unconfined compressive strength before and after thaw
of the forth layer silt clay in shanghai was presented by the
work team of Song8. As to saturated silty clay, its hear strength
properties influenced by freeze-thaw was put forward9. Wang10
conducted the testing study of freezing-thawing strength
of unsaturated undisturbed loess considering influence of
moisture content. Freezing-thawing behavior of fine-grained
soils reinforced with polypropylene fibers was presented by
Zaimoglu11. Now, some attention had been paid to the effect of
freezing-thawing cycles on performance of fly ash stabilized
expansive soil12. Although lots of work had been done and
many study paper had been presented, study work on coastal
soft soil (CSS) is not too much.

Laboratory test soil is CSS from Shaoxing Ctiy, China.
It is grey color and with 30% moisture content. In order to
study freezing-thawing-dependent unconfined compressive
behavior, this test consist three main steps.
First step is to prepare initial soil samples. According
to Chinese laboratory test code, twelve column shape soil
samples are made with 81.0 mm height and 39.1 mm diameter,
where six is for designed unconfined compressive test and
other six is for additional remedy and repeated test.
Second step is to carry out different freezing-thawing
circles test. Freezing-thawing box in Shaoxing University
is used to complete this work. For one FTC, its freezing
temperature is designed as -12°C and its thawing temperature
is designed as 15°C; both freezing time and thawing time are
all 24 hours. As to above ten column shape samples, this step
is conducted as following:
(1) Two samples should be taken out previously for
unconfined compressive test without any FTC, and these
samples are denoted as s0.
(2) The rest ten samples are put into the freezing-thawing
box to experience first one 48 hours FTC, then another
two samples should be taken out for designed unconfined
compressive test, and these two samples are denoted as s1.
(3) As this way, samples with FTC from 2 to 5 can be
archived denoted by s2, s3, s4 and s5 until all twelve samples
are all used.
Third step is to choose the laboratory apparatus and
determine its loading procedure. In this test, one unconfined
compressive apparatus with no. DW-1 is used made by Shangyu
Survey and Geotechnical Instrumentation Company. Axial
loading of it is automatically conducted by axial displacement
with 0.1 mm/s. Test of all samples is finished and ended with
the same axial strain reaching 8%.
According to loading procedure designed in above section,
six series stress-strain data for different samples from s0 to s5
are obtained, shown as in Fig. 1, where q and ε denote axial
stress and axial strain, respectively.

From Fig. 1, unconfined compressive stress of all soil
samples with various FTC and axial strain can be obtained,
shown as in Table 1. It is evident that:
Tab. 1: Unconfined compressive stress with different FTC /kPa
FTC

ε=1%

ε=2%

ε=3%

ε=5%

ε=7%

0
1
2

67.5
41.0
30.0

101.2
70.1
52.7

129.8
96.2
72.1

164.5
129.3
99.5

189.7
150.3
121.2

3

15.2

26.9

36.8

53.0

65.0

4
5

10.2
7.1

21.1
13.6

28.3
19.2

41.4
28.7

51.2
37.3

(1) Whatever the FTC might be, the unconfined compressive
stress increase nonlinearly with its increasing axial strain.
For example, it increases from 67.5 kPa when ε=1% to 189.7
kPa when ε=7% with FTC=0.
(2) If axial strain is fixed, unconfined compressive stress
decreases drastically with increasing FTC. For example, it
changes from 164.5 kPa to 28.7 kPa with ε=5%.
In order to describe the FTC effect on unconfined
compressive stress, normalized stress factor K is employed
to express it:

qi
u100%
q0

K

(1)

Wherein, qi denotes the compressive stress with FTC=i and
i=0, 1, … , 5; q0 denotes the compressive stress with FTC=0,
namely it denotes the compressive stress of sample without
any FTC process.
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Fig. 2. Normalized stress factor K of different samples
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Fig. 1. Tested stress-strain data of different samples

Normalized stress factors of all samples and their even
values are list in Fig. 2. From this figure, following conclusions
can be drawn:
(1) If FTC is fixed, normalized stress factor K is not
sensitive to axial strain ε. So, K can denote basic change law
of the unconfined compressive strength of CSS, because it
has nothing to do with axial strain which is selected to decide
unconfined compressive strength.
(2) Normalized stress factor K becomes smaller and smaller
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with increasing FTC. Even values of K with FTC from 0 to 5
are 100%, 72%, 55%, 29%, 22%, 15%, respectively.
(3) Differences between two close even values of K are 28%,
17%, 23%, 7%, 7%. It is to say, the sensitive area of FTC for
unconfined compressive strength is from 0 to 3; after four
FTC times, the change of unconfined compressive strength
of CSS can be neglected to some degree.

1.2
1.1
1.0

k

0.9

k=0.95
0.8

RESULTS AND DISCUSSION

0.7
0.6

It is shown from Fig.1 that, no mater what FTC is, the
stress-strain curve of CSS consistently appear same shape to
two-parameter hyperbolic model13, so it can be empirically
written as:

AH
B H

(2)

After using Eq. 2 to fit or describe investigated stressstrain data, many researchers have found the inferior of twoparameter hyperbolic model14. In order to improve the twoparameter hyperbolic model, we propose following formula
to describe the stress-strain curve:

q

AH k
B Hk

2

3

4

5

6

FTC times (N)

Fig. 3. Relationship between parameter k and FTC

Two exponent functions are used to fit and build empirical
expression for A and B, and the best fitted empirical functions
for them are negative and positive exponent functions,
respectively. The fitted diagram are shown as Fig. 4 and Fig.
5, and the empirical functions can be expressed as:
20

16

(3)

In Eq. 2 and Eq. 3, A, B and k are three undetermined
soil parameters. Because of having three parameters, Eq. 3
is called as three-parameter hyperbolic model in following
discussion. There is no denying the fact that three-parameter
hyperbolic model is superior to two-parameter hyperbolic
model.
After fitting the six stress-strain curves in the Fig.1 using
Eq. 3, corresponding values of A, B and k with various FTC
can be archived and list as in Table 2.

1

B = 3.97e 0.31N
12

B

q

0

8

4

0
0

1
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3
FTC times (N)

4

5

6

Fig. 4. Relationship between parameter A and FTC

Tab. 2: Fitted values of the model parameters with various FTC
0
340.20
4.18
0.85

1
262.02
5.37
1.02

2
223.58
6.41
1.01

3
169.38
10.34
0.96

4
206.35
15.21
0.86

5
135.77
17.70
0.98

Table 2 demonstrates that, with higher FTC times, values
of parameter A decrease monotonically but that of parameter
B exhibits a process of strict increasing. At the same time,
FTC almost makes no difference to the value of parameter
k, shown as in Fig. 3, so we can simply use average value 0.95
as the model parameter:

k

g1 ( N ) 0.95

(4)
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A =131.40+206.85*e -0.42N
A/ kPa

FTC
A/kPa
B
k

200
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4

5

6

FTC times (N)

Fig. 5. Relationship between parameter B and FTC

A

g 2 ( N ) 131.40  206.85e 0.42 N

(5)

g3 ( N ) 3.97e0.31N

(6)

B
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q

g 2 ( N )H g1 ( N )
g3 ( N )  H g1 ( N )

AH k
B Hk

(131.40  206.85e 0.42 N )H 0.95
3.97e0.31N  H 0.95

(7)

Eq. 7 can well describe the relationship among the axial
stress, axial strain and FTC of CSS, and it is a three-parameter
hyperbolic function with axial strain and a power function
with FTC. So Eq. 7 can be considered as an empirical
composite hyperbolic-exponent function formula (CHE
formula).
Put N=0, 1, 2, 3, 4 and 5 into Eq. 7, simulated stress-strain
curve of CCS can be obtained and shown as in Fig. 6.


formula were calculated by equation (8), shown as in Fig. 8.
Fig. 7 indicates that CHE formula can well simulate the
tested stress-strain curves of s1 and s4 samples. Fig. 8 indicates
that relative simulating error of CHE formula is very small,
especially, this error is just about 5% when ε>1%. According to
Fig. 7 and Fig. 8, we can make conclusion that CHE formula
can offer good agreements with the unconfined compressive
stress-strain curves of CSS experienced various FTC times.
15
s1
10

s4

5
RD / (%)

Based on Eq. 3, Eq.4, Eq.5 and Eq. 6, empirical formula
for CCS stress-strain curve considering different FTC times
can be deduced as:
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Fig. 8: Relative simulating error of CHE formula
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Fig. 6. Simulated stress-strain curve of CCS

In order to verify applicable ability of the presented CHP
formula, comparisons between laboratory test and CHE
formula simulating are conducted by taking s1 and s4 as
example, and results are shown as Fig. 7.
200

Although above, following problems should be noted:
(1) Tested samples of this work are relatively small and not
enough to express the general law of soil. In order to archive
it, laboratory test on different kind soils should be conducted.
(2) Conclusions of this work are limited to present tested
data and its mathematical analysis, micro-mechanical study
considering FTC-dependent soil structural behavior should
be further conducted by using scanning electron microscope.
(3) Although the empirical CHE formula can well simulate
the tested stress-strain curves, its simulating error is bigger to
some degree when ε<1%. It would be better for us to establish
more precise formula based on more samples tests.

q / kPa
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Fig. 7: Tested and simulated q-ε curves

To further analyze the accuracy of CHE formula, the
definition of the relative simulating error RD is presented:

RD

qtest  qsimu.
u100%
qtest

(8)

FTC effect on unconfined compressive behavior of CSS
is studied in details, and basic work and conclusions are as
fellows.
(1) Unconfined compressive stress decreases drastically
with increasing FTC.
(2) Whatever the FTC might be, the unconfined
compressive stress increase nonlinearly with its increasing
axial strain. If FTC is fixed, normalized stress factor K is not
sensitive to axial strain.
(3) Based on hyperbolic model, one three-parameter
hyperbolic model and one empirical CHE formula are
presented and proposed to describe the unconfined
compressive q-ε curves with various FTC times. Good
agreements have been found between CHP formula simulating
and tested data.

Wherein: qtest represents the tested data and qsimu. represents
the simulated data. The relative simulating errors of the CHE
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ABSTRACT

This paper presents the methodology of strength verification during load out of the heavy cargo, in this case Arkutun
Dagi SE-Topside platform. General methodology of making calculation models and load algorithms has been presented.
Paper shows results of verification of global shear forces and bending moments using self-developed algorithms to
modify centre of gravity, fill tanks and hydrostatically balance a 3D finite element model with commercial hydrostatic
code. The NAPA and ANSYS codes were used to calculate hydrostatic pressures and to apply to 3D-FE models and to
carry out strength calculation of barge construction.

Keywords: Strength verification, transport of offshore structures, load out analysis, ANSYS automation

NOMENCLATURE
LC
ANSYS
NAPA
DSF
GD
WDP
SE
NE
Fr
LBHd
TBHd
FE
CoG
AD Topside
PS
SB
SWSF
SWBM
SWTORSION

Load case
FE strength analysis software
Stability calculation software
Deck support frame
Genfer Design
Westcon Design Poland
South east
North east
Frame
Longitudinal bulkhead
Transverse bulkhead
Finite element
Centre of gravity
Arkutun Dagi Topside 43800 mT
Portside
Starboard
Still water shear force
Still water bending moment
Still water torsion moment

INTRODUCTION
A large number of transport operations of offshore
heavy structures and increased requirements for strength
calculations during load out and transport, cause an
increased demand for complex strength analyses [3,
12]. The barges used for those operations need strength
analysis for each cargo separately [4, 7, 11]. Methodology
for performing such analyses was successfully introduced
by Genfer Design (currently Westcon Design Poland)
for analysis of load out of heavy structures from quay
to oceangoing barge. The same technique has also been
applied in inland transport. This paper is based on one
of the heaviest offshore cargo load out analysis which has
been carried out by GD/WDP. Subject of this analysis
was a strength verification of the barge under the AD
Topside 43.800 mT during load out in the harbour and
seagoing transport from the harbour to destination
place. The paper focuses only on load out in the harbour.
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Transport of AD Topside has been contracted by Heerema Marine Contractors on offshore barge H-851, one of the biggest
offshore barges in the world [2, 9]. Main dimensions of the barge have been shown in table 1.1.
Tab. 1.1. Principal dimensions of H-851 barge
Length (moulded)

= 260.0 m

Breadth (moulded)

= 63.0 m (42.0 m narrow forward part)

Depth (moulded)

= 15.0 m

Maximum Summer Load Draft

= 10.674 m

The general view of 3D-FE model with cargo (DSF and Topside of offshore platform) has been shown on figure 1.1.

Fig. 1.1. 3D-FE model of H-851 barge, DSF with AD Topside, general view

Presented load out operation consisted of the transportation of the main cargo – AG Topside with deck supporting
frame (DSF) on skid beam (steel part of the barge on deck used for cargo skidding) from quay onto barge. The
load out operation has been shown on figure 1.2.
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Fig. 1.2. Barge H-851 and DSF with AD Topside on skid beam during load-out operation

For the purpose of load out operation analysis, nine load cases were defined by position of Row C of DSF&AD Topside
on barge (see table 1.2 and figure 1.3.):
Tab. 1.2. Load cases defined by the position of DSF Row C with respect to the barge
Load Case

Position Row C

Remarks

Frame

X [m]*)

LC0 fr5-NE_plus25
and
LC0 fr5-NE_min25

5

11.5

LC1 fr16-NE

16.5

40

LC2 fr19-NE

19

46.25

NE topside & DSF fully on barge – Row C on fr.19, i.e. on TBHd

LC3 fr29-NE

29

71.25

NE topside & DSF fully on barge – Row C on fr.29, i.e. on TBHd

LC4 fr39-NE

39

96.25

NE topside & DSF fully on barge – Row C on fr.39, i.e. on TBHd

LC5 fr44-NE

44

108.75

NE topside & DSF fully on barge – Row C on fr.44, i.e. between TBHds

LC6 fr54-NE

54

133.75

NE topside & DSF fully on barge – Row C on fr.54, i.e. between TBHds

LC7 fr71-SE

71.5

177.5

SE topside & DSF in transport position (harbour)

LC8 fr71-SE

71.5

177.5

SE topside & DSF in transport position (before sea voyage on calm water) – another draft
and ballast distribution than in LC7

Assumed 2/3 of DSF and topsides weight supported by barge (two LCs with +/-25mm
differences between level of barge and quay). NE Topside
NE topside & DSF fully on barge – most aft
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LC. 0

LC. 4

LC. 1

LC. 5

LC. 2

LC. 6

LC. 3

LC. 7 & LC. 8
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CALCULATION METHODOLOGY
GENERAL ALGORITHM OF ANALYSIS
During load out operation the AD Topside with DSF was
transported on skid beam by continuously pulling hydraulic
cylinders. In analysis quasi-static move along step-by-step
has been assumed, therefore as many 3D-FE models as load
cases were required (each model for each analysed topside
position). Topside FE model [8] has been delivered by the
client (where beam and shell elements have been used) in
transport position (LC7). Due to design modification during
project, the model had different mass and centre of gravity
than expected (and many constrain equation). 3D-FE model
of barge has been made by GD/WDP. Because of idealization
of the structure and neglected barge equipment this model
also had different mass and centre of gravity than required.
The second part of the calculation (transport load cases)
requires accurate mass and CoG position because of acting
accelerations (directional and angular). DSF is lying on skid
beam with layer of wood is mounted in-between (for reduction
of local pressure due to barge stiffness distribution). There
is no fixed connection between DSF and barge, therefore
frictional contact connections between the wood and DSF
as well as the wood and skid beam have to be defined in each
position of Topside (see figures 2.1.1 and 2.1.2).

Due to required modification of existing structure,
(after checking results of strength analysis) the process
of complete calculation had to be repeated. For reducing
the overall design time, calculation process had to be
automated. General algorithm of analysis has been
shown on figure 2.1.3.

Fig. 2.1.3. General algorithm of analysis

Fig. 2.1.1. Connection of quay with DSF by contact on skid beam

Fig. 2.1.2. Connection of barge with DSF by contact on skid beam

Because of geometric complexity of barge structure and
detailed modelling, barge has been divided into twelve
parts. Geometry of each part has been modelled and meshed
separately. In the next step the complete 3D-FE model of
barge has been assembled from all the parts (without
geometry, i.e. only finite elements). This approach is faster
than operation on the complete model because it allows to
use only partial geometry for modification. The other reason
to use this approach is a fact, that ANSYS APDL (version 13)
has problems with large, complex geometries (but problems
not occur with FE models) [1].
The next difficulty was to achieve a required mass and CoG
of barge, Topside and DSF. There are few known methods
of solving such a problem. The easiest way is to change the
density of material. This approach allows to achieve required
mass easily, but introduces difficulties with achieving correct
CoG in X, Y and Z direction.
To obtain required mass and CoG of 3D-FE model of the
barge the other method has been used. The solution was to
POLISH MARITIME RESEARCH, No 4/2016
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add the mass elements (Mass21 in ANSYS) on each node of
FE web frame. Total required mass of those mass elements
was computed as a difference between the mass required
and the mass calculated from 3D-FE model (for each web
frame separately). Using this method allows to achieve correct
longitudinal mass distribution and to obtain shear forces
and bending moments comparable with the results from
hydrostatic software.
Next phase of making the barge model consists of adding
concentrated masses on deck (as containers, outfit equipment,
etc.). It has been done using mass elements in CoG of each
concentrated mass and contact elements for connection of
with relevant deck area.
In the same time the 3D-FE model of Topside with DSF
has been modified, i.e. it’s mass and CoG has been checked
and corrected. The layer of wood below DSF has been added
into 3D-FE model and it has been moved to required position
(defined by analysed load case).
By connecting models of barge and Topside with DSF the
complete 3D-FE model has been built. The next phase was
to prepare applied loads such as tanks filling hydrostatic
pressure, buoyancy hydrostatic pressure and residual loads
for final balance. Each block of general algorithm (mass and
CoG modification, filling tanks, and balance of model) has
been described in more detailed manner in subsections below.

Currently this procedure is semiautomatic, which means
that modification of transverse and vertical CoG position
requires an iterative process of changing the coefficients.
The current version of the algorithm requires the expert to
modify the coefficients, which is planned to be automated
in the future.

ALGORITHM OF MODIFICATION OF MASS AND
CENTER OF GRAVITY

There are a few ways to add tank loads to 3D-FE model.
The easiest way is to add mass element in CoG of liquid
in each tank and connect this element’s mass by contact
with boundary walls of tank. This approach does not give
correct distribution of pressure on tank’s walls. It is better
to use internal liquid tank pressure instead of equivalent
mass element. In this way we can take into consideration the
trim, heel and dynamic accelerations (sea-going cases are not
described in this paper) without local peak stresses caused by
numerical inaccuracy. Internal liquid pressures of filled tanks
have been found using following algorithm (see figure 2.3.2).

Algorithm used to modify mass and CoG for barge has
been shown on figure 2.2.1 Algorithm of modification
of the mass and CoG of AG Topside with DSF uses very
similar procedure and has not been shown separately.

Fig. 2.2.1. Algorithm of weight and centre of gravity modification
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ALGORITHM OF FILLING AND CHECKING MASS
OF TANKS
Tanks’ contents have been defined by client for each load
case to achieve equilibrium position of barge (no heel and
trim position). Because CoG of Topside is not in the centreline
of barge, filling of tanks is not symmetrical. The example of
tanks’ filling for one load case has been presented on figure
2.3.1.

Fig. 2.3.1. Example of ballast tanks used in load cases LC0 fr05-NE

Fig. 2.3.2. Algorithm of filling of tanks

Internal liquid tank pressure application procedure adopted
in 3D-FE model is based on ABS Guide for ‘SAFEHULLDynamic Loading Approach’ for Vessels [5].
Static and dynamic pressures exerted on completely
filled and/or partially filled tanks are considered in analysis
assuming that there is no relative motion between the tank
and the contained liquid. No sloshing effects are considered,
i.e. not included in the procedure.
The loads are calculated by applying a hydrostatic pressure
distribution in the accelerated reference frame fixed with
respect to the tank. The tanks are modelled by assigning
the pressure load to those surfaces which are the walls of
the tanks.
The filling of the tanks is controlled by assigning pressure
load only to the wet part of the tank walls (see figure 2.3.3).
Internal pressure head in direction of resultant acceleration
vector is found iteratively in order to achieve user specified
filled volume of tank with assumed accuracy.

Fig. 2.3.3. Internal liquid tank pressure distribution

Procedure described above allows to find level, position
(heel and trim) and pressure distribution taking into account
relative acceleration vector.
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ALGORITHM OF BALANCING THE COMPLETE 3D-FE
MODEL
Last step of preparing of loads for particular load cases
is to add buoyancy pressure on shell of barge. This pressure
can be taken as hydrostatic pressure for waterline calculated
in hydrostatic software, but it introduces significant reaction
forces in places where boundary condition are added. It is
because of numerical differences in definition of barge shell
in NAPA [9] and finite element model in ANSYS [1]. Those
high reactions forces cause peaks of stresses and inaccurate
distribution of shear forces and non-zero bending moments
on ends of barge. To avoid the difficulties with significant
reaction forces described above it is important to make very
accurate hydrostatic balance.
General algorithm of model balancing has been shown on
figure 2.4.1. Separate model of shell has been extracted from
complete 3D-FE model (i.e. barge, AD Topside and DSF) and
has been used to calculate balance hydrostatic pressure due
to smaller model size and faster calculation time.

the balance of buoyancy and lightweight distributions is met.
This approach gives very low unbalanced reactions forces
which can be neglected from strength analysis point of view
(below 0.1% of displacement).

RESULTS
COMPARISON OF SHEAR FORCES AND BENDING
MOMENTS OBTAINED FROM ANSYS AND NAPA
On the basis of ballast and weight distribution (the AD
Topside positions have been shown in chapter 1) for harbour
LCs the static equilibrium of barge has been computed in
NAPA and compared with ANSYS results. Distributions of
bending moments in all harbour load cases obtained from
ANSYS have been shown on figure 3.1.1.
SWBM Distribution ANSYS
Load out LC0 - LC7 & Transportation cases
7000000
6000000
5000000
4000000
3000000
2000000
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1000000
0
-1000000

0
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-2000000
-3000000
-4000000
-5000000
-6000000
-7000000
-8000000
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LC0 (Frame 5)
LC1 (Frame 16.5)
LC2 (Frame 19)
LC3 (Frame 29)
LC4 (Frame 39)
LC5 (Frame 44)
LC6 (Frame 54)
LC7 (Frame 71.5)
Transportation

Fig. 3.1.1. Bending moments distribution in all harbour load cases

Fig. 2.4.1. Algorithm of balance of 3D-FE model

In the first step complete model has been calculated
with all loads except buoyancy hydrostatic pressure. Loads
and additional masses taken into consideration in those
calculations are as follows:
a. structural weight of hull and skid beam,
b. DSF & Topside,
c. infill-piece,
d. mooring equipment and other deck masses,
e. fenders,
f. liquids in tanks,
g. gravity loads (in sea-going load cases also dynamic
accelerations).
Reactions forces obtained from those calculations act
as inputs to calculations with separate model of hull. The
purpose of the above algorithm is to find correct waterline
(balanced hydrostatic pressure).
In the case of ANSYS 3D-FE model, static trim is computed
by iteratively adjusting the variables: draught, trim angle and
heel angle until hydrostatic equilibrium is achieved, i.e. until
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Analysis algorithm has been verified by checking the shear
forces, bending moments and torsion moments acquired from
NAPA and from ANSYS. Results of comparison for selected
load cases (LC0, LC4 and LC8) have been shown on figures
3.1.2 to 3.1.10.
Values from ANSYS were captured only from structure of
barge and skid beam (i.e. only from elements that are taken
into consideration in longitudinal strength) but effect of DSF
with AD Topside is included in the results. Because of this,
maximum values of bending moments are equal or lower
from those computed in NAPA. DSF is about 85m long and
its stiffness has influence on whole structure (BARGE+DSF).
The next important thing is a construction of DSF. There
are a few columns on each side of DSF. In hydrostatic software,
weight of DSF with Topside is taken into account as triangle
distributed load (to achieve required mass and centre of
gravity). In ANSYS distribution of weight is resultant of
DSF stiffness and barge condition (hogging or sagging) and
stiffness. This situation is observed on figures 3.1.2 to 3.1.10. In
place of DSF shear forces obtained from ANSYS are different
from those obtained from NAPA. Outside of DSF the values
and distributed curves are very close from both programs.
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SWSF Distribution
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Fig. 3.1.2. LC0 – Comparison of shear forces obtained from ANSYS
and NAPA
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Fig. 3.1.6. LC4 – Comparison of bending moments obtained from ANSYS and
NAPA
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Fig. 3.1.7. LC4 – Comparison of torsion moments obtained from ANSYS and
NAPA
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Fig. 3.1.3. LC0 – Comparison of bending moments obtained from ANSYS and
NAPA
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Fig. 3.1.4. LC0 – Comparison of torsional moments obtained from ANSYS and
NAPA
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Fig. 3.1.8. LC8 – Comparison of shear forces obtained from ANSYS and NAPA
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Fig. 3.1.9. LC8 – Comparison of bending moments obtained from ANSYS and
NAPA

Fig. 3.1.5. LC4 – Comparison of shear forces obtained from ANSYS
and NAPA
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Fig. 3.1.10. LC8 – Comparison of torsion moments obtained from ANSYS and
NAPA

separation of the skid beam and DSF skid and interaction of
transverse forces between barge and DSF by friction.
Reaction forces on skid beam have been also shown for
LC4 and LC8. The maximum values of reaction forces,
observed in this LCs, are lower than in LC0. The most uniform
distribution of reaction forces is observed in LC8.
No symmetrical distribution of reaction forces and
moments on skid beam gives bending and torsion of barge
structure. Deflection in one of load cases (LC8) has been
shown on figure 3.2.6. Deflections have occurred on top deck
lines of longitudinal bulkheads (Y=0m, Y=10.5m, Y=18.75m
and Y=21m, both sides PS and SB).
Forces on SkidBeam top plate - LC0 min25
600

500

400
Z Force [t]

Complex strength analysis of load out of AD Topside
against Llloyd`s Register rules [10] has been performed.
Complete stresses distribution images have been captured,
but not presented in this paper. Only selected results have
been shown. Because of wood installed below DSF it was
important to know forces acting on skid beam. During load
out from quay to barge in part of time DSF is partially on
quay and barge (see figure 3.2.1).

PS
SB

SELECTED RESULTS OF ANALYSIS
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Fig. 3.2.2. LC0 (minus 25mm) – Reaction forces on PS/SB skid beams (top of
skid beam on barge below top of skid beam on quay), peak of force on end of
quay observed

Forces on SkidBeam top plate - LC0 plus25
500
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Z Force [t]

400

300

200

100

Fig. 3.2.1. LC0 – DSF partially on quay and barge
(vertical position of barge can be controlled in range of +/- 25 mm)

0
0.00

Vertical position of barge can be controlled in range +/25mm. This means that the edge end of the quay will have a
peak of pressure when the top of skid beam of barge is 25 mm
below the skid beam of quay. On the other hand if the top of
skid beam of barge is above the top of skid beam of the quay,
it will cause a peak of pressure on barge structure. Because a
stiffness of the quay is significantly higher than stiffness of
barge structure the peak of Z-forces on the quay (see figures
3.2.2 and 3.2.3) is higher than peak of Z-forces on barge (see
figures 3.2.4 and 3.2.5) . The next thing that can be observed
is the gap (no contact) between skid beam and DSF. The gap
occurs on barge or quay due to barge position (+/- 25mm).
Those figures have shown that contact elements allow for
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Fig. 3.2.3. LC0 (plus 25mm) – Reaction forces on PS/SB skid beams (top of
skid beam on barge above top of skid beam on quay)
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Fig. 3.2.4. LC4 – Reaction forces on PS/SB skid beams

Forces on SkidBeam top plate - LC8 - harbor before transport
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obtained from NAPA. Due to a different definition of
vertical loads used in codes of ANSYS and NAPA small
differences in results has been observed. Hydrostatic
software such as NAPA does not take into account
influence of stiffness of deck load (AD topside with DSF).
The use of 3D-FE model allowed to include that stiffness
and therefore reduce stresses during load out of barge.
More accurate results lead to reduction of a range of
modification of skid beam and decrease the operation
costs. Because time required to obtain accurate balance
with self-developed algorithm in ANSYS is much longer
than using NAPA, barge ballast procedure and balance
were always prepared in NAPA. Only final hydrostatic
balance was prepared in ANSYS.
Neither NAPA nor ANSYS currently takes into
account changes of hydrostatics due to barge deflection.
Implementation of this phenomenon in own algorithms
is currently under consideration. Deflected waterline
has a positive effect on hull deflection and stress level.
This effect can reduce deflections and calculated stresses
during similar harbour operations.
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ABSTRACT

The study presents two approaches to plotting an S-N curve based on the experimental results. The first approach is
commonly used by researchers and presented in detail in many studies and standard documents. The model uses a
linear regression whose parameters are estimated by using the least squares method. A staircase method is used for an
unlimited fatigue life criterion. The second model combines the S-N curve defined as a straight line and the record of
random occurrence of the fatigue limit. A maximum likelihood method is used to estimate the S-N curve parameters.
Fatigue data for C45+C steel obtained in the torsional bending test were used to compare the estimated S-N curves.
For pseudo-random numbers generated by using the Mersenne Twister algorithm, the estimated S-N curve for 10
experimental results plotted by using the second model, estimates the fatigue life in the scatter band of the factor 3.
The result gives good approximation, especially regarding the time required to plot the S-N curve.

Keywords: high-cycles fatigue, S-N curve, fatigue tests, number of specimens

INTRODUCTION
To determine a fatigue life or fatigue limit of structural
components, the inter-dependencies resulting from the
material data of one of the S-N curves, are used. The S-N
curves are used in calculations for both limited and unlimited
fatigue life regimes.
For the limited fatigue life regime, it is most often represented
by the coefficient m defined by the following equation:
log(N)=m log(S)+c

(1)

where N is the number of load cycles, S is a stress amplitude,
and c is an absolute constant term in the expression. The
recommendations on selecting value of the coefficient m

are available in the literature. A critical analysis of the
recommended values is shown in Tab.1, based on a set of values
of the coefficient m taken from the literature (based on 91
material data sets for steel). Fig. 1 shows the histogram for the
available material data. The average recommended values are
considered accurate although significant deviations can be
observed in some cases. The deviations are related to a large
scatter of the coefficient m. Based on the estimated gamma
distribution (shown in Fig. 1) a (9.51÷15.26) scatter can be
observed for 50% probability. For 95% probability, the scatter
is greater and amounts to 5.61÷22.51, which can pose serious
problems with accurate determination of a correct value.
A complete S-N curve can be plotted by using an analytical
method. Selected methods [1,2,3,4,5] were verified by the
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authors of this study. Fig. 2 shows the histogram of error
distribution of fatigue life estimation for both methods. Sign
“+” indicates that the estimated values are on the safe side. Sign
“-” indicates the opposite. In case the curve shifts from safe
to unsafe side, “+/-” sign is assigned. The opposite is marked
with “/+” sign. Based on the results of Fig. 2 the practical
implementation of the analytical methods does not only affect
modelling accuracy but also the quality of determining the
position of the estimated fatigue life in relation to the actual
fatigue life. The methods may result in over-estimation or
under-estimation of the fatigue life, which is very difficult to
anticipate a priori.

Although there is an average characteristic error for the
method , see Fig. 3 , the scatter of error still remains significant,
and to determine the correction factor (as a safety factor) to
reduce the estimation inaccuracy, is still difficult.

Tab. 1 Guidelines for selection of recommended number of specimens

Value of the coefficient m

Probability of getting m -value

5÷20 acc. [1]

92,6%

6÷20 acc. [2]

90,4%

8÷12 acc. [3]
5,61÷22,51
9,51÷15,26

Fig. 3. Distribution of the coefficient m for smooth specimen of constructional
steel under normal stress

35,3%
95% (estimated from histogram of
Fig. 1)
50% (estimated from the histogram
of Fig. 1)

The study [8] discusses that along with the strictly
experimental methods (considered accurate) and the analytical
methods (burdened with uncertainty as shown below) a hybrid
solution is available by combining the available knowledge
on analytical and experimental methods. Similar approach
is discussed in study [9]. Fig. 4 shows an example of how in
the fatigue tests the amount of work spent for experimental
support of the analytical method , affects the error of fatigue
life estimation. The points marked with numbers in Fig. 4
correspond to the following values: 1 – analytical method
error where material values are determined by using tensile
test, 2 – analytical/experimental method error determined by
using tensile test and fatigue test for three specimens at 105 load
cycles, 3 – analytical/experimental method error determined
by using tensile test and the fatigue limit Zgo by using Locati
method, 4 – scatter of results obtained by using the method
described in [10] at 95% confidence level.

Fig. 1. Distribution of the coefficient m for smooth specimen of constructional
steel under normal stress

Fig. 4. Diagram of value of fatigue life estimating error according to time of
carrying out the test [7] – a proposal of idea

Fig. 2. Distribution of the coefficient m for smooth specimen of constructional
steel under normal stress
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Results for experimental verification of the approach were
obtained at the torsional bending test stand shown in Fig. 5

(described and verified in [11]). Based on the graph shown
in Fig. 5 the hybrid approach is preferred to determine
the fatigue life of a notched specimen considered to be
a model of a structural component.

it does not specify a recommended number of specimens.
Another study [14] recommends to determine the S-N curve
for at least 28 specimens. For preliminary tests, it recommends
to carry out 7 tests, but it does not specify a required number
of load levels. It only includes a reference to [12] where the
relation to replication percentage is defined:
(5)

where Sl is the number of load levels and na is a total number
of specimens.
The standard recommends to achieve the replication
percentage as shown in Tab. 2.
Tab.2 Guidelines for recommended percent replication for various tests [12]

Type of tests
Fig. 5. The analytical method error versus the number of experimental
values [8] – verification of idea

Only experimental tests yield results with an anticipated
probability of the correct value estimation. Costly (due to the
required time) fatigue tests can be significantly reduced with
the new concepts.
The purpose of the study is to determine the fatigue life
and fatigue limit modelling process for limited and unlimited
fatigue life regime by experimental plotting the S-N curve with
a small number of specimens.

S-N CURVE ESTIMATION METHODS
Fig. 6 shows an estimation diagram for S-N curve based on
the experimental data. The most common method to describe
the relationship between the fatigue life and the load amplitude
for a limited fatigue life regime is a linear regression, as given by
Eq. (1). The equation parameters are commonly determined by
using the least squares method described in detail in [12]. The
equations to estimate the parameters of Eq.(1) are as follows:
(2)

(3)

where Y is log(N), X is log(S), and k is the sample size. ܿƸ stands
for an estimated parameter, and stands for an average value.
Standard deviation is calculated by means of the following
formula,[12]:

Percent replication

Preliminary and exploratory (research and
development tests)

17 to 33

Research and development testing of
components and specimens

33 to 50

Design allowable data

50 to 75

Reliability data

75 to 88

When determining fatigue limit for unlimited fatigue
life regime, a staircase method is often used based on Dixon
and Mood concept discussed in [3,5]. The method requires a
minimum of 15 specimens. The staircase method consists in
tests at constant load, constant load frequency and uniform
temperature. The number of load cycles is measured until
failure or until a specified number of cycles NG (e.g. 5·106)
is reached. A limit number of cycles is selected based on
the type of used material. For the initial specimen stress
amplitude is selected below the anticipated fatigue limit. For
the subsequent specimen the load is reduced following the
failure of the initial specimen. Otherwise (without specimen
failure, or when the specimen reaches the limit number of
cycles) the load is increased. The difference between the load
levels are determined lower than or equal to 0,05·ZG. Example
test procedure using the staircase method is shown in Fig. 6 in the bottom left corner.
Fatigue limit is calculated by means of the following formula
[3,5]:
(6)

(4)

Standard requirements define various numbers of
specimens. 15 specimens at 5 load levels are recommended
as a minimum, by [10]. Study [13] recommends to initially
determine the S-N curve for 5 specimens, one for each load level
and further tests to increase the S-N curve accuracy, although

where: S0 is an initial stress amplitude,
Si- the stress amplitude between subsequent load levels,
F - a total value of less frequent events,
A is defined as:
(7)
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where i is the ordinal number of the load level, for S0 it is 0, and
f is the number of less frequent events at the i-th level, and n
is the total number of load levels. Sign “+” in Eq. (7) indicates
that the more frequent event is specimen failure, whereas “-”
indicates that the failure is a less frequent event. Standard
deviation is calculated as:
(8)

where:
(9)

(13)

where σs is standard deviation.
It can be assumed that the failure can occur as a result of a
stress higher that the limit value Z or after the fatigue life higher
than or equal to that defined by Eq. (10), is reached. Since the
values are random it can be assumed that the probability of
failure will be equal to the probability of value satisfying Eq.
(11) and (13). With this assumption, the probability of failure
for limited and unlimited fatigue life regime can be expressed
as follows, [16]:

(14)

where Φ is the normal distribution function and q is the
probability of specimen failure.
The maximum likelihood method is used to determine
the parameters in Eq. (14). The method can be applied to
the specimens that reached the limit number of cycles. The
likelihood function is expressed as follows, [15]:

(15)

Fig. 6. Scheme of estimated fatigue curve in high cycle range and fatigue limit

Plotting the S-N curve by using linear regression and
staircase method is referred to as the classic approach and
the first model ( Model I)
Based on the assumptions presented in [15], an alternative
approach is referred to as the second model ( Model II) ,
presented below. The advantage of the second model is the
ability to plot the complete S-N curve with a smaller number
of specimens. The basis for the procedure is as follows:
Eq. (1) is expressed as:
(10)

where εn is a random component of fatigue life with normal
distribution. The density function can be expressed as:
(11)

where σn is standard deviation.
The fatigue limit can be expressed as:
(12)

where εs is a random component of fatigue limit with normal
distribution. The density function can be expressed in this
case as follows:
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where
(16)

The maximum likelihood function is expressed as:

(17)

where ) is the normal distribution density function.

VERIFICATION OF THE METHOD
Data from the fatigue tests of S45+C steel were used to
verify both models. The fatigue test was carried out on the
test stand as presented in [11]. Tab. 3. shows values of static
properties of the tested material. The specimens were prepared
from the drawn bar in as - delivered state. Fig. 7 shows the
specimen geometry.
Tab. 3 Properties of C45+C material used for calculation [11]

Ultimate strength Su [MPa]

826

Yield stress Sy [MPa]

647

Hardness HB

232

Fig. 8 shows experimental test results for C45+C steel with
S-N curves plotted by using Model I and Model II. The tests
were performed on 31 specimens in limited fatigue life regime
and 19 specimens in unlimited fatigue life regime (7 specimens
failed and 12 specimens reached the limit number of cycles
NG). All S-N curves were plotted at 50% probability of failure.
All calculations were performed by using R software ,version
3.1.3 , [17].

is shifted to the left resulting in the under-estimation of the
fatigue life, the situation can be considered safe. Standard
deviations for limited and unlimited fatigue life regimes are
higher for the Model II equation (0.67 to 0.28 and 20 to 11.4,
respectively) due to the higher scatter of specimen fatigue life
near the fatigue limit.

Fig. 7. Specimen used for tests

Fig. 9. Fatigue data from staircase method

SMALL NUMBER OF SPECIMENS TO PLOT
THE S-N CURVE

Fig. 8. Fatigue data of C45+C steel and fitted fatigue characteristics by using
model I and model II

The equations for Model I are shown below.
(18)

(19)

The equation according to Model II is presented by means
of the formula (20).

A predefined number of specimens was used in Model I,
[9,12,13]. No explicit number of tests was specified for Model
II. How far can the number of specimens be reduced in Model
II allowing for the number of specimens used in the tests based
on Model I?
An existing set of 50 test results was used to verify Model
II for a small number of specimens by random generating
smaller subsets with the use of the following method. Ten (10)
random specimens were generated. Five (5) specimens were
generated for the tests using the staircase method (shown in
Fig. 9) and 5 for a limited fatigue life (stress amplitude from 341
MPa to 628 MPa). The test results were divided into 5 groups
by stress amplitude before generating random specimens for
a limited fatigue life. One specimen was randomly selected for
each range. The selected specimens are shown in Fig. 10, 11,
12, 13, 14 and 15. A rectangular distribution with the density
function defined by Eq. [17] was used to generate the pseudorandom numbers:
(21)

(20)

Fig. 9 shows the results obtained by using the staircase
method.
The coefficients obtained by using Model I and Model II
vary to each other. The differences can be observed in the
S-N curves shown in Fig. 8. Since the S-N curve for Model II

Pseudo-randomness has been achieved by using the
Mersenne Twister algorithm.
Fig. 16 shows gamma distribution of the coefficient m,
previously shown in Fig. 1, as well as the modal value of the
distribution and the value obtained by using Model I. A range
of the obtained value for Model II for the randomly generated
specimens is also included. The values of the coefficient m
estimated by using the maximum likelihood method were
lower than 7.8 (i.e. the value estimated by using Model I), where
POLISH MARITIME RESEARCH, No 4/2016
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Stress amplitude

Stress amplitude

the generated test results were within the unlimited fatigue
life range at the number of cycles below 106. It caused the
S-N curve to shift to the left. This can be observed in Fig. 10,
11, 14 and 15. It is clearly visible for the 5th and 6th generated
random number .

Number oc cycles
Fig. 13. Fatigue data of C45+C steel from 4th generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.

Stress amplitude

Fig. 10. Fatigue data of C45+C steel from 1st generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.

Stress amplitude

Number oc cycles

Number oc cycles
Fig. 14. Fatigue data of C45+C steel from 5th generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.

Number oc cycles

Stress amplitude

Stress amplitude

Fig. 11. Fatigue data of C45+C steel from 2nd generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.

Number oc cycles

Number oc cycles
Fig. 12. Fatigue data of C45+C steel from 3rd generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.
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Fig. 15. Fatigue data of C45+C steel from 6th generated random number of
specimens and fitted fatigue characteristics by using Model II and Model I
described by Eq. (18) and (19), respectively.

Tab. 4 Values of coefficients for Model II estimated from the data generated by
psedo-random procedure

No.

a

b

Ǆv

Zs

Ǆs

1

-7.1

54.6

0.71

303.7

19.4

2

-6.7

52.4

0.69

303.3

19.4

3

-8

60.1

0.13

304.9

20

4

-.72

55.7

0.51

305

20

5

-6.3

50

0.51

301.5

17.4

6

-6

47.8

0.55

302.4

19.8
Fig. 18. Comparision of fatigue cycles calculated by using Model I and II for all
specimens

Fig. 16. Distribution of the coefficient m for smooth specimen of constructional
steel under normal stress (from Fig. 1) and its estimated value from Model I
and II.

Fig. 19. Comparision of fatigue cycles calculated by using Model I and II for
pseudo-random 1

Fig. 17 shows comparison of the fatigue life determined by
using experimental method and that estimated by using Model
I. Fig. 18, Fig. 19 and Fig. 20 show comparison of fatigue life
determined from S-N curve obtained by using Model I and
Model II for all specimens and two randomly generated data.

Fig. 20. Comparision of fatigue cycles calculated by model I and II for pseudorandom 6 – the least favorable generated pseudo-random

ANALYSIS AND SUMMARY
Fig. 17. Comparision of experimental value of fatigue cycles and that
calculated by using Model I

The S-N curves estimated by means of Model I and Model
II are similar to each other for all specimens. The difference
in the estimated fatigue life shown in Fig. 18. Fig. 18 is within
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the band 2. It means that the difference is small considering
the scatter of test results compared to the fatigue life estimated
from the S-N curve based on Model I (Fig. 17). For the S-N
curves determined by using pseudo-random- generated data,
the difference in estimated fatigue life are within the band 3.
For the estimated fatigue limit value, the difference between
Model I and Model II is 5.4 MPa. The maximum difference
for pseudo-random - generated data is 8.8 MPa.
The following conclusions have been drawn from the study:
1. The differences in the fatigue life estimated from the
S-N curve based on Model I and Model II differ by no
more than the scatter band of the experimental results.
2. The differences between the estimated fatigue limit
values for Model I and II , for all results and pseudorandom results, are within the standard deviation
expressed by Eq. (19).
3. Standard deviations for the fatigue limit were higher
for the S-N curve estimated from Model II, which is
most likely due to allowing for ? the specimens that
have reached the base number of cycles.
4. The advantage of Model II compared to Model I is the
ability to determine a complete S-N curve by using
the least number of specimens. The S-N curve was
determined by using Model II and allowed fatigue
life to be estimated with a satisfactory accuracy for 10
specimens. According to standard requirements the
number of specimens is to be 30.
5. Standard deviation values for S-N curve estimated from
Model II (see Eq. (20) and Tab. 4) were , in most cases ,
higher than those estimated from Model I (see Eq.(18)).
6. Considering the above presented conclusions, Model II
can be used to determine a complete S-N curve when
the set of experimental results contains less data than
required by the standards.
7. Since the obtained results are of particular interest,
similar verifications are recommended for other
structural materials.

6. J. Schijve : Fatigue of structures and materials, Second
Edition , Springer Science+Business Media, 2009.

BIBLIOGRAPHY

15. F.G. Pascual, W.Q. Meeker: Estimating Fatigue Curves with
the Random Fatigue-Limit Model, Technometrics. 41 (1999)
277–290. doi:10.2307/1271342.

1. I. Stephens, Ralph, A. Fatemi, R. Stephens, Robert, O. Fuchs,
Henry: Metal Fatigue in Engineering (1980), John Wiley
and Sons, 2001.
2. Z. Dyląg, Z. Orłoś,: Fatigue strength of materials (in Polish),
Wydawnictwo Naukowe-Techniczne, 1962.
3. S. Kocańda, J. Szala: Basic metods for fatigue calculations
(in Polish), (1997)
4. M. Kocak, S. Webster, J. Janosch, J., A. Ainsworth, R., R.
Koers: FITNET Fitness-for-Service PROCEDURE – FINAL
DRAFT MK7, 2006.
5. Y.L. Lee, J. Paw, B. Hathaway, Richard, E. Barkey, Mark:
Fatigue Testing and Analysis - Theory and Practice, Elsevier
Butterworth–Heinemann, 2005.

136

POLISH MARITIME RESEARCH, No 4/2016

7. P. Strzelecki: Analytical method for determining fatigue
properties of materials and construction elements in
high cycle life (in Polish), Uniwersytet TechnologicznoPrzyrodniczy w Bydgoszczy, 2014.
8. P. Strzelecki, J. Sempruch, K. Nowicki: Accuracy of
Analytical-Experimental Method for Determining the
Fatigue Characteristics in a Limited Life Region, Solid State
Phenom. 224 (2014) 63–68. doi:10.4028/www.scientific.
net/SSP.224.63.
9. T. Tomaszewski, J. Sempruch: Analysis of size effect in
high-cycle fatigue for EN AW-6063, Solid State Phenom. 224
(2015) 75–80. doi:10.4028/www.scientific.net/SSP.224.75.
10. PN-H-04325:1976: Fatigue tests of metals -- Basic definition
and general guidelines for the preparation of samples and
tests, 1976.
11. P. Strzelecki, J. Sempruch: Experimental Verification
of the Analytical Method for Estimated S-N Curve in
Limited Fatigue Life, Mater. Sci. Forum. 726 (2012) 11–16.
doi:10.4028/www.scientific.net/MSF.726.11.
12. ASTM E-739-91: Standard Practice for Statistical Analysis
of Linear or Linearized Stress-Life (S-N) and Strain-Life
Fatigue Data, 2006.
13. PN-EN-3987: Aerospace series - Test methods for metallic
materials - Constant amplitude force-controlled high cycle
fatigue testing, 2010.
14. ISO-12107: Metallic materials - fatigue testing - statistical
planning and analysis of data, 2003.

16. S. Lorén, M. Lundström: Modelling curved S-N curves,
Fatigue Fract. Eng. Mater. Struct. 28 (2005) 437–443.
doi:10.1111/j.1460-2695.2005.00876.x.
17. R Core Team: R: A language and environment for statistical
computing, (2015). http://www.r-project.org/.

CONTACT WITH THE AUTHOR
Paweł Strzelecki
Janusz Sempruch
University of Science and Technology in Bydgoszcz
Al. Prof. S. Kaliskiego 7
85-796 Bydgoszcz
Poland

POLISH MARITIME RESEARCH, No 4/2016

137

POLISH MARITIME RESEARCH 4 (92) 2016 Vol. 23; pp. 138-145
10.1515/pomr-2016-0080

APPLICATION OF TWO-PARAMETER FATIGUE CHARACTERSITICS
IN FATIGUE PERSISTENCE CALCULATIONS OF STRUCTURAL
COMPONENTS UNDER CONDITIONS OF A BROAD SPECTRUM
OF LOADS
Grzegorz Szala
University of Science and Technology in Bydgoszcz, Poland

ABSTRACT

The paper presents an original method of calculation of the fatigue persistence based on the adoption of the load
spectrum in the form of a correlation table, two-parameter fatigue characteristics and the linear hypothesis of fatigue
damage summation. The calculation results by the proposed method were compared with the results of fatigue tests
programmed for node-seal construction. On the basis of a comparative analysis of the test results and calculations
conclusions regarding the usefulness of the proposed method to evaluate the fatigue persistence of components have
been reached.

Keywords: fatigue persistence, linear hypothesis of fatigue damage summation, fatigue tests

INTRODUCTION
Research and analysis of the two-parameter fatigue
characteristics carried out in recent years [1] enabled the
development of new, effective methods of calculation of the
fatigue persistence of components subjected to loads with a
wide spectrum of operating conditions.
Loads of this type are loads typical for structural components
of means of transport (motor vehicles, airplanes, etc.) including
ocean engineering objects, e.g. offshore drilling platforms
[2] and shipbuilding [3] and [4]. In [3] the basic assumptions
of methods of calculation of the fatigue persistence of ship
structure elements have been given. The assumptions show
that in these calculations should take into account: the cyclic
property (fatigue) of the analysed structural element designated
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under load conditions of constant amplitude [1], variable loads
in the form of a load spectrum (the set of cycles with variable
values, maximum and minimum or variable amplitudes and
average values of cycles) [5] and the corresponding hypothesis
of summing damage [6]. In [4] are examples of calculations of
elements of ship structures.
Development of load spectra requires a suitable method
of counting cycles [7], which is also described in the
monograph [8]. Dedicated cycles of duty operation of a
random broad-spectrum is conveniently summarized in a
table of coordinates: Smini, Smaxi [3], or Sai, Smi [5]. In this paper
the second embodiment has been used since it is compatible
with the system adopted in the description of two-parameter
fatigue characteristics [1].

The complexity of the material properties, the structure
and geometry of the bonded components, which include
ship structures [9] and [10] causes the cyclical properties
are designated on the so-called elementary nodes and not
on core materials, as is done in the elements of machines
with the uniform structure of the material [8]. This type of
method to describe the cyclic properties has been adopted
by the International Institute of Welding (IIW) publishing a
catalogue of S-N curves (Wöhler diagrams) for welded joints
[11], also described in [12].
These data were used in the calculation according to the
original method based on the adoption of the load spectrum
in the form of a table of correlation (Smi, Sai) [5], a modified
two-parameter characteristics of fatigue IM model (model
I modified) [13] and the linear hypothesis summation of
fatigue damage of Palmgren-Miner [6].
The aim of the study is a comparative analysis of the results
of calculation of the fatigue persistence of the proposed
method with the results of experimental studies on the
example of node-seal construction.
The work includes: formulation of the problem, a
description of the fatigue properties of the node, an analysis
of operational loads and description of the spectrum load
persistence calculations and comparative analysis of the
calculation results and programmable fatigue tests.

where:
n0ij- the number of cycles in the load spectrum with parameters
Sai,Smj,
n0- the total number of cycles in the load spectrum

ncij- number of programmed load cycles with parameters
Sai,Smj, till fatigue crack,
nc- the total number of programmed load cycles till fatigue
crack – fatigue persistence.
one gets:
(4)

Nij- is determined from the two-parameter fatigue
characteristics.

RESEARCH DESCRIPTION
RESEARCH OBJECT
For calculations and tests of the fatigue persistence a
soldered construction node was selected as shown in Fig. 1.

FORMULATION OF THE PROBLEM
According to the linear hypothesis of summation of fatigue
damage by Palmgren-Miner, the damage caused by one cycle
of parameters Sai, Smj is:
(1)

where:
Nij(Sai,Smj) – is the number of cycles for fatigue crack growth
under cunstant amplitude and sunusoidal load
parameters Sai,Smj.
For random loads with a wide spectrum, the basic
hypothesis of linear form is given by:
(2)

where:
i = 1, 2, … , k – number of amplitude level of stress cycle Sai,
j = 1, 2, … , l – the number of levels of the average stress cycle
Smj,
nij - number of sinusoidal load cycles in a spectrum with
parameters Sai,Smj,
Nij - number of sinusoidal cycles of constant amplitude Sai and
mean value Smj till fatigue crack.
Introducing a frequency of cycles with defined parameters
in the stress spectrum

Fig. 1.The construction node made of steel pipe welding

Construction node made of steel pipes (10BX steel) of
the following chemical composition: 0,13 C, (0,4÷0,6) Mn,
maximum: 0,003 Si, 0,004 P and 0,0045 S, connected with a
LM63 solder. The tensile strength of the pipe Rm = 363 MPa,
the yield strength R0,2 = 310 MPa.
SERVICE LOADS
Part of the stress graph in the structural element measured
by the strain gauge in service, and basic parameter estimates
and the statistical functions shown in Fig. 2.

(3)
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a)

with a frequency of about 3,5 Hz arises from the impact of the
user on the drive system and a wide frequency rang eis applied
resulting from the impact of road surface irregularities.
The analysis of methods for the development of stress
spectrum described in [5] and [8] it is clear that in this case,
from among the known methods of counting cycles, the
following methods are recommended: counting complete
cycles (full cycles counting method), and the method of
envelope (rain-flow counting method). In this work, to
develop a spectrum of stress in a table of correlation in the
system of relative values Sai/Smax,Smj/Smax the method of full
cycles has been selected. The data on stress spectrum are
shown in Table 1. The fields of Table 1 include the relative
value of numbers of cycles αij = n0ij/n0. The table field is
divided into four fields, depending on the range of variation
of the asymmetry factor cycles:
1) 0 < R < 1,0; 2) -1,0 ≤ R ≤ 0; 3) -∞ < R < -1,0; 4) 1 < R < +∞.

b)

Tab. 1. The spectrum of the stress of the structural element αij·103

CYCLIC PROPERTIES OF THE RESEARCH OBJECT
The determination of fatigue characteristics of twoparameter model by IM requires the designation of Wöhler
charts (Sai – N) for the swinging load (R = -1,0) and the variable
unilateral load (R = 0). These charts are shown in Fig. 3.
a)

c)

d)
Fig. 2.Service stresses in the construction node: a – part of the chart, b –
probability density function, c – autocorrelation function, d – the function of
spectral density power

From the statistical functions shown in fig. 2 it is clear that
the analysed load is the realization of a stochastic process with
a broad spectrum and complex structure. The component load
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b)

- for area 3

(9)

- for area 4

(10)

where ψN is the coefficient of sensitivity to the asymmetry of
the cycle R.

Fig. 3. Wöhler fatigue charts: a) for R = -1,0, b) for R = 0

These charts are described by formulas:
(5)

The chart of two-parameter fatigue characteristics of the
construction element being analyzed and of selected lines of
stability constants N = const, has been shown in Fig. 4.

CALCULATIONS OF FATIGUE
PERSISTENCE

and
(6)

On the basis of formulas (5) and (6) a two-parameter
fatigue characteristic has been determined in the form:
- for area 1

(7)

In Table 2, which has a similar arrangement as Table 1,
in the respective fields, number of cycles for fatigue crack Nij
calculated from the formulas (7) to (10) depending on the
value Sai and Smj , were specified.
From the data in Tables 1 and 2 and the formula (4) one
may firstly calculate the value of ratios αij/Nij in each field, and
then the sum of the damage and and fatigue persistence and
its number of cycles nc.

- for area 2

(8)

Fig. 4. A diagram of two-parameter characteristics of fatigue in the schematic view
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Tab. 2. Numbers of cycles Nij - Smax= 160 MPa

Tab. 3: Ratio values αij/Nij for: a) Smax=160 MPa, b) Smax=200 MPa,
c) Smax=240 MPa

a)
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b)

c)

Ratio figures αij/Nij were summarized in Table 3 and the
results of calculation of the fatigue persistence nc according to
formula (4) are shown in Table 4. The persistence chart has
been shown in Fig. 5 according to the description provided in
the form of a mathematical model (12).
Table 4: The results of calculation of fatigue persistence of the soldered
construction node
Smax [MPa]

160

200

240

nc

2,19·107

7,89·106

8,18·105

Tab. 5: Results of fatigue persistence studies ncEx
ncEx

Samax
[MPa]

1

2

3

4

5

6

240

5,8·105

1,36·106

2,05·106

9,15·105

9,86·105

2,43·106

200

2,62·106

4,23·106

6,13·106

5,13·106

8,95·106

1,45·107

160

1,83·107

2,79·107

8,52·107

1,15·107

2,41·107

5,8·107

120

8,95·107

2,15·108

3,45·108

1,52·108

2,75·108

5,34·108

(12)

Fig. 6. Chart of fatigue persistence i terms of programmable load

The chart of fatigue persistence determined based on the
experimental data described by the formula (13).
Fig. 5. Fatigue persistence chart according to data from Table 4.
(13)

RESEARCH ON FATIGUE PERSISTENCE OF
THE CONSTRUCTION ELEMENT
The studies of fatigue persistence of the construction
element were performed with the use of programmable
research method. The load program in the fatigue tests
corresponded to the load of the calculation described in
section 4. Results of programmable studies were summarized
in Table 5, and the fatigue persistence chart has been shown
in Fig. 6.

COMPARATIVE ANAYSIS OF TEST RESULTS
AND CALCULATION AND CONCLUSIONS
A comparison of formulas (12) and (13) shows a significant
compliance of fatigue persistence determined experimentally
according to the results of the calculation methods described
in point 2 of this work. The compliance is the result of carefully
selected methods to develop a load program, two-parameter
characteristics of fatigue and summation hypotheses of
fatigue damage.
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For loads of a broad spectrum, adopting the method of
counting complete cycles proved to be appropriate and in line
with the general recommendations in this area [8]. Similarly,
the adoption of two-parameter characterization of fatigue IM
[13] verified experimentally for construction steel favoured
the compatibility of the calculation of the test results. Basing
calculations on the load spectrum in the form of a table of
correlation [5] and two-parameter characterization of fatigue
avoided the reduction of asymmetric cycles to symmetric
cycles (R = -1,0) which is associated with considerable
simplifications affecting the accuracy of the calculations.
Relative positions of the graphs of the fatigue persistence
determined by means of calculations and experimental tests
are shown in Fig. 7. The relative differences in the stability of
the graphs calculated extremities are:
- for Smax = 150 MP

(14)

•
•

•

development of load spectra method of counting
complete cycles or envelope method,
selection of fatigue characteristics – the adoption
of two-parameters characterstics of fatigue IM
according to [13],
summation hypothesis of fatigue damage– the
adoption of the linear hypothesis of fatigue damage
summation by Palmgren-Miner.
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